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PREFACE TO FIRST EDITION 


The first part of the following volume originated from a 
series of University lectures which I once promised to deliver. 
This part can, to a certain extent, be considered as an intro¬ 
duction to my work on Theory and Calculation of Alternating 
Current Phenomena,'^ leading up very gradually from the ordi¬ 
nary sine wave representation of the alternating current to the 
graphical representation by polar coordinates, frorn there to 
rectangular components of polar vectors, and ultimately to the 
symbolic representation by the complex, quantity. The present 
work is, however, broader in its scope, in so far as it comprises 
the fundamental principles not only of alternating, but also of 
direct currents. 

The second part is a series of monographs of the more impor¬ 
tant electrical apparatus, alternating as well as direct current. 
It is, in a certain respect, supplementary to ^Alternating Current 
Phenomena.’^ While in the latter work I have presented the 
general principles of alternating current phenomena, in the pres¬ 
ent volume I intended to give a specific discussion of the par¬ 
ticular features of individual apparatus. In consequence thereof, 
this part of the book is somewhat less theoretical, and more 
descriptive, my intention being to present the most important 
electrical apparatus in all their characteristic features as regard 
to external and internal structure, action under normal and ab¬ 
normal conditions, individually and in connection with other ap¬ 
paratus, etc. 

I have restricted the work to those apparatus which experi¬ 
ence has shown as of practical importance, and give only those 
theories and methods which an extended experience in the de¬ 
sign and operation has shown as of practical utility. I con¬ 
sider this the more desirable as, especially of late years, electri¬ 
cal literature has been haunted by so many theories (for instance 
of the induction machine) which are incorrect, or too compli¬ 
cated for use, or valueless in practical application. In the class 
last mentioned are rnost of the graphical methods, which, while 
they may give an approximate insight in the inter-relation of 
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phenomena, fail entirely in engineering practice owing to the 
great difference in the magnitudes of the vectors in the same 
diagram, and to the synthetic method of graphical representa¬ 
tion, which generally require one to start with the quantity 
which the diagram is intended to determine. 

I originally intended to add a chapter on Rectifying Apparatus, 
as arc light machines and alternating current rectifiers, but had 
to postpone this, due to the incomplete state of the theory of 
these apparatus. 

The same notation has been used as in the Third Edition of 
“Alternating Current Phenomena,'' that is, vector quantities 
denoted by dotted capitals. The same classification and nomen¬ 
clature have been used as given by the report of the Standardiz¬ 
ing Committee of the American Institute of Electrical Engineers. 

Chakles Proteus Steinmetz. 

Schenectady, N. Y., May 1 st , 1901. 






PREFACE TO THIRD EDITION 


Nearly eight years have elapsed since the appearance of the 
second edition, during which time the book has been reprinted 
without change, and a revision, therefore, became greatly desired. 

It was gratifying, however, to find that none of the contents 
of the former edition had to be dropped as superseded or anti¬ 
quated. However, very much new material had to be added. 
During these eight years the electrical industry has progressed 
at least as rapidly as in any previous period, and apparatus and 
phenomena which at the time of the second edition were of 
theoretical interest only, or of no interest at all, have now as¬ 
sumed great industrial importance, as for instance the single¬ 
phase commutator motor, the control of commutation by com¬ 
mutating poles, etc. 

Besides rewriting and enlarging numerous paragraphs through¬ 
out the text, a number of new sections and chapters have been 
added, on alternating-current railway motors, on the control of 
commutation by commutating poles interpoles on con¬ 
verter heating and output, on converters with variable ratio of 
conversion (“split-pole converters^’), on three-wire generators 
and converters, short-circuit currents of alternators, stability 
and regulation of induction motors, induction generators, etc. 

In conformity with the arrangement used in my other books, 
the paragraphs of the text have been numbered for easier refer¬ 
ence and convenience. 

When reading the book, or using it as text-book, it is recom¬ 
mended : 

After reading the first or general part of the present volume, 
to read through the first 17 chapters of “Theory and Calculation 
of Alternating Current Phenomena,” omitting, however, the 
mathematical investigations as far as not absolutely required 
for the understanding of the text, and then to take up the study 
of the second part of the present volume, which deals with 
special apparatus. When reading this second part, it is recom¬ 
mended. to parallel its study with the reading of the chapter of 
“Alternating Current Phenomena” which deals with the same 
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subject in a different manner. In this way a clear insight into 
the nature and behavior of apparatus will be imparted. 

Where time is limited, a large part of the mathematical dis¬ 
cussion may be skipped and in that way a general review of the 
material gained. 

Great thanks are due-to the technical staff of the McGraw- 
Hill Book Company, which has spared no effort to produce the 
third edition in as perfect and systematic a manner as possible, 
and to the numerous engineers who have greatly assisted me by 
pointing out typographical and other errors in the previous 
edition. 

Chakles Proteus Steinmetz. 


Schenectady, Septemberj 1909. 




PREFACE TO THE FOURTH EDITION 


With the fourth edition, “Theoretical Elements of Electrical 
Engineeringhas been radically revised and practically rewritten. 
Since 1897 and 1898, when the first editions of “Alternating 
Current Phenomenaand “Theoretical Elements'^ appeared, 
electrical engineering has enormously expanded and diversified. 
New material thus had to be added to the successive editions 
until now it has become utterly impossible to deal with the sub¬ 
ject matter adequately within the limited scope of the two 
books. Therefore in the present edition everything beyond the 
most fundamental principles of general theory and special ap¬ 
paratus has been withdrawn, to make room for the adequate rep¬ 
resentation of the theoretical elements of present-day electrical 
engineering. The same will be done in the new edition of “Alter¬ 
nating Current Phenomena,’^ which is in preparation, and the 
material, which thus does not find room any more in these two 
books, together with such additional matters as the development 
of electrical engineering requires, will be collected in a third 
volume. 

In the present edition, the crank diagram of vector represen¬ 
tation, and the symbolic method based on it, which denotes the 
inductive impedance by Z = r -f- jx, has been adopted in con¬ 
formity with the decision of the International Electrical Congress 
of Turin. This crank diagram is somewhat inferior in utility 
to the polar diagram used in the previous editions, since it is 
limited to sine waves. I believe it was adopted without sufficient 
consideration of the relative merits. Nevertheless the advan¬ 
tage of the use of the same vector representation in all elementary 
text-books on electrical engineering, seems to me to outweigh the 
advantage of the polar diagram resulting from its ability to rep¬ 
resent waves which are not sines, while in advanced electrical 
engineering both representations will have to remain in use. 

Chahles P. Steinmetz. 

Schenectady, N. Y., October , 1915. ' 
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PART I 

GENERAL THEORY 


1. MAGNETISM AND ELECTRIC CURRENT 

1. A magnet pole attracting (or repelling) another magnet 
pole of equal strength at unit distance with unit forcc^ is called 
a 'Whit magnet pole. 

The space surrounding a magnet pole is called a magnetic field 
of force, or magnetic field. 

The magnetic field at unit distance from a unit magnet pole 
is called a nnit magnetic field, and is represented by one line of 
magnetic force (or shortly ^‘one lino”) per square contiincd/cr, 
and from a unit magnet pole thus issue a total of 4 r of 
magnetic force. 

The total number of lines of force issuing from a magnet pole 
is called its mag'aeiie flax. 

The magnetic flux of a magnet pole of strength m is, 

= 4 ttm. 

At the distance I from a magnet pole of strength m, and 
therefore of flux = 4 Tm, assuming a uniform distribution in 
all directions, the magnetic field has the intensity, 

rr — ^ 

^ - y 

since the $ lines issuing from the pole distribute over the area 
of a sphere of radius I, that is, the area 4 tV^. 

A magnetic field of intensity H exerts upon a magnet polo 
of strength m the force, 

mH. 

Thus two magnet poles of strengths mi and ms, and distance 
I from each other, exert upon each other the force, 

miwi^ 

^ That is, at lem. distance with such, force as to give to the mass of Igrarn 
the acceleration of 1 cm. per second. 
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2. Electric currents produce magnetic fields also; that is^ 
the space surrounding the conductor carrying an electric current 
is a magnetic field, which appears and disappears and varies 
with the current producing it, and is indeed an essential part 
of the phenomenon called an electric current. 

Thus an electric current represents a magnetomotive force 
(m.m.f.). 

The magnetic field of a straight conductor, whose return 
conductor is so far distant as not to affect the field, consists of 
lines of force surrounding the conductor in concentric circles. 
The intensity of this magnetic field is directly proportional 
to the current strength and inversely proportional to the dis¬ 
tance frona the conductor. 

Since the lines of force of the magnetic field produced by 
an electric current return into themselves, the magnetic field 
is a magnetic circuit. Since an electric current, at least a steady 
current, can exist only in a closed circuit, electricity flowB 
in an ehctric circuit. The magnetic circuit produced by an 
electric current surrounds the electric circuit through which 
the electricity flows, and inversely. That is, the electric circuit 
and the magnetic circuit are interlinked with each other. 

Unit current in-an electric circuit is the current which produces 
in a magnetic circuit of unit length the field intensity 4 t, that 
is, produces as many lines of force per square centimeter as 
issue from a unit magnet pole. 

In unit distance from an electric conductor carrying unit 
current, that is, in a magnetic circuit of length 2 t, the field 

intensity is = 2, and in the distance 2 the field intensity 

is unity; that is, unit current is the current which, in a straight 
conductor, whose return conductor is so far distant as not to 
afifect its magnetic field, produces field intensity 2 in unit distance 
from the conductor. 

One-tenth of unit current is the practical unit, called on-eamyere. 

3. One ampere in an electric circuit or turn, that is, one 
ampere-turn, thus produces in a magnetic circuit of unit length 
the field intensity 0.4 t, and in a magnetic circuit of length 

I the field intensity ^ , and F ampere-turns produce in a 

magnetic circuit of length I the field intensity; 

„ 0.47rF,. 

= — j — hues of force per sq. cm. 
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regardless whcither the F ainp(‘,re-tiirns are clue to E ainf)(a*(5R 

F 

in a singles turn, or 1 amp. in F Luriis, or am[)(5rc‘s in n iurriH. 

Fj that is, the proclmd, of a-mpen^s and t.urns, is e-aJlcHl 'magiu'lo- 
motive force (m.ini.). 

The m.m.f. per unit length of magiud.ie circuit, or ratio, 

ni.m.f. 

~~ length of Hiagncdic cinaiit 
is callcnl the maejnetizing force, or ?nagn(i,ic gradierU, 

Hcnc^e, m.m.f. is exprcssscul in ampercAimos; magned-ixing 
force in ampereAurm per ceniimeter (or in pracd/ica^ fnupicaitly 
ampcire-turns per inch), fiedd inicmsiiy in linc\s of magmdicj for(^{^ 
per scpiarci e.entimcd.er. 

At the distances I from th(‘ condued/or of a, loop or circuit of 
F ampere-turns,whosci rcdairn conduci.or is so far distant as not 
to affect the field, assuming tluj m.m.f. = F, sincu^ the; Icmgth of 
the magncdic circuit = 2 rrl, v/c obtain as the magnetissing forces, 

F 

/ ^ 2 .i’ 


and as th(^ fudd intc.nnily, 

// - 0.4 tJ 


0.2 F 
I 


4. The magnetie field of an eleeirie eircuH, eoiiHiKting of two 
parallel conductora (or any nunilxir of eonduoiorH, in a poly¬ 
phase system), as the two wiren of a tran.snjiK.sion line, ean be 
considered as the Huperijosition' of I,he m^parate fields of the 
conductors (consisting of eoneentrie cireles). Thus, if thi're are 
I amperes in a circuit consisliiig of two ijaradlel eonduetors 
(conductor and return eonflu(d,or), at the distunee /i from the 
first and I 2 from the siscond conductor, the respeetive fiehl 
intensities arc, 


and 


Ih - 
le = 


0.2 7 
h ’ 

0.2 7 
h ’ 


and the resultant field intensity, if t=* angle between the direc¬ 
tions of the two fields, 

7/ - \//7,»-f 7/2* + 2/7 i/ 7. eoHr, 

0.27 / 

hh ^ "f* “f" 2 If *2 COST* 
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In the plane of the conductors, where the two fields are in 
the same or opposite direction, the resultant field intensity is, 
„ 0.21 (h ± 12 ) 

^ “ hk 

where the plus sign applies to the space between, the minus 
sign the space outside of the conductors. 

The resultant field of a circuit of parallel conductors con¬ 
sists of excentric circles, interlinked with the conductors, and 
crowded together in the space between the conductors as shown 
in Fig. 1 by drawn lines. 



Fig. 1. —Magnetic field of parallel conductors. 


The magnetic field in the interior of a spiral (solenoid, helix, 
coil) carrying an electric current consists of straight lines. 

6. If a conductor is coiled in a spiral of I centimeter axial 

N 

length of spiral, and N turns, thus n = y turns per centimeter 

length of spiral, and I = current, in amperes, in the conductor, 
the m.m.f. of the spiral is 

F = IN, 

and the magnetizing force in the middle of the spiral, assuming 
the latter of very great length, 

f = nl = jl, 

thus the field intensity in the middle of the spiral or solenoid, 

H = 0.4 tS 
= 0.4 xnJ. 
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Strictly this is true only in thc‘ middle part (d a spiral of 
such length that the rn.in.f. eonsiuneal b,v the r^xtorfial or 
netic return circuit of tlu* spiral in negiigihle ccjuiparcfi uilti 
the m.m.f. consuined by th(^ niagn<‘<i(' circuit in (ho inferior 
of the spiral, or in an (UHil(‘ss spiral, f hat is, a. sjaral \v1h»so ii\i:4 
curves !)ack into iist'If, us a spirai whos(‘ axis Ls curv«-d in a 
circle. 

Magnetomotive force /^’appli(‘S to the* total luagnotif* f-iia'iul» 
or part of the niagiudic? einmit. It is measured in ainpori*^ 
turns. 

Magnetizing forces / is tin* m.m.f, p(u* unit IcngJij of mai;, 
netic circuit. It is mcaisunal in ampc‘n*-tunis per eenfimeter. 

Field int(uisiiy II is tiu^ mimher of iim*H cd force por s(|iiare 
centimeter. 

If I — length of th(^ magmatic (‘ireuit or a part of the magitefic’ 
circuit, 

/'■-o/, / 

;/ - s Jl, 

= 1.257/ / (l.7!Hi//. 

6. The preceding appli<-.s only to tnuKiiclii- fields in »ir or 
other unmagnctic rnaleriulH. 

If the medium in which th<! iiifignotii- ndd i.n cHi.Ht.li.Mlic.l i-, n 
“magnetic material,” th(! iiinnher of iincM of f.,rc<* per i.jmuo 
centimeter in different and umudly nniny (imcH grealor. (Slightly 
less in diartnignefic itiaferials.j 

The ratio of the imniher of lincM of force in n iitcdiiiin, to iIm* 
niunher of linen of fona; wliicth (he Htuii!” iiingncl i/.ing foii'c v\i»tili{ 
produce in air (or rather in a vacnuni), i.n .•jillcl th- />, oln/if,/ 
or magnetic conductivity ^ of (ho medium. 

The numl)er of lititw of for<-(^ }mt sqiinn* ci‘n!it«iol<T in n mag 
netic medium is called flu; mitynHic imhndon fl. 'n,,. numhrr 
of lines of force produced hy the wmi.! mtigneiizing force in nii, 
or rather, in the vacuum, in called tlie//cW inU moly //. 

In air, magnetic imiuetion li and fi«-ld ittlmihily It are equal. 

As a rule, the magnetizing force in it. magnefie eiicuit ih 
changed by the introduction of th<i magnefie materifd, dt»t to !l,e 
change of distribution of the magnetic flux. 

The permeability of air - I and is camsfimt. 
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The permeability of iron and oihta* inatcaialH varioH 

with the magnetizing forcu^ between a little abort* I and valuer 
beyond 10,000 in fcjoft iron. 

The magnetizing force / in a nHaiiiiin of pc*niic*abilily ^ prfi- 
duces the field intensity II = 0.4 tt/ and tlie magnc*fic‘ indiiefioii 


B = 0.4 ttm/. 

examples 

7. (1) A pull of 2 grams at 4 cm. radius is required In liulil a 
horizontal bar magnet 12 cm. in lengtip pivoted at its c‘eiil«»r, 
in a position at right anghss to the magn(‘tir nieridiaii. Wliiii 
is the intensity of the poles of the magnet and the niniibfT of 
lines of magnetic force issuing fnun eac’h pole, if I la* liorizoiiliil 
intensity of the terrestrial magnetic field II 0.2, and flat 
acceleration of gravity = 980? 

The distance between ihn poli‘H of the liar magnet may tie 
assumed as five-sixths of its huigth. 

Let m — intensity of magin^ poles. I 5 is fhi* riidiiiH cm 
which the terrestrial magiuOisin acts. 

Thus 2 mill = 2m - torcfue exerted by flie ttuTeHtrkl 
magnetism. 

2 grams weight = 2 X 980 IlHIO units of force. The,He lit 
4 cm. radius give the iorepu* 4 X 190(1 -■■■ 78*10// em. 

Hence 2 m = 7840. 

m = 3920 is the strength of each imignel pole and 

$ = 47rm = 49,000, thc! nuinIwT of lini’S of force ismtiiig frcifii 

each pole. 

8. (2) A conductor carrying 1(10 iiiiip. runs in (lif‘ direr- 
tion of the magnetic meridian. Whiit iiosilitui wil! it rciiii|ia#i^ 
needle assume, when h(4cl h<*low the* eoridiii'tor at ft (ILHlaitri* nf 
50 cm., if the intensity of the terrcHtrial inagiiefic field is 0,2? 

The intensity of the magiadic fic4d cd 1110 Ml run 

0 2/ Kill 

from the conductor, is II ~ - 0.2 X ^ 0.4, the direc¬ 

tion is at right angles to the conductor, thiit ih, at right 
to the terrestrial magnetic field. 

If r = angle betwtien compass needle nml flic liorfh pcilr mt 
the magnetic meridian, k « length of nef*dli% m - iiiteiwity of 
its magnet pole, the torque of the terrestriiil niiigricitiiiifi IIi«f« 
sin r = 0.2mZoBin r, the torque of the current m 


Hmlo cos 


0,2j7nl§ em r 

... I 


* 0,4 i^iliCtiST. 
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In equilibrium, 0.2 mZo «iii r = 0.4 m/o t-, or (an r 2, 
T = 63.4^ 

9. (3) What is the total inagiu^Uc flux p<‘r I - 1000 m. Imiijlu 
passing between the (londiK^tors of a. lorig (lLstane«‘ fnuismission 
line carrying I amperes of (uirnuil., if Id O.H2em. is IIh* dinin ' 
eter of the eondueiors (No. 0 Ih & S.), 4 - • 45 rin, the Hpuiaag 
or distance betweem th(uu? 



Fig. 2 .—Diagram of tranHnuHHion Hint for indurfaitrt* 

At distance 4 from the eenba* of omi of thc^ eoiidurtcu*:*i (Fig. 2), 
the length of the magnetic cirxuiit surrounding fids eonduefor 
is 2 7rlrf the m.m.f., / ampere-turns; thus the inagneti/Jiig force 

/ = and the field intensity II 0.4 rf ^* anri flic 

flux in thozoned4isrf4> 

L-r 

surface of the conductor to th(t ni^xt conduefor is. 


<!■ 


f'-().2 Ildir 

V, Ir 

•f 


0.211 


log, I, 


h 

hi 

2 


0.2 // log^ 

hi 


The same flux in produced by the return <miidiicdor in the 
same direction, thun the total flux paHSing beiwtam tfi«^ fraiiM« 

mission wires is, 

2c|> = (14 /l!c,g/f^ 
id 

or per 1000 m. = 10* cm. length, 

2 $ = 0.4 X 10* / log, Jg 2 =“ ^>■'1 X X 4.70 / « O.IHK X 10" I, 


8 elements of electrical ENaiNEKIilNa 

or 0.188 I megalines or millions of lines per line of lOOO ni. 
of which 0.094 I megalincs surround each of the two (conduct 
10. (4) In an alternator each pole has to carry 0.4 millions 
of lines, or 6.4 megalines magnetic flux. How many ampiTO- 
turns per pole are required to produce this flux, if the inagnetic 



circuit in the armature of laminated iron haa the cr(M^ Mjetioii 
of 930 sq. cm. and the length of 15 cm., the air-gap bctw«f««n 
stationary field poles and revolving armature is 0.95 etn, in 
length and 1200 sq. cm. in section, the field pole is 26.3 em. 
in length and 1076 sq. cm. in section, and is of laminate ijroo» 
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and the outside return circuit or yoke han a length pc^r pole c?f 
20 cm. and 2250 sq. crn. section, and in of ctant iron? 

The magnetic densities are: Ih — 6880 in thr^ arniaiiirc% Jh 
5340 in the air-gap, Ih = 5950 in th() 5(4(1 pol(% and Ha 2850 
in the yoke. The permeability of iron in /ij 2550 iif 

Bx = 6880, ixz = 2380 at Ih = 5950. Th(^ p<‘rin<%nbility of vunt 

iron is g 4 = 280 at = 2850. Thus th<‘ fl(‘Id mU^tiHily^Il ^ j 

is: - 2.7, H 2 = 5340, Ha = 2.5, Ih - 10.2. 

The magnetizing force (f = 04 ^^^ /i h 4250, 

fz = 1.99, /4 = 8.13 ampere-turnH pen* c^(nd4nn4er. ThtiH flic 
m.m.f. (F =fl) is: Fi = :V2Jh = 4040, Fz » 52, ih 103, cn* 
the total m.m.f. per pole is 

F = Fi + F 2 + Fz + Fa = 4290 amp(n*(*-tuniH. 

The permeability jjl of magnetic*, mai(*.ria!rt vark‘H with fin* 
density B, thus tables or curv(*H have to Ih* used for tlieHi* (pifoi- 
tities. Such curves are usually mach*, out for density /I and 
magnetizing force/, so that the magnciiizing fon^e/ eorreHpiifid- 
ing to the density B can be den-ivied directly from the rtirve. 
Such a set of curves is given in Fig. 3 . 

2. MAGNETISM AND E,M,F, 

11. In an electric conductor mc^virig relatively to a mftgftf 44 e 
field, an e.m.f. is generated proportional to the ratit rutting 
of the lines of magnetic force*, by tin* c;oridiic‘ior. 

Unit e.m.f. is the c.rn.f. gcuHU’atcal in a eondticlor <?iffling fiiir 
line of magnetic force pc^r nmmnl 

10 ^ times unit e.m.f. is the* practical unit, (!idl«*d thf* iWl. 
Coiling the conductor n fold iner(*aHes lint iMii.b ?i fold, by 
cutting each line of magnetic force* n tim(‘H. 

In a closed electric; circuit the emii. prodin*e« ftii rlivlnr 

current. 

The ratio of e.m.f. to (4eciric current produced f hereby in 
called the resistance of the c!l(!ctri(; cin^uit. 

Unit resistance is the rcmistainfc; of n circuit in which unit 

e.m.f. produces unit current. 

10» times unit resistance is tiie practical unit, callwl the 
ohm. 


m 
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elements of electrical encineerinc 

The ohm is the resistance of a circuit, in which 1 vtjlf. 
produces 1 amp. 

The resistance per unit length and unit Hcclion of a con(luctt»r 
is called its resistivity, p. 

The resistivity p is a constant of the niuterinl, varying with 
the temperature. 

The resistance r of a conductor of lengtli I, area or s<‘<;ti<m A , 

... . Ip 

and resistivity p is r = 

12. If the current in the electric circuit, changes, sliirfs, or 
stops, the corresponding change of the magnetic field of the 
current generates an e.m.f in the conductor carrying the current, 
which is called the e.m.f. of self-induction. 

If the e.m.f. in an electric circuit moving relatively to n 
magnetic field produces a current in the cirimit, the inagnefifi 
field produced by this current is called its mignctic reactitm . 

The fundamental law of self-induction and magnetic n-iicdion 
is that these effects take place in such a liirection aa to op{>o«e! 
their cause (Lentz’s law). 

Thus the e.m.f. of self-induction during an iiutrease of mirrent 
is in the opposite direction, during a decrease of currmit in tlio 
same direction as the e.m.f. producing tlu! current. 

The magnetic reaction of the current pnMlucMul in a circuit 
moving out of a magnetic field is in the same direction, in a 
circuit moving into a magnetic field in opposite direction to tho 
magnetic field. 

Essentially, this law is nothing but a conclimion from th« law 
of conservation of energy. 

EXAMPLES 

13. (1) An electromagnet is placed so that one pole sur¬ 
rounds the other pole cyUndrically as shown in section in Fig. 4, 
and a copper cylinder revolves between these poles at 3000 nev, 
per min. What is the e.m.f. generated lietwcien the ends of this 
cylinder, if the magnetic flux of the electromagnet is 4* » 25 
megalines? 

During each revolution the copper cylinder cuts 25 mega- 
lines. It makes 50 rev. per sec. Thus it cuts 60 X 25 X 10* — 
12.5 X 10® lines of magnetic flux per second. Hence the i^uar- 
ated e.m.f. is E = 12.5 volts. 



GENERATION OF E,M,F, 


II 


Such a machine is called a unipolar/’ or more properly a 
^^non-polar” or an '^acyclic/’ generator. 

14. (2) The field spools of the ^)~polc alternator in Sort ion 
1, Example 4, are wound each with (HO turns of win^ No. 7 
(B. & S.), 0.106 sq. cm. in cross seedion and 1(K) cun. incuin letigf It 
of turn. The 20 spools are conneek‘d in HC‘ri(‘H. Ihtw niitny 
amperes and how many volts are r(H|uired fetr thc% <*xcifaiicin of 
this alternator field, if the resistivity of coppeu’ is l.H X 10 ^ 
ohms per cm.^ ^ 



Fro. 4.—Unipolar generator. 


Since 616 turns on each field spool are m4C!d, ainl 42HO itriipcrc' 

4280 

turns required, the current is ,,,,, ■» 0.5)5 junp. 

Olo A ‘ 

The resistance of 20 spooln of Oil) tunw of HM) IciikMi, 
0.106 sq. cm. section, and 1.8 X 10 " nwisfivify is, 


20X()10X 160 X 1.8 X 10 “ 
0.106 


-T1.2 <ihtnM, 


and the c.m.f. nicjuired, 6.5)5 X 38.2 « 230 volts. 


3. GENERATION OF E.M.F. 

16. A closed conductor, convolution or turn, revolving in n. 
magnetic field, passes during each revolution through two 
positions of maximum inclosure of lines (,f magttetic force 
A in Pig. 5, and two positions of zero inclosure of lines of mag¬ 
netic force B in Fig. 5. 

»cm.> refers to a cube whoso side is 1 cm., and should not l« CMBfuned 
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Thus it cuts during each revolution four tincies the lines of 
force inclosed in the position of maximum inclosure. 

If $ = the maximum number of lines of force inclosed by 
the conductor, / = the frequency in revolutions per second or 
cycles, and n = number of convolutions or turns of the con¬ 
ductor, the lines of force cut per second by the conductor, and 
thus the average generated e.m.f. is, 

E = 4: fn^ absolute units, 

= 4 fn^ lO""® volts. 



Fig. 5.—Generation of e.m.f. 


If / is given in hundreds of cycles, <i> in megalines, 

E = 4 fn^ volts. 

If a coil revolves with uniform velocity through a uniform 
magnetic field, the magnetism inclosed by the coil at any instant 
is, 

$ cos r 

where # = the maximum magnetism inclosed by the coil and 
r = angle between coil and its position of maximum inclosure 
of magnetism. 

The e.m.f. generated in the coil, which varies with the rate of 
cutting or change of $ cos r, is thus, 

e = Eq sin r, 

where Eo is the maximum value of e.m.f., which takes place for 
r = 90°, or at the position of zero inclosure of magnetic flux 
since in this position the rate of cutting is greatest. 

2 

Since avg. (sin r) = -y the average generated e.m.f. is, 

E ^-Eo. 




GB]NEliATION OF FJf.F, 




Since, however, we found ahov(‘ (.hat 

E = 4 /n4> is th(^ av(n*agc‘ |i:c‘n(U‘al(‘cl c.rn.f., 
it follows that 

£' 0=2 is th(^ 7Nax[7Nim, and 
e = 2 Trfn4> sin r the inMaritanroim {jvm’ndvd rjn.f. 




>/ 

,/j', 

iU-r-/ 


i' 

M/ 


fpnmH 


The interval between like poles 
forms 360 elcctrical-spaca^ d(^- 
greeS; and in the two-polc^ mod(‘l 
these are identical with thci 
mechanical-space degre<‘.H. Witli 
uniform rotation, Fig. 6, tlu^ 
space angle, r, is proportional to 
time. Time angles arc dc^signa-tcHl 
by and with uniform rotation 
0 = r, r being measured in (dcu*,- 
trical-space degrees. 

The period of a complete eyelet is 3IK) tirn<» degreen, <ir 2 w fir 
■j secondf. In the two-polc* moded the pc»riod a cycle in find of 

* 1 
one complete revolution, and in a 2 nirpol(» machine, of find 

fh* 

of one revolution. 


Fkj, i\. of !• mi. 

hv rofiilKii*, 


Thus, e ==> 2 vft 

c — 2 7 r//tfl) sin 2 wff. 

If the time is not couiikifl from liio momoiil of muxirntim 
inclosure of magnetic flux, hut /, = the- tiim* jit fliin monii-nf, 
we have 

e — 2vjn<l>mi 2irjil /,) 
or, e — 2 7r/w<I>Hin (0 - Ox), 

where di = 2-7r/<i is the angle at whi«-li the poHitioii of maxi¬ 
mum inclosure of magnetic flux takeH place, am! in enlleil jIn 
phase. 

These e.m.fH. arc alhunating. 

If at the moment of r<w<‘/’Hal of tin* e.ni.f. f,he eonneeflona 
between the coil and the ext(TnuI circuit arc rcv<*r«eil, (he e.rn.f, 
in the external circuit is pulsating l«*(wef*n zero ami hut, 
has the same average value E. 

If a number of coils connected in series foilciw enclt other 
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successively in their rotation through the magnetic field, as the 
armature coils of a direct-current machine, and the connections 
of each coil with the external circuit are reversed at the moment 
of reversal of its e.m.f., their pulsating e.m.fs. superimposed in 
the external circuit make a more or less steady or continuous 
external e.m.f. 

The average value of this e.m.f. is the sum of the average values 
of the e.m.fs. of the individual coils. 

Thus in a direct-current machine, if ^ = maximum flux in¬ 
closed per turn, n == total number of turns in series from com¬ 
mutator brush to brush, and / = frequency of rotation through 
the magnetic field. 

E ~ 4: — generated e.m.f. (4> in megalines, / in 

hundreds of cycles per second). 

This is the formula of the direct-current generator, 

EXAMPLES 

17. (1) A circular wire coil of 200 turns and 40 «m. mean 
diameter is revolved around a vertical axis. What is the 
horizontal intensity of the magnetic field of the earth, if at a 
speed of 900 rev. per min. the average e.m.f generated in the coil 
is 0.028 volt? 

40 ^ TT 

The mean area of the coil is —j— = 1255 sq. cm., thus the 

terrestrial flux inclosed is 1255 H, and at 900 rev. per min. or 
15 rev. per sec., this flux is cut 4 X 15 == 60 times per second by 
each turn, or 200 X 60 == 12,000 times by the coil. Thus the 
total number of lines of magnetic force cut by the conductor 
per second is 12,000 X 1255 iff = 0.151 X 10® if, and the average 
generated e.m.f. is 0.151 H volts. Since this is = 0.028 volt, 
H = 0.186. 

18. (2) In a 550-volt direct-current machine of 8 poles and 
drum armature, running at 500 rev. per min., the average vol¬ 
tage per commutator segment shall not‘exceed 11, each armature 
coil shall contain one turn only, and the number of commutator 
segments per pole shall be divisible by 3, so as to use the machine 
as three-phase converter. What is the magnetic flux per field 
pole? 

550 volts at 11 volts per commutator segment gives 50, or as 
next integer divisible by 3, n = 51 segments or turns per pole. 
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8 poles give 4 cycles per njvolution, 500 rc*v. p(‘r iriin. given 
50^^ = g.33 rev. per B(^c. Thun the frcHpieucty in/ 4 X 
= 33.3 cycles p(;r seHJond. 

The generated e.ni.f. is E ~ 550 volts, thus by th(? forniula of 
direct-current generator, 

E = 4 /w4>, 


or, 550 == 4 X 0.333 X 51 d% 

4> = 8.1 in(‘galin(%s p(*r pole. 
19. (3) What is the e.in.f. g(‘n(‘.rat(nl in a single 
20-pole alternator running at 200 r<‘V. p(‘r min., 
magnetic field of 0.4 niegalines pc^r poh*? 


The frciqucncy is / = 

K, = 

4 , =r 


20 X 200 
2 X 00 
Eo sin T, 

2 7r/fi4>, 

0.4, 


33.3 cyc.ktH. 


t.urn of a 
through li 


n “ 1, 

/ = 0.333. 


Thus, EJo — 2 TT X 0.333 X 0.4 13.4 volta tniiximuiii, or 

e = 13.4 sill 0. 

4. POWER AND EFFECTIVE VALDES 

20. The power of the continucnw E pnidindiig wn« 

tinuous current I is P » HI. 

The e.mi. consunie<l by n^sistiince r in Ah /r, fliiw tliii 
power consumed by n^sisliinc'e r is /-" /V. 

Either Ah = A, then the* total p<wer in the einniif. is laiii- 
sumed by the reHistanec*, or Ah < E, then only ii part of ttiif 
power is consumed hy the riwsiance, tin! renifdnder by mtine 
counter e.m.f., E — Ah. 

If an alternating eiirreiit i * /« sin $ pnmm through a reninl- 
ance r, the power consumed hy the resistf.inc*e is, 

I 

= /(t*r mil®0 » ^ (I - 

thus varies with twice the fniqueney of thtt current, Ijetween 
zero and /o*r. 

The average power consumed by nwistaiiee r is, 
since avg. (cos) « 0. 
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Thus the alternating current i = lo si]^ 6 consumes in a resist¬ 
ance r the same effect as a continuous current of intensity 


7 = 4. 

V2 

The value 7 == is called the effective value of the alter¬ 
nating current i = lo sin $; since it gives the same effect. 

Eq 

Analogously E = is the effective value of the alternating 

e.m.f., e ^ Eo sin 6. 

Since Eo = 2'irfn^, it follows that 

E = Trfn^ 

= 4.44/n$ 


is the effective alternating e.m.f, generated in a coil of turns n 
rotating at a frequency of / (in hundreds of cycles per second) 
through a magnetic field of megalines of force. 

This is the formula of the alternating-current generator. 

21 . The formula of the direct-current generator, 

E = 4/n<l>, 

holds even if the e.m.fs. generated in the individual turns are 
not sine waves, since it is the average generated e.m.f. 

The formula of the 'alternating-current generator, 

E = \/2 rfn^j 

does not hold if the waves are not sine waves, since the ratios of 
average to maximum and of maximum to effective e.m.f. are 
changed. 

If the variation of magnetic flux is not sinusoidal, the effective 
generated alternating e.m.f. is, 

E = y \/2 Trfn^. 

1 

7 is called the form factor of the wave, and depends upon 
its shape, that is, the distribution of the magnetic flux in the 
magnetic field. 

Frequently form factor is defined as the ratio of the effect¬ 
ive to the average value. This definition is undesirable since it 
gives for the sine wave, which is always considered the standard 
wave, a 'value differing from one. 
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22. (1) In a star-coniic(d(uI 2()-pc)lc^ thm^pliaw^ nuK^fuiu^., re¬ 
volving at 33.3 cyckvs or 200 rev. per min., 1-he inagn(‘.t.i(5 flux 
per pole is 6.4 megalineH. Th(i arruaiun^ eoniainH (>n(‘. nloi [>c‘r 
pole and phase, and each slot (‘.oniains 36 eondue.i-ors. All thesci 
conductors are eonnectcal in seric^s. What is (‘fT(‘e4iv(^ c‘.rn.f. 
per circuit, and what the elTctetiv'c^ e.ni.f. b(*iw(‘en th<^, i(u*ruinalH 
of the machine? 

Twenty slots of 36 conductors give 720 (u)nductorH, or 360 
turns in scries. Thus th(^ efTcsdivc^ e.rn.f. is, 

= '\/2 7r/w^h 

= 4.44 X 0.333 X 3fH) X Ck4 

= 3400 volts per circtuil.. 


The e.rn.f. betwt^en the tc^rininals of a sfar-conruudcHl thr(*e- 
phase machine is the rc‘Hultant of tlu! cif th(‘ (wo pluiw^H, 

which differ by 60 d<‘grcK»H, and is thus 2 sin 6(f - v^3 tinu'S 
that of one phase, thus, 

E = El v^3 

= 6000 volts effectives. 


23. (2) The conduc^tor of the mnednne^ has a scKdJon of 0.22 
sq. cm. and a mean Icnigth of 240 ern. pc*r turn. At a resistivity 
(resistance per unit section and unit lcmg(h) (d e,<qipc»r of p 
1.8 X 10“®, what is the e.rn.f. coiiHumed in ilie rnaehiru^ by tlie 
resistance, and what the pow(;r ftonKumt‘d at 450 kw. output? 

450 kw. output is 150,000 waits p«*r pliiwe, or curcuit, itius 


the current I 


150,(KK) 

:moo" 


44.2 ampc‘reH efTi*e.(.ive. 


The resistance of 360 turns of 240 (un. lengfli, 0/22 sep cm, 
section and 1.8 X 10”‘® rmistivity, is 


r 


360 X 240 X 1.8 X 

0.22 


0,71 ohms |M*r circuit. 


# 

44.2 amp. X 0.71 olims givets 31,5 volts per circuit and (44.2)3 
X 0.71 =» 1400 watts per cireuii, or a total of 3 X 1400 « 4200 
watts loss. 

24. (3) What is the Hidf-'inducdiiiic.c per wire! of ii thren?- 
phase line of 14 miles length conwHiiiig of three wires No. 0 
ih = 0.82 cm.), 45 cm. apart, triiiismittiiig the output of this 
450 kw. 5000-volt throc-pliasij machine? 

2 




18 ELEMENTS OF ELECTRICAL ENGINEERING 


450 kw. at 5900 volts gives 44.2 amp. per line. 44.2 amp. 
effective gives 44.2\/2 = 62.5 amp. maximum. 

14 miles = 22,400 m. The magnetic flux produced by I 
amperes in 1000 m. of a transmission line of 2 wires 45 cm. 
apart and 0.82 cm. diameter was found in paragraph 1, example 
3, as 2 = 0.188 X 10® J, or = 0.094 X 10® I for each wire. 

Thus at 22,300 m. and 62.5 amp. maximum, the flux per 
wire is 

4> = 22.3 X 62.5 X 0.094 X 10® = 131 megalines. 

Hence the generated e.m.f., effective value, at 33.3 cycles is, 
E = 

= 4.44 X 0.333 X 131 
= 193 volts per line; 

the maximum value is, 

Eq = E X V2 = 273 volts per line; 
and the instantaneous value, 

e = Eo sin {6 — 6i) = 273 sin (d — di ); 


or, since $ = 27rft = 210 if we have, 

c = 273 sin 210 (t ~ h). 

^ 9 26 . (4) What is the form 

\ / factor (a) of the e.m.f. gene- 

\ ' / rated in a single conductor of 

a direct-current machine hav- 

negligible spread of the mag- 
comers, 

1 ( ( Cy ) j 1 ) ioYjxx fac- 

voltage between two 
yy collector rings connected to 

diametrical points of the arm- 
! ature of such a machine? 

/ ' \ (a) In a conductor during 

/ \ the motion from position A, 

FiQ.7.-Diagramofbipolargeaerator. ^ 

.D, no e.m.f. is generated; 

from position B to C a constant e.m.f. e is generated, from 

C to B again no e.m.f., from E to F a constant e.m.f. - e, 
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and from F to A again zero e.m.f. The e.m.f. wave than in an 
shown in Fig. 8. 

The average e.m.f. is 

€i = 0.8 €j 

hence, with this average c.mi., if it were a sine wave, the maxi¬ 
mum e.m.f. would be 

€2 = 2^1 = OAire^ 

and the effective e.m.f. would be 

€2 __ 0 . 4 -jtc 

" V2“ V 2 ' 


1 

__L 


I 


f\ 


—Oft-- 

J c 


£ F 

ij 

1 


Fia. 8.—E.m.f. of a ainglo conthiotor, dirofit-c.urrcnt miw’hino 
/ 80 per cent, pole are. 


The actual square of the e.m.f. is c* for 80 ptir cent, and «irt» 
for 20 per cent, of the' period, and the averages or mean stiimn* 
thus is 

0.8 

and therefore the actual effcscstive vahns, 

« /;\/(). 8 . 

The form factor y, or the ratio of l.h<» actual effecstive value* 
e^ to the effective value e* of a sims wave of the samo mean 
value and thus the same magnetic flux, then is 


C4 VlO 



that is, practically unity. 

(6) While the collector leads a, b move from the position F, 
C, as shown in Fig. 6, to B, E, constant voltage E exists Iwitwiam 
them, the conductors which leave the field at C being replaced 


/ 

% 
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by the conductors entering the field at B, During the motion 
of the leads a, h from E to C, F, the voltage steadily decrea^ses, 
reverses, and rises again, to — E, as the conductors entering tlie 
field at E have an e.m.f. opposite to that of the conductors 
leaving at C. Thus the voltage wave is, as shown by Fig- ^7 
triangular, with the top cut off for 20 per cent, of the half wave. 



Fig. 9.—between two collector rings connected to diametrical points 
of the armature of a bipolar machine having 80 per cent, pole arc. 


Then the average e.m.f. is 

ei = 0.2 S + 2 X = 0.6 E. 

The maximum value of a sine wave of this average value is 


TT 

62 = 2^1 ^ 


O.ZtE, 


and the effective value corresponding thereto is 

_ 62 0.3 ttE 

^ ~ V2' 

The actual voltage square is E^ for 20 per cent, of the time, and 
rising on a parabolic curve from 0 to E^ during 40 per cent* of 
the time, as shown in dotted lines in Fig. 9. 

The area of a parabolic curve is width times one-third of 
height, or 

0 . 4^2 

— 


hence, the mean square of voltage is 

0.4 E^ 

0.2 J&2 + 2 X 


1.4 


and the actual effective voltage is 
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hence, the form factor is 


ez TT V 27 


or, 2.5 per cent, higher than wi( h a hiik! vvnv(^ 

6. SELF-INDXTCTAITCE AND MUTUAL INDUCTANCE 

26, The number of inierlinkag(^H of an (‘Ic^etrie einmit vvifti 
the lines of magnetic force of Uic flux producaul by unit current 
in the circuit is called the inductanco of th(^ cinuiif.. 

The number of interlinkagc^s of an (dc^c.fritt circuit witfi 
lines of magnetic fon'c^ of th<j flux produced by unit current in 
a second electric (urcuit is callcal (.h(‘, muliud indiuianw (uf the 
second upon the first circuit. It is (^c|ua.! to flic* imifuid induc¬ 
tance of the first upon the second circuity as will in' Hc»eiiy and 
thus is called the mutual inducfanco lattwcam tin* two cireiiitH. 

The number of intcu'linkagc^s of an electrics eircuiit with the 
lines of magnetic*, flux produccul l)y unit (uirre.nt in this eireuit 
and not interlinked with a sctcond enreuit is <!alled the m'lf- 
inductance of the circuiit. 

If i « current in a circuit of n turnSy flux pnidinaal 
thereby and interlinked with the circuit; Is tin* toiiil manlier 

of interlinkages, and L = ihts iiiducianei! of the eirriiil. 

% 

If ^ is proportional to the currcuii i and the miiidier of iiiriis 


4» 


m 

a* 


w 


and L « thc^ inductance!, 


(R is called the rdudance iincl id the ni.nii. of ilie ifiiigrietii! 

circuit. 

In magnetic circuits thc^ rehictiiiice (R fiiw a poHifion Hiiiiilitr 
to that of resistance r in electric circaiits. 

The reluctance and therefore Urn irnluctfinef% m not eoii- 
stant in circuits containing magnetic initim'ialH, stieh m iron, et.e. 

If is the reluctance of a magnetic circuiit interlinked %¥iftt 
two electric circuits of ni and turiiH respeefively, the flux 
produced by unit current in the first eirciiii and iiiferliiiked with 

the second circuit is and the mutual indttetiiiif*e of the, firvi 


upon the setxmd c^ireuit is M 


titi' 


tliafi isy eijiiiit to the 
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mutual inductance of the second circuit upon the first circuits, 
as stated above. 

If no flux leaks between the two circuits, that is, if all flux Ih 
interlinked with both circuits, andZ/i == inductance of the firnt^ 
L2 = inductance of the second circuit, and M = mutual indue- 
tance, then 

M 2 = L1L2. 


If flux leaks between the two circuits, then < LiLa- 
In this case the total flux produced by the first^circuit con¬ 
sists of a part interlinked with the second circuit also, the run- 
tual inductance, and a part passing between the two circuit h, 
that is, interlinked with the first circuit only, its self”inductau<*€“« 
27. Thus, if Lx and L2 are the inductances of the two circuit h, 

~ and — is the total flux produced by unit current in the firnt 

Ux 712 

and second circuit respectively. 

L S 

Of the flux — a part —^ is interlinked with the first circttiii 
nx Ux 

only, being its self-inductance or leakage inductance, and it 
M 

part — interlinked with the second circuit also, M being tlic 

71% 

mutual inductance and ~ ™ 4- —. 

Tlx ni 712 

Thus, if 

Lx and L 2 = inductance, 

Si and S 2 = self-inductance, 

M = mutual inductance of two circuits of n |aii€l 
712 turns respectively, we have 


^ _ §1 I ^ 

Tlx Til TI2 

Li= Si + — M 

71% 

M2 == {Lx - Sx){L 


U ^§2 M 

712 712 Til 


L2 = S2+'^^M, 


The practical unit of inductance is 10® times the absolut^c^ 
umt or 10® times the number of interlinkages per ampere (since 
1 amp. = 0.1 unit current), and is called the henry (h); O.OCIl 
of it is called the Tnilhenry ( mb .). 

The number of interlinkages of i amperes in a circuit of 
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L henry inductance in iL 10^ linen of forces turnH, and thuH tlu* 
e.m.f. generated by a change of current di in time dt in 



di 

dt 


L 10^ abnolute unitn 

I 


di 

di 


L VoltH. 


A change of current of 1 amp. pc‘r Hceond in the circuit of ! 
h. inductance gcncratcH 1 volt. 


EXAMPLES 

28. (1) What is the indu(?tance of the field of a 20-poIe 
alternator, if the 20 fkdd Hpooln am connecic^d in mmim, each 
spool contains 616 turns, and 6.95 amp. produ(?C!H 6.4 mega* 
lines per pole? 

The total number of turns of all 20 spools is 20 X 616 
12,320 Each is interlinked with 6.4 X 10^ Uiu^h, thus the total 
number of interlinkages at 6.95 amp. is 12,320 X 6.4 X 10« * 
78 X 10». 

6.95 amp. = 0.695 absolute units, lien(‘,e the miiiiber of in- 
terlinkages per unit current, or the inductance, is 

78 V 10^ 

0.6% “n2xio» = n2h. 

29. (2) What is the mutual inductajic<s Ijetween an alh'r- 
nating transmission line and a telephone wire carried for 10 miles 
below and 1.20 ra. distant from the one, 1.50 m. distant from 
the other conductor of the alternating line; and what is the 
e.m.f. generated in the telephone wire, if the alternating cir¬ 
cuit carries 100 amp. at 60 cycles? 

The mutual inductance Iwitwecn the telephone wins and tin? 
electric circuit is the magnetic flux produceti by unit current 
in the telephone wire and intciriinbul with th(» alternating 
circuit, that is, that part of the magnetic flux pnalucful by unit 
current in the telephone wire, which passew Iwjtwwm tin* dis¬ 
tances of 1.20 and 1.60 m. 

At the distance Z. from the telephone wire the lengtii of mag¬ 
netic circuit is 2 tZ„ The magnetizing force / Ur if / « 

idWlm 
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current in telephone wire in amperes, and the field intensity 

0.2 J 

H = 0.4 tt/ = , and the flux in the zone dl^ is 

J 0.211 

- dla;. 

ix 

I = 10 miles = 1610 X 10^ cm. 

, 0.2 II „ 


= 322 X 10» I log€ = 72 J lOS* 

or, 72 1 10^ interlinkages, hence, for I = 10, or one absolute 
unit, 

thus, M = 72 X 10^ absolute units = 72 X lO""^ h. = 0.72 mh. 


100 amp. effective or 141.4 amp. maximum or 14.14 abso¬ 
lute units of current in the transmission line produces a 
maximum flux interlinked with the telephone line of 14.14 X 
0.72 X lO""* X 10® = 10.2 megalines. Thus the e.m.f. generated 
at 60 cycles is 

E = 4.44 X 0.6 X 10.2 = 27.3 volts effective. 


6. SELF-INDUCTANCE OF CONTINUOUS-CURRENT 
CIRCUITS 

30. Self-inductance makes itself felt in continuous-current 
circuits only in starting and stopping or, in general, when the 
current changes in value. 

Starting of Current If r = resistance, L = inductance of 
circuit, E = continuous e.m.f. impressed upon circuit, i = 
current in circuit at time t after impressing e.m.f. E, and di the 
increase of current during time moment dtj then the increase of 
magnetic interlinkages during time dt is 

Ldi, 

and the e.m.f. generated thereby is 

^ di 

L-- 

By Lentz^s law it is negative, since it is opposite to the im¬ 
pressed e.m.f., its cause. 

Thus the e.m.f. acting in this moment upon the circuit is 
E + e, = E - Lj^> 
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and the current is 


or, transposing, 


the integral of which is 
rt 


E + 

r 

_ rdt 

L 


E - L 


di 

di 


dl 


E 

r 


where — log, c = 
This reduces to 


- [i - ') - 

integration constant. 


E 


+ c« 


rt 

L 


!xt t = 0, i — 0, and tlms 


E 

r 


Substituting this valut*-, the current, is 
and the e.mi. of in(lu(d.ance in 


ei 


ir 


E 


kit 


Ic) = 

Substituting these values, 
i = 

and 


E 

f 

r 


in (l 


Ttut 

r 


Ei 


6l w 0. 


s i,) 

rt 

/y * 


rt 

// 


The expression w = is ealled the*. 

L 

and its reciprocal, the mndmd of Hm drmiiJ^^' 

‘ The name time ctmManC dates hack tc the tmriy dayn 4»f iidegrapliy, wlicm 
it was applied to the ratio: that w, the reciprcH'iiI i»f ilio attpuiiiifttiit rmi- 

stant. This quantity which had gradually ciutii* ititii diKitm^ agfiiii 
became of importimee when inv»itigatirtg tranwieni iiliiciric 

r 

and in this work it was found wore eonvottierii to denote the viilitr . im 

is 

attenuation constant, since this value appear* one teriri of ilti! ittoro geii- 
■ eral constant of theeiecdric circuit (llmory iinil Cfilctilttlioti iif 

Transient Electric Phenomena and C^ilktbni, fteetbn IV.) 
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Substituted in the foregoing equation this gives 

E 


and 


• * (-i 

ei = — 


At< = - 
u 


ei = - - = - 0.368 E. 
r 


31. Stopping of Current. In a circuit of inductance L and 

resistance r, let a current ^o = y be produced by the impressed 

e.m.f. E, and this e.mi. E be withdrawn and the circuit closed 
through a resistance ri. 

Let the current be ^ at the time t after withdrawal of the 
e.m.f. E and the change of current during time moment dt be di- 
di is negative, that is, the current decreases. 

The decrease of magnetic interlinkages during moment dt is 

Ldi. 

Thus the e.m.f. generated thereby is 

di 


6i = — L 


dt 


It is negative since di is negative, and 6i must be positive, that 
is, in the same direction as E, to maintain the current or oppose 
the decrease of current, its cause. 

Then the current is 

6 i L di 




or, transposing, 


r + Ti 
r + ri 


dt = 


r + ri dV 
di 


the integral of which is 

r+ ri 


- t = log. i - log, c, 


where— log, c = integration constant. 
This reduces to i = ct ‘ 

i* _ 


to = 


E 


c. 


4 


for 


t = 0, 
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Substituting this value, the current is 


W. ir f~ n) t 

r 


and the generated e.m.f. is 


r 4- ri ^ 


E 

Substituting h = , the current is 


_ r i n ^ 
i = - 2 :q£~ l , 


and the generated e.m.f. is 


r f-n 

Cl = i’o (r + T'l) * 


At < = 0, 


that is, the generated e.m.f. is inercaflcd over the previously 
impressed e.m.f. in the same ratio as th<! rewistane** is inereiiHed. 

When ri = 0, that is, when in withdrawing the iraprosHcd 
e.m.f. E the circuit is short circuited, 

i ^ « /< =■ /' the current, and 

ei = E i" L = t* the genc^rateil e.m.L 


In this ease, at ^ = 0, Ci = A’, that is, tlie e.m.f. doei 4 ncit fi»e. 

In the case ri « that is, if in withdrawing tla* e.m.f. K 
the circuit is broken, we have i « 0 and m , that is, tlin 
e.m.f. rises infinitely. 

The greater r,, the higher is the generated e.mi. ei, the fiMer, 
however, do Bi and i decreaiK!. 

If n «= r, we have at e » 0, 

eu ~ 2 Ej % * 

and eu -- f> - E; 

that is, if the external r^istance ti equals the iiiteriial fi?si«teni!if 
r, at the moment of withdraw^ of the e.m.f. E the terminal 
voltage is E. 
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The effect at the time t of the e.m.f. of inductance in stop¬ 
ping the current is 

_ + ri . 

iei = (r + ri) e l ; 
thus the total energy of the generated e.m.f. 




- .0 V/ -r-uL' - V 2(r + ri)/“ 2 ’ 

that is, the energy stored as magnetism in a circuit of current to 
and inductance L is 


which is independent both of the resistance r of the circuit and 
the resistance ri inserted in breaking the circuit. This energy 
has to be expended in stopping the current. 


EXAMPLES 

32. ( 1 ) In the alternator field in Section 1, Example 4, Sec¬ 
tion 2 , Example 2 , and Section 5, Example 1 , how long a time 
after impressing the required e.m.f. E = 230 volts will it take 
for the field to reach (a) strength, ( 6 ) strength? 

(2) If 500 volts are impressed upon the field of this alternator, 
and a non-inductive resistance inserted in series so as to give 
the required exciting current of 6.95 amp., how long after 
impressing the e.m.f. E == 500 volts will it take for the field to 
reach (a) strength, (b) strength, (c) and what is the resist¬ 
ance required in the rheostat? 

(3) If 500 volts are impressed upon the field of this alter¬ 
nator without insertion of resistance, how long will it take for 
the field to reach full strength? 

(4) With full field strength, what is the energy stored as 
magnetism? 

( 1 ) The resistance of the alternator field is 33.2 ohms (Section 
2 , Example 2 ), the inductance 112 h. (Section 5, Example 1 ), 
the impressed e.m.f. is E = 230, the final value of current 
E 

= — = 6.95 amp. Thus the current at time t is 

l=io(l-e"£) 

= 6.95 (1 - 
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(a) % strengtli: i = 1", hc'.iicc. (I ‘) <)-'>• 


JUIL I 

e-o.2«i = 0.5, - ().2!)(> I lof? * - loK 0.5, I - hikI 

t = 2,34 seconcls. 

(b) Mo strength: i = 0.!)-/,,. henee (I - t ■*• 0.!>, 

t = 7.8 seconds. 

(2) To gi)t ^o = 6.95 amp., with E 500 volts, a reHint- 
ance r = — 72 ohms, and thus a rlH*ost.at having a r(‘HiHt- 


ance of 72 - 33.2 = 38.8 ohms, is re(|uir(‘d. 

Wc then have 

= (>.95 (1 ~ 

(а) i = aftcT ^ = 1.08 seconds. 

(б) i = 0.9 to, after t = 3.() scatonds. . ^ 

(3) ImproHsing Ji = 500 volts upon a ennaiii of r 

L = 112, gives /^ ' 

^ ^ I ®' pi 

= 15.1 (I - [at y 

i = 6.95, or full field stnuigth, giv<« I ^ .w 

6.95 = 15.1 (1 - «-«.*»« <). ^ 

1 _ < = 0.46 

and t = 2.08 Kceonds. % 

(4) The stored en<»rgy is " 

.2 “ '”2 " ' i720 wati-Hc»ccnidH or j<iti!es 

= 2000 foot-pouiids. 

(1 joule = 0.736 foot-pounds.) 

Thus in case (3), wlatre the field reiiclw^s full sfreiigtli in 2.(IH 

2 (MMI 

seconds, the average power input is ^ ^ IMM) foot {KUtiidM 

per second = 1.75 hp. 

In breaking tht! field circuit of (hin allcrnator, 200(1 fiwit- 
pounds of energy have to he disHiimhul in flie sfiark, c<ie, 

33. (5) A coil of resistance r » 0.002 ohm ami imluctniiee 
L = 0.005 xnh., carrying current / *• 90 amp., is siiort cirtniit€«i. 


62 f. ^5 

NI§1 


33 <i 2 
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(a) What is the equation of the current after short circuit? 

Q)) In what time has the current decreased to 0.1. its initial 
value? 

rt 

(а) i = /e- L 

(h) i = 0.1 /, = 0.1, after t = 0.00576 second. 

( б ) When short circuiting the coil in Example 5, an e.m.f. 
E = 1 volt is inserted in the circuit of this coil, in opposite direc¬ 
tion to the current. 

(a) What is equation of the current? 

(5) After what time does the current become zero? 

{c) After what time does the current reverse to its initial 
value in opposite direction? 

What impressed e.m.f. is required to make the current 
die out in J^ooo second? 

(e) What impressed e.m.f. E is required to reverse the current 
in 3d^ooo second? 

(a) If e.m.f. — is inserted, and at time t the current is 
denoted by f, we have* 


ei = 



the generated e.m.f.; 


Thus, 

and 


-E + ex= - E -Lj^, 


the total e.m.f.; 


z = 

Transposing, 

and integrating, 


— + 6i 


E Ldi . 

7 - 7 the current; 


^ _ di 

L^~ E 


+ i 


- ^ = log. (y + i) - log. c, 


where — log^ c = integration constant. 

At ^ = 0, z = J, thus c = / + 7 ; 
Substituting, 


^ == 


(^+f) 


E\ 


Tt 

L — 


E 

r’ 


i = 690 - 500. 
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(6) i = 0, ‘ = 0.85, after t = 0.000405 aecoiul. 

(c) i ^ — I = — 90, ' = 0.694, after t =» 0.00091 Heeojul. 

(d) If f = 0 at t = 0.0005, then 

0 = (90 + 500 B) «-«•» - 500 E, 

0 

^ 0.81 volt. 




Ifi 

90 

E ■■ 


- I = - 90 at < = 0.001, then 
(90 + 600 E) e-o * - 500 E, 
0.18(1 +«■;;»••*) 


0.91 volt. 


7. INDUCTANCE IN AITERNATING-CURRENT CIRCUITS 

34. An alternating current i == /o ain 27r/< or i == /« nin 0 
can be represented graphically in rectangular (atonlirialt'H by a 
curved line as shown in Fig. 10, with the instantarniouH valucH 



Fio. lO.—Altemating Him* wiivc*. 


i as ordinates and the time or tho arc of the iinglct eorr<!M|Knidiiig 
to the time, 6 = 2rft, as abseissiw, conntiiig the ttirie from the 
zero value of the rising wave as zero point. 

If the zero value of current is not chosem iw zero point of time, 
the wave is represented by 


or 


i » Jo sin (# — 


where t and 6' are respectively the time and the ec.mmpomling 
angle at which the current reaches its zero value in the aw^uidnrit. 

U such a sine wave of alternating curnmt i » /» ain 2 irft or 
r - Jo sm <? passes through a circuit of n-sistance* r and indue 

t flux produced by the current and thus its 

interhnkages with the current, iL - /»/, ah, vary in a wave 
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line similar also to that of the current, as shown in Fig. 11 as 
The e.ihi. generated hereby is proportional to the change of 
iLj and is thus a maximum where iL changes most rapidly, or at 
its zero point, and zero where iL is a maximum, and according 
to Lentz^s law it is positive during falling and negative during 
rising current. Thus this generated e.m.f. is a wave following* 

the wave of current by the time t = where U is time of one 
1 ^ 

complete period, = y or by the time angle B = 90°. 



i'lQ. 11.—Self-induction effects produced by an alternating sine wave 

of current. 


This e.m.f. is called the counter e.m.f, of inductance. 

di 


It is 


6 2 = 


dt 


= — 2 t/LIo cos 2 7rft. 


It is shown in dotted line in Fig. 11 as e' 2 . 

The quantity 2 tJL is called the inductive reactance of the 
circuit, and denoted by x. It is of the nature of a resistance, 
and expressed in ohms. If L is given in 10® absolute units or 
henrys, x appears in ohms. 

The counter e.m.f. of inductance of the current, i = lo sin 
2 Trjt = Jo sin B, of effective value 


I = 


lo 

V2 


is 


e ^2 = — xio cos 2 7r/it = — xio cos Bj 


having a maximum value of xIq and an effective value of 

xIq 


E2 


V2 


xl; 
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that is, the effective value of the counter e.m.f. of inductance 
equals the reactance, x, times the effective value of the current, 
J, and lags 90 time degrees, or a quarter period, behind the 
current. 

36. By the counter e.m.f. of inductance, 
e\ = — xio cos 6 , 

which is generated by the change in flux due to the passage of 
the current i = Iq sin 6 through the circuit of reactance x, an 
equal but opposite e.m.f. 

€2 = xIq cos d 

is consumed, and thus has to be impressed upon the circuit. 
This e.m.f. is called the e.m.f, consumed by inductance. It is 
90 time degrees, or a quarter period, ahead of the current, and 
shown in Fig. 11 as a drawn line 62 . 

Thus we have to distinguish between counter e.m.f. of induc¬ 
tance 90 time degrees lagging, and e.m.f. consumed by inductance 
90 time degrees leading. 

These e.m.fs. stand in the same relation as action and reaction 
in mechanics. They are shown in Fig. 11 as e '2 and as C 2 . 

The e.m.f. consumed by the resistance r of the circuit is pro¬ 
portional to the current, 

= ri = rio sin 6 , 

and in phase therewith, that is, reaches its maximum and its 
zero value at the same time as the current as shown by drawn 
line Cl in Fig. 11 . 

Its effective value is Ei = rl. 

The resistance can also be represented by a (fictitious) counter 
e.m.f., 

e\ = rJo sin 0 , 

opposite in phase to the current, shown as e\ in dotted line in 
Fig. 11 . 

The counter e.m.f. of resistance and the e.m.f. consumed by 
resistance have the same relation to each other as the counter 
e.m.f. of inductance and the e.m.f. consumed by inductance or 
inductive reactance. 

36. If an alternating current i = Jo sin 0 of effective value 

^ exists in a circuit of resistance r and inductance L, that 

is, of reactance x = 2 tt/L, we have to distinguish: 

3 
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E.mi. consumed by resistance, 6 i = rio sin 0 , of eiBfective 
value El = r/, and in phase with the current. 

Counter e.m.f. of resistance, e\ = — rJo sin dy of eiBfective 
value El = rl, and in opposition or 180 time degrees displaced 
from the current. 

E.m.f. consumed by reactance, 62 == xio cos 6 , of effective 
value E 2 = xl, and leading the current by 90 time degrees or a 
quarter period. 

Counter e.m.f. of reactance, e\ = xl^ cos 0 , of effective 
value E\ = xl, and lagging 90 time degrees or a quarter period 
behind the current. 

The e.m.fs. consumed by resistance and by reactance are the 
e.m.fs. which have to be impressed upon the circuit to overcome 
the counter e.m.fs. of resistance and of reactance. 

Thus, the total counter e.m.f. of the circuit is 

e' = e'l + e '2 = — /o (r sin ^ + rr cos ^), 

and the total impressed e.m.f., or e.m.f. consumed by the circuit, 
is 

e = + 62 = /o (r sin (9 + X cos F). 

Substituting 

X 

- = tan ^0 and 

T 

\/'r^ = Zy 

it follows that 

X = z Bin 6 oj r = z cos 60 , 

and we have as the total impressed e.m.f. 

e = zlo sin (6 + ^ 0 ), 

shown by heavy drawn line e in Fig. 11 , and total counter e.m.f. 

— zIq sin (d + So), 

shown by heavy dotted line e' in Fig. 11 , both of effective value 

e = zL 

For 6 = — 00 , e = 0, that is, the zero value of e is ahead of 
the zero value of current by the time angle do, or the current lags 
behind the impressed e.m.f. by the angle do¬ 
do is called the angle of lag of the current, and z = -s/r^ + 
the impedance of the circuit, e is called the e.m.f. consumed by 
impedance, c' the counter e.m.f. of impedance. 
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Since Ex == rl in the c.m.f. conHumed by reniHiarH^e, 

E2 = is the e.in.f. conHuined by n^acd-aiun^, 

and E zl ^ V'r^ -f I m the c.m.f, consumed by impe¬ 
dance, 

we have 

E == '\/iV +total e.mX 

and El = E cos Oq, 

E 2 = E sin 6oj its components. 


The tangent of the angle of lag is 


tan ^0 = 


X 

r 


2irJL 

' ““ ' i 

r 


and the time constant of the circuit is 

L _ (,!in Oo 
T ~ 2vf' 

The total e, imprcHsed upon the circuit consists of (.wo 

components, one, ei, in phase with the currcuit, the other oiu!, «a, 
in quadrature with the current. 

Their effective values are. 

E, E cos 00, E sin 00- 
EXAMPLES 

37. (1) What is the reactance per wire of a transmission line 
of length Z, if Id = diameter of the wire, I, = spacing of the wires, 
and / = frequency? 

If 7 = current, in absolute units, in one wire of the (.rans- 

mission line, the m.in.f. is I; thus the magnef.izing fonm in it 
• # 
zone <ZZ, at distance Z, from center of wire (Fig. 12) is 

£0 wig 

and the field intensity in this zone is // « 4 a/ 2 /• Thus 

the magnetic flux in this zone in 

d* - // ZdZ* - ^ 

hence, the total magnetic flux between the wire and the return 

wire is 

4 . - £‘ 4 ^ - 2 - 2 7z log. 

neglecting the flux inside the transiiniMioti wire* 
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The inductance is 

y = 2 Z log^ ^ absolute units 

i id 

= 2 I log, 10~® h., 

I'd 

2 la 

and the reactance x = 2 tt/L = 4 tt/Z log^ in absolute units: 

I'd 

or :r = 4 tt/Z log^ ^ 10"“^ in ohms, 

I'd 

38. ( 2 ) The voltage at the receiving end of a 33.3-cycle 
three-phase transmission line 14 miles in length shall be 5500 



Fig. 12.—Diagram for calculation of inductance between two parallel 

conductors- 

between the lines. The line consists of three wires, No. 0 B. & 
S. (Id == 0.82 cm.), 18 in. (45 cm.) apart, of resistivity p = 1.8 
X 10“®. 

(a) What is the resistance, the reactance, and the impedance 
per line, and the voltage consumed thereby at 44 amp.? 

(b) What is the generator voltage between lines at 44 amp. 
to a non-inductive load? 

(c) What is the generator voltage between lines at 44 amp. 
to a load circuit of 45 degrees lag? 

(d) What is the generator voltage between lines at 44 amp. 
to a load circuit of 45 degrees lead? 

Here Z = 14 mdes = 14 X 1.6 X 10® = 2.23 'X 10® cm. 

Id = 0.82 cm. 

Hence the cross section, A = 0.528 sq. cm. 
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, , „ . / l.« X 10 " X 2.23 X 10" 

(a) ResLstaiH*e per r =-- p ^ -- 

= 7.G0 ohms. 

2 in 

Reactance pcT line, x = 4 tt/^ 1o|4 , X 10 ^^ ■ 47r X X 

I'd 

2.23 X 10» X log, 110 X nr» = 4.35 ohms. 

The impedance per line, z — \/r- + T‘' - H.70 ohruH. Tims 
if / = 44 amp. per line, 


the e.m.f. consumed by resLstanc^e is Ah - rf 
the e.m.f. consunKuI l)y r(‘a(^lan(*(‘ is Ab = :r/ 
and the e.m.f. consumcHl by imp(‘dan<u* is A’n 

(h) 5500 volts between liiu^s at r(a*(4ving eirenif. giv< 


334 vnllH, 

192 v(4ls, 
zl 385 voIIh. 
5500 


3170 volts between line and muitral 
or per line, corresponding to a maxi¬ 
mum voltage of 3170 '\/2 = 4500 volts. 
44 amp. effective pc^r line gives a maxi¬ 
mum value of 44 \/2 = 62 amp. 
Denoting the current by i = 62 sin 
the voltage per line at the receiv¬ 
ing end with non-inductive loa<l is e 
= 4500 sin 9. 

The e.m.f. consumed by resisiancii, 
in phase with the curremt, of effcidlvt^ 
value 334, and maximum valuer 334 
\/2 == 472, is 

Cl = 472 sin 0, 


or 5^(‘ro poitif 


V' 

( Fig. 


3 


13), 



Fm. j:i. 

a thrpi'-phiwc 


ihiigriia} ffif 
n’rruil. 


The e.m.f. consumed hy rcii(!tanc(», 90 time* degrec»H ahead fif the 
current, of effective value 192, and maximum valia* I!)2\/2 

272, is 


€% « 272 cos 9, 


Thus the total voltage re<iuired pc*r line at Hie generator eiiil 
of the line is 

Co = c + Cl + C2 = (4500 4* 472) nin 0 4* 272 c*o« 0 
= 4972 sin & 4 272 vm il 


Denoting 


272 

4972 


= tan du, we have 


. . tan ^0 

Hin 6a - , 

y/l + tan® 00 

eo8 00 =“ / 

V 1 + tan* 00 

272 

*a * 

4972 

4980' 
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Hmu-p, Co = 49S0 (sin $ eos 0o + cos (9 sin 0o) 

= 49S0 sin (9 + 9o)- 

Thus 00 is the lag of the current behind tbe e.m.f. at the 

eonerator end of the line, = 3.2 time degrees, and 4980 the 
' 4980" 

maximum voltage per line at the generator end ; thus Eq = 

= :io 20 , the effective voltage per line, and 3520 V3 = ^ 100 , the 

f^ffeetive voltage between the lines at the generator. 

(f) If the current 

i = 62 sin 9 

lags ill time 45 degrees behind the e.m.f. at the receiving end of 
tlie line, this e.ini. is expressed by 

e = 45CM) sin {9 + 45) = 3170 (sin 6 + cos 6 ); 

that is, it leads the current by 45 time degrees, or is Eero at 0 = 

— 45 time degiws. 

The e.m.f. consumed by resistance and by reactance being the 
same as in (5), the generator voltage per line is 

^0 = e “j" ^2 = 3642 sin 6 3442 cos 6, 

3442 

Denoting ~ tan we have 

€q = 5011 sin {9 -f" ^o)* 

Thus lo, the angl^ of lag of the current behind .the gen¬ 
erator is 43 degrees, and 5611 the maxinaum voltage; 

lienee 2BM} the effective voltage per line, and 3550-v/3.= 6160 
t he effective voltage between lines at the generator. 

id) If the current i = 62 sin 9 leads the e.m.f. by 45 degrees, 
the e.m.f. at the receiving end is 

€ = 45(W sin (d — 45) 

= 3180 (sin & — cos 6), 

Thus at the generator end 

= e -f ei + = 3652 sin 6 — 2908 cos 6. 

^ . 2 ^ 

iMnoting » tan I©, it is 

€& = 4670 sin (^ — 6q), 

ThiM the tiim an^e of lead at the generator, is 39 degi^es, 
and 4SM the maiimiiiii voltage; hence 3290 the effective vol- 
^r lii» Mid 5710 th© effective voltage between hn^ at the 

genwator* 
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8 . POWER IN ALTERNAXmO-CURRENT CIRCUITS 


39. The power consumed by alternating current i — lo sin 6, 


of efiectWe yalue I 
tance x = 2 tJLj is 




in a circuit of resistance r and reac- 


V = 


where e = zIq sin {6 + ^o) is the impressed e.m.f., consisting of 
the components 


ei = rJo sin 9, the e.m.f. consumed by resistance 


and €2 = xio cos 6^ the e.m.f. consumed hy reactance. 

z = ^ 7*2 _|. ^2 is ^} 2 e impedance and tan = ~ the phase angle 
of the circuit; thus the power is 

p = zlo^ sin 6 sin (0 + ^o) 

= (cos ^0 — cos (2 ^ + ^o)) 

= zP (cos 9q — cos {2 6 + do)'). 


Since the average cos {2 6 + 6C = zero, the average power is 

P = zP cos 6^ 

= rP = Ell; 

that is, the power in the circuit is that consumed hy the resistance, 

‘ and independent of the reactance. 

Reactance or self-inductance consumes no power, and the 
e.m.f. of self-inductance is a wattless or reactive e.m.f., while the 
e.m.f. of resistance is a po'uer or active e.m.f. 

The wattless e.m.f. is in q[uadratare, the power e.m.f. in phase 
with the current. 

In general, if ^ = angle of time-phase displacement between 
the resultant e.m.f. and the resultant current of the circuit, 
1 = current, E = impressed e.m.f., consisting of two com¬ 
ponents, one, El = E cos 6, in phase with the current, the other, 
E 2 — E sin. 6 , in quadrature with the current, the power in the 
circuit is lEi = IE cos 6, and the e.m.f. in phase with the current 
El = E 00 s 6 is B, power e-m.f., the e.m.f, in quadrature with 
the current Ez = E sin d a, wattless or reactive e.m.f. 
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40. Thus we have to distinguish 'power e.m.f. and wattless or 
reactive e.m.f., or power component of e.m.f., in phase with the 
current and wattless or reactive component of e.m.f., in quadra¬ 
ture with the current. 

Any e.m.f. can be considered as consisting of two components, 
one, the power component, ei, in phase with the current, and 
the other, the reactive component, 62 , in quadrature with the 
current. The sum of instantaneous values of the two compo¬ 
nents is the total e.m.f. 

e == 61 + €2. 

If E, Ei, E 2 are the respective effective values, we have 

E = since 

El ~ E cos B, 

E 2 = E sin 6 , 

where B = phase angle between current and e.m.f. 

Analogously, a current I due to an impressed e.m.f. E with 
a time-phase angle B can be considered as consisting of two 
component currents, 

/i == I cos 9, the active or power component of the current, and 

I 2 — I 9, the wattless or reactive component of the current. 

The sum of instantaneous values of the power and reactive 
components of the current equals the instantaneous value of the 
total current, 

ii + i^ = i) 

while their effective values have the relation 

I = VIT+V- 

Thus an alternating current can be resolved in two com¬ 
ponents, the power component, in phase with the e.m.f., and the 
wattless or reactive component, in quadrature with the e.m.f. 

An alternating e.m.f. can be resolved in two components: 
the power component, in phase with the current, and the watt¬ 
less or reactive component, in quadrature with the current. 

The power in the circuit is the current times the e.m.f. times 
the cosine of the time-phase angle, or is the power component 
of the current times the total e.m.f., or the power component of 
the e.m.f. times the total current. 
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EXAMPLES 

41. (1) What is the power received over the transmission line 
in Section 7, Example 2, the power lost in the line, the power 
put into the line, and the efficiency of transmission with non- 
inductive load, with 45-time-degree lagging load and 45-degree 
leading load? 

The power received per line with non-inductive load is P = El 
= 3170 X 44 = 139 kw. 

With a load of 45 degrees phase displacement, P = El cos 
45“ = 98 kw. 

The power lost per line Pi = PR = 44^ X 7.6 = 14.7 kw. 
Thus the input into the line Po = P -h Pi = 151.7 kw. at 
non-inductive load, 

and = 111.7 kw. at load of 45 degrees phase displacement. 
The efficiency with non-inductive load is 

K = 1 P"’’ 

and with a load of 45 degrees phase displacement is 


F _ U.7 

Fo llT.7 


86.8 per cent. 


The total output is 3 F = 411 kw. and 291 kw., respectively. 
The total input 3 Fo = 451.1 kw. and 335.1 kw., respectively. 


9. VECTOR DIAGRAMS 

42. The best way of graphically representing alternating-cur¬ 
rent phenomena is by a vector diagram. The most frequently 
used vector diagram is the crank diagram. In this, sine waves 
of alternating currents, voltages, etc., are represented as projec¬ 
tions of a revolving vector on the horizontal. That is, a vector 
equal in length to the maximum value of the alternating wave is 
assumed to revolve at uniform speed so as to make one complete 
revolution per period, and the projections of this revolving vec¬ 
tor upon the horizontal then represent the instantaneous values 
of the wave. 

Let, for instance, 01 represent in length the maximum value 
of current z = / cos {d — ^o). Assume then a vector, 01, to 
revolve, left-handed or in positive direction, so that it makes a 


I 
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complete revolution during each cycle or period. If then at a 
certain moment of time this vector stan ds in position OIx (Fig. 
14)y the projection, OAi, of Oh on OA represents the instan¬ 
taneous value of the current at this moment. At a late r moment 
(^has moved farther, to O/o, and the projection, OA2, of O/2 on 
OA is the instantaneous value. The diagram thus shows the 
instantaneous condition of the sine waves. Each sine wave 



Fig. 14.—Crank diagram, showing 
instantaneous values. 



riches the maximum at the moment when its revolving vector, 
01, passes the horizontal, and reaches zero when its revolving 
vector passes the vertical. 


If Pig. l^epresents the crank diagram of a voltage O E, and 
a curren^O/, and if angle APE > API, this means that the 
current PI is behind the voltage PE, passes during the revolu¬ 
tion the zero Hne or line of maximum intensity, OA, later than 
the voltage; that is, the current lags behind the voltage. 

_ n the vwtor diagram, the first quantity therefore can be put 
portion. For^tance, the current 01, in Fig. 15, could 
be drawn m position PI, Fig. 16. The voltage then being ahead 
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of the current by angle EOI = 6 would come into the position OE, 
Fig. 16. 

This vector diagram then shows graphically, by the projections 
of the vectors on the horizontal, the instantaneous values of the 
alternating waves at one moment of time. At any other moment 



Fig. 16.—Crank diagram. 


of time, the instantaneous values would be the projections of the 
vectors on another radius, corresponding to the other time. The 
angles between the vector representation are the phase differ¬ 
ences between the vectors, and the angles each vector makes with 
the horizontal may be called its phase. The horizontal then 



Fig. 17.—Vector diagram of two e.m.f.’s acting in the same circuit. 

would be of phase zero. The phase of the first vector may be 
chosen at random; all other phases are determined thereby. 

In this representation, the phase of an alternating wave is 
given by the^time when its maximum value passes the horizontal. 
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Two Toltages, ei and acting in the same circuit, give a 
resultant voltage e equal to the sum of their instantaneous values- 
Oraphically, voltages ei and are repr esen ted i n intensity and 
in phase by two revolving vectors, OEi a^ OE^, Fig, 17. The 
instantaneous values are the projections Oe^ Oeo of OEi and OJE^ 
upon the horizontal. 

Since the sum of the projections of the sides of a parallelogram 
is equal to the projection of the diagonal, the s um of the projec¬ 
tions ^ and 0^2 equals the p roje ction Oe of OEj the diagonal 
of the parallelogram with OEi and OE 2 as sides, and OE is thus 
the resultant e.m.f.; that is, graphically alternating sine waves of 
voltage, current, etc., are combined and resolved by the parallelo¬ 
gram or polygon of sine waves. 



1,. 


Fig, is.—V ector diagram. 

43. The sine wave of alternating current i = Iq sin 9 is repre¬ 
sented by a vector equal in length, OIqj to the maximum value Iq 
of the wave, and located so that at time zero 0=0, its projec¬ 
tion on the horizontal, is zero, and at times ^ 0, but < w, the 
projection is positive. Thus this vector 01 0 is the negative 
vertical, as shown in Fig. 18. 

The voltage cons umed by inductance, 62 = xio cos 0, is repre¬ 
sented by a vector OE 2 equal in length to a:Jo, and located so 
that at 0 = 0, its projecti on o n the horizontal is a maximum. 
That is, it is the zero vector OE 2 in Fig. 18. 

Analogously, the c ounte r e.m.f. of self-inductance E '2 is 
represented by vector 0E\ on the negative horizontal of Fig. 
18; the voltage consum^ by the resistance r, = elo sin 6 ^ is 
represented by vector OE, equal to rJo, and located pn the nega- 
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tive vertical, and the counter eun.f. of resistance by vector 
OE'i on the positive vertical. 

The counter e.m.f. of impedance: 

g' ~ _ (t-Jq sin d + xio cos d) 

= — zlo sin {d + do) 

then is represented gra phical ly as the r esultant, by the parallelo¬ 
gram of sine waves of OE'i and OE' 2 , that is, by a vector OE', 
equal in length to zl 0 , and of phase 90 + ^ 0 - 

The voltage consumed by impedance, or the impressed voltage, 
is represented by the vector OEj equal and opposit e in direction 
to the vector OW, This vector is the resultant of OEi and OE 2 
and has the phase Oq — 90, or — (90 — do), as shown in Fig. 18. 

An alternating wave is thus determined by the length and direc¬ 
tion of its vector. The length is the maximum value, intensity or 
amplitude of the wave; the direction is the phase of its maximum 
value, usually called the phase of the wave- 

44. As phase of the first quantity considered, as in the above 
instance the current, any direction can be chosen. The further 
quantities are determined thereby in direction or phase. 

The zero vector OA is generally chosen for the most frequently 
used quantity or reference quantity, as for the current, if a num¬ 
ber of e.m.fs. are considered in a circuit of the same current, or 
for the e.m.f., if a number of currents are produced by the same 
e.m.f., or for the generated e.m.f. in apparatus such as transform¬ 
ers and induction motors, synchronous apparatus, etc. 

With the current as zero vector, all horizontal components of 
e.m.f. are power components, all vertical components are reac¬ 
tive components. 

With the e.m.f. as zero vector, all horizontal components of 
current are power components, all vertical components of current 
are reactive components. 

By measurement from the vector diagram numerical values 
can hardly ever be derived with sufficient accuracy, since the 
magnitudes of the different quantities used in the same diagram 
are usually by far too different, and the vector diagram is there¬ 
fore useful only as basis for trigonometrical or other calculation, 
and to give an insight into the mutual relation df the different 
quantities, and even then great care has to be taken to distinguish 
between the two equal but opposite vectors, counter e.m.f. and 
e.m.f. consumed by the counter e.m.f., as explained before. 
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EXAMPLES 

45. In a three-phase long-distance transmission line, the vol¬ 
tage between lines at the receiving end shall be 5000 at no load, 
5500 at full load of 44 amp. power component, and propor¬ 
tional at intermediary values of the power component of the 
current; that is, the voltage at the receiving end shall increase 
proportional to the load. At three-quarters load the current 
shall be in phase with the e.m.f. at the receiving end. The 
generator excitation, however, and thus the (nominal) generated 



Fig. 19. —Vector diagram of e.m.f. and current in transmission line. Cur¬ 
rent leading. 


e.m.f. of the generator shall be maintained constant at all loads, 
and the voltage regulation effected by producing lagging or 
leading currents with a synchronous motor in the receiving cir¬ 
cuit. The line has a resistance ri = 7.6 ohms and a reactance 
Xi = 4.35 ohms per wire, the generator is star connected, the 
resistance per circuit being = 0.71, and the (synchronous) 
reactance is X 2 = 25 ohms. What must be the wattless or re¬ 
active component of the current, and therefore the total current 
and its phase relation at no load, one-quarter load, one-half load, 
three-quarters load, and full load, and what will be the terminal 
voltage of the generator under these conditions? 

The total resistance of the line and generator is r = ri d- ^2 
= 8.31 ohms; the total reactance, x = xx + X 2 = 29.35 ohms. 

Let in the polar diagram, 'Fig. 19 or 20, OE = E represent 
the voltage at the receiving end of the line, Oh = h the power 
of current corresponding to the load, in phase 
with OE, and OJj = I 2 the reactive component of the current 
m quadrature with OE, shown leading in Fig. 19, la gg ing in Fig. 

then have total current I = 07. 
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Thus the e.m.f. consumed by resistance, OEi = rl, is in phase 
with I, the e.m.f. consumed by reactance, OE2 = xl, is 90 degrees 
ahead of /, and their resultant is OEzj the e.m.f. consumed by 
impedance. _ 

OEz combined with OE, the receiver voltage, gives the genera¬ 
tor voltage OEq. 



Fig. 20. —Vector diagram of e.m.f. and current in transmission line. Cur¬ 
rent lagging. 


Kesolving all e.m.fs. and currents into components in phase 
and in quadrature with the received voltage E^ we have 


Phase 

component 

Quadrature 

component 

Current 

h 

-h 

E.m.f. at receiving end of line, E = 

E 

0 

E.m.f. consumed by resistance, Ei = 

rh 

— r-Ja 

E.m.f. consumed by reactance, E2 = 

XI2 

+ xh 

Thus total e.m.f. or generator voltage, 

Eq = E El A" E2 = E At tIi 

+ XI2 

xJ] — rli 


Herein the reactive lagging component of current is assumed 
as positive, the leading as negative. 

The generator e.m.f. thus consists of two components, which 
give the resultant value 

E, = VWVrlT^hV + 'ixTT^r^^ 

substituting numerical values, this becomes 

Eo = V(E + 8.31 h +'^l5l:l)^^29jnr^jn2y\ ' 
At three-quarters load, 

5375 

E = —= 3090 volts per circuit. 
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7i = 33, I2 = 0, thus 

E, = V(3090 + 8.31 X 33)2 + ( 29.35 x 33)' = 3520 volts 
per line or 3520 X = 6100 volts between lines 
as (nominal) generated e.m.f. of generator. 

Substituting these values, we have 

3520 = V(S+T31 7, + 29.3572)2 + (8.31 J 2 - 29.35Tip. 

The voltage between the lines at the receiving end shall be : 

Vo W Vi H , Fu’i 

load load load load load 

Voltage between lines, 5000 5125 5250 5375 5500 

Thus, voltage per line-f-Vs, ^ = 2880 2950 3020 3090 3160 

The power components of current 

per line, Ji = 0 11 22 33 44 


Herefrom we get by substituting in the above equation 


Reactive component of 

No 

load 

k 

load 

load 

?-4 

• load 

Full 

load 

current, Jo = ~ 

hence, the total current, 

-21.6 

-16.2 

-9.2 

0 

+9.7 

7 =V/i^ + 72^ = 

and the power factor, 

21.6 

19.6 

23.9 

33.0 

45.05 

y = cos 0 = 

0 

56.0 

92.0 

100.0 

97.7 

the lag of the current. 






0 ^ = 

90° 

61° 

0 

CO 

0° 

-11.5° 


the generator terminal voltage per line is 

E' = \/(E + rili + + (xih - rj2y 

= V(^V^i + 4.35/2)" + (4.3571 ~ 7.5 12 )^ 

thus: 

No I4 li H Full 

load load load load load 

Per line, = 2980 3106 3228 3344 3463 

Between lines, E'V3 = 5200 5400 5600 5800 6000 

Therefore at constant excitation the generator voltage rises with 
the load, and is approximately proportional t|iereto. 

10. HYSTERESIS AND EFFECTIVE RESISTANCE 

46. If an alternating current 01 = I, in Fig. 21, exists in a 
circuit of reactance x = 2 tt/L and of negligible resistance, the 
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magnetic flux produced by the current, 0 ^ = is in phase with 
the current, and the e.mi. generated by this flux, or counter 
e.m.f. of self-inductance, OE"^ = E'" = xl, lags 90 degrees be¬ 
hind the current. The e.m.f. consumed by self-inductance or 
impressed e.m.f. OE^' = E" = xl is thus 90 degrees ahead of 
the current. _ 

Inversely, if the e.m.f. OE" = E'^ is impressed upon a circuit 
of reactance x = 2 wfL and of negligible resistance, the current 


E" 


lags 90 degrees behind the impressed e.m.f. 


01 = 

This current is called the exciting or magnetizing current of 
the magnetic circuit, and is wattless. 

If the magnetic circuit contains iron or other magnetic mate¬ 
rial, energy is consumed in the magnetic 
circuit by a frictional resistance of the 
material against a change of magnetism, 
which is called molecular magnetic friction. 

If the alternating current is the only avail¬ 
able source of energy in the magnetic cir¬ 
cuit, the expenditure of energy by molec¬ 
ular magnetic friction appears as a lag of 
the magnetism behind the m.m.f. of the 
current, that is, as magnetic hysteresis, and 
can be measured thereby. 

Magnetic hysteresis is, however, a dis¬ 
tinctly different phenomenon from molec¬ 
ular magnetic friction, and can be more 
or less eliminated, as for instance by me¬ 
chanical vibration, or can be increased, 
without changing the molecular magnetic 
friction. 

47. In consequence of magnetic hysteresis. 


E 

Fxo, 21.-—Phase re¬ 
lations of magnetizing 
current, flux and self- 
inductive e.m.f. 


if an alternating e.m.f. OJ5J" = W' is im¬ 
pressed upon a circuit of negligible resistance, the exciting 
current, or current producing the magnetism, in this circuit is 
not a wattless current, or current of 90 degrees lag, as in Fig. 21, 
but lags less than 90 degrees, by an angle 90 — a, as shown by 
01 = J in Fig. 22. _ 

Since the magnetism 04> = is in quadrature with the e.m.f. 
E" due to it, angle a is the phase difference between the magnet¬ 
ism and the m.m.f., or the lead of the m.m.f., that is, the exciting 

4 
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current, before the magnetism. It is called the angle of hysteretic 

this case the exciting current 01 be resolved in two 

components: the magnetizing current Oh = 1 2 , in phase with 
the magnetism 0$ = that is, in quadrature with the e.na.f. 
OW' = E", and thus wattless, and the magnetic power component 
of the current or the hysteresis current Oh = Ii, in phase wit h the 
e.m.f. OE" = E", or in quadrature with the magnetism 

Magnetizing current and hysteresis current are the two com¬ 
ponents of the exciting current. 



Fig. 22.—^Angle of hysteretic Pig. 23.—Effect of resistance 

lead. on phase relation of impressed 

e.m.f. in a hysteresisless circuit. 


If the circuit contains besides the reactance x = 2 tt/L, a re¬ 
sistance r, the e.m.f. OE" = E" in the preceding Figs. 21 and 22 
is not the impressed e.m.f., but the e.m.f. consumed by self¬ 
inductance or reactance, and has to be combin ed, Figs. 23 and 
24, with the e.m.f. consumed by the resistance, OE' = E' = Ir, 
to get the impressed e.m.f. OE = E, 

Due to the hysteretic lead a, the lag of the current is less in 
Figs. 22 and 24, a circuit expending energy in molecular mag¬ 
netic friction, than in Figs. 21 and 23, a hysteresisless circuit. 

As seen in Fig. 24, in a circuit whose ohmic resistance is not 
negligible, the hysteresis current and the magnetizing current 
are not in phase and in quadrature respectively with the im¬ 
pressed e.m.f., but with the counter e.m.f, of inductance or e.m.f. 
consumed by inductance. 

Obviously the magnetizing current is not quite wattless, since 
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energy is consumed by this current in the ohmic resistance of 
the circuit. 

Resolving, in Fig. 25, the impressed c.m .f. ~OE — E into two 
components, OEl = Ei in phase, and OE 2 = E 2 in quadrature 
with the current 01 = I, the power component of the e.m.f., 
OWi = El, is greater than E' = Jr, and the reactive component 
OEi = Ei is less than E" — Ix. 



Fig. 24 .—Effect of resistance 
on phase relation of impressed 
e.m.f. in a circuit having hys¬ 
teresis. 



Fig. 25 .-~lmpresscd e.m.f. resolved 
into components in i)haso and in 
quadrature with the exciting current. 


The value r' = jg called the effective resist- 

I total current 

- - , El wattloHB e.m.f. . n i .t 

ance, and the value x = "r = “r x i “ r' callcul the ap- 
' I total current 

parent or effective reactance of the circuit. 

48. Due to the loss of energy by hystercBiB (eddy currents, 

etc.), the effective resistance differs from, and is greater than, 

the ohmic resistance, and the apparent reactance is less than the 

true or inductive reactance. 

The loss of energy by molecular magnetic friction per cuVjic 
centimeter and cycle of magnetism is approximately 


W = 

where B = the magnetic flux density, in lines per sq. cnn. 

W ~ energy, in absolute units or ergs per cycle (= 10""^ 
watt-seconds or joules), and t] is called the coef¬ 
ficient of hysteresis. 
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Ill soft sliGot iron or sliGGt stool and in silicon stool^ 

^ varies from 0.60 X 10"^ to 2.5 X 10“^, and can in average, for 

irood material, be assumed as 1.5 X 10 ^ 

The loss of power in the volume, T , at flux density B and 

frequency /, is thus 

p ^ X 10“"^, in watts, 

and, if J = the exciting current, the hysteretic effective resist¬ 


ance IS 



Vfv 10-7 


^ 1.6 

P 


If the flux density, B, is proportional to the current, Z, sub¬ 
stituting for B, and introducing the constant k, we have 



that is, the effective hysteretic resistance is inversely propor¬ 
tional to the 0.4 power of the current, and directly proportional 
to the frequency. 

49. Besides hysteresis, eddy or Foucault currents contribute 
to the effective resistance. 

Since at constant frequency the Foucault currents are pro¬ 
portional to the magnetism producing them, and thus approxi¬ 
mately proportional to the current, the loss of power by Foucault 
currents is proportional to the square of the current, the same as 
the ohmic loss, that is, the effective resistance due to Foucault 
currents is approximately constant at constant frequency, while 
that of hysteresis decreases slowly with the current. 

Since the Foucault currents are proportional to the frequency, 
their effective resistance varies with the square of the frequency, 
while that of hysteresis varies only proportionally to the 
frequency. 

The total effective resistance of an alternating-current circuit 
increases with the frequency, but is approximately constant, 
within a limited range, at constant frequency, decreasing some¬ 
what with the increase of magnetism. 


EXAMPLES 

50. A reactive coil shall give 100 volts e.m.f. of self-inductance 
at 10 amp. and 60 cycles. The electric circuit consists of 
200 turns (No. 8 B. & S.) (= 0.013 sq. in.) of 16 in. mean length 
of turn. The magnetic circuit has a section of 6 sq. in. and a 
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mean length of 18 in. of iron of hysteresis coefficient ?? = 2.5 X 
10“^. An air gap is interposed in the magnetic circuit, of a 
section of 10 sq. in. (allowing for spread), to get the desired 
reactance. 

How long must the air gap be, and what is the resistance, the 
reactance, the effective resistance, the effective impedance, and 
the power-factor of the reactive coil? 

The coil contains 200 turns each 16 in. in length and 0.013 
sq. in. in cross section. Taking the resistivity of copper as 1.8 X 
10“®, the resistance is 


1.8X10-«X200 X 1G 
0.013 X 2.54 


0.175 ohm, 


where 2.54 is the factor for converting inches to centimeters. 
(1 inch = 2.54 cm.) 

Writing E — 100 volts generated, / = GO cycles per second, 
and n = 200 turns, the maximum magnetic flux is given by 
E = 4.44 fn^; or, 100 = 4.44 X 0.6 X 200 4>, and ^ = 0.188 
megaline. 

This gives in an air gap of 10 sq. in. a maximum density 
B = 18,800 lines per sq. in., or 2920 lines per sq. cm. 

Ten amperes in 200 turns give 2000 ampere-turns effective or 
F = 2830 ampere-turns maximum. 

Neglecting the ampere-turns required by the iron part of the 
magnetic circuit as relatively very small, 2830 ampere-turns 
have to be consumed by the air gap of density B — 2920. 

Since ^ 4 ttF 

^ = W’ 


the length of the air gap has to be 

7 _ _ i’" X 2830 _ , . 

10 B 10X 2920 1-22 cm., oi 0.48 in. 

With a cross section of 6 sq. in. and a m(‘.aii length of 18 in., 
the volume of the iron is 108 cu. in., or 1770 cu. cm. 

The density in the iron, Bi = = 31,330 lines per s(i. 

in., or 4850 lines per sq. em. 

With an hysteresis coefficient rj = 2.5 X 10"“'b and density 
Bi = 4850, the loss of energy per cycle per cubic centimeter is 
W = 

= 2.5 X 10“''^ X 4850'-® 

= 1980 ergs, 
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and the hysteresis loss at / = 60 cycles and the volume V = 1770 
is thus 

P = 60 X 1770 X 1980 ergs per sec. 

= 21.0 watts, 

which at 10 amp. represent an effective hysteretic resistance, 
^2 = == 0.21 ohm. 

Hence the total effective resistance of the reactive coil is 
r = n + rs = 0.175 + 0.21 = 0.385 ohm- 
the effective reactance is 

X 

the impedance is 

z 

the power-factor is 

' cos 6 

the total apparent power of the reactive coil is 

Pz = 1001 volt-amperes, 
and the loss of power, 

Pr — 38 watts. 

11. CAPACITY AND CONDENSERS 

61. The charge of an electric condenser is proportional to the 
impressed voltage, that is, potential difference at its terminals, 
and to its capacity. 

A condenser is said to have unit capacity if unit current exist¬ 
ing for one second produces unit difference of potential at its 
terminals. 

The practical unit of capacity is that of a condenser in which 
1 amp. during one second produces 1 volt difference of potential. 

The practical unit of capacity equals lO""® absolute units. It 
is called a farad. 

One farad is an extremely large capacity, and therefore oi^e 
millionth of one farad, called microfarad, mf., is commonly used. 

If an alternating e.m.f. is impressed upon a condenser, the 
charge of the condenser varies proportionally to the e.m.f., and 


= ~ = 10 ohms; 

= 10.01 ohms; 

T 

= “ = 3.8 per cent.; 
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thus there is current to the condenser during rising and from the 
condenser during decreasing e.m.f., as shown in Kig. 26. 

That is, the current consumed by the condenser leads i.lu^ 
impressed e.m.f. hy 90 time degrees, or a quarter of a pciriod. 

Denoting / as frequency and E as effective alternating (Mn.f. 
impressed upon a condenser of 0 mf. capacity, the (‘.ondenwT is 
charged and discharged twice during each cycle, and the time^ 

of one complete charge or discharge is therefore / 

Since E is the maximum voltage impressed upon the (con¬ 
denser, an average of CE \/2 10"™® amp. would have to exist 
during one second to charge the condenser to this voltage, and 



Fio. 26.—Charging current of a condenHcr acroBS whicii an alternating e.ni.f. 

is imprcBscd- 

to charge it in seconds an average current of 4 fCE Uh ® 
amp. is required. 

q* eff^^ivn current _ tt 

average currcuit 2 \/2^ 

the effective current is J = 27rfCE that is, at an impresscHl 
e.m.f. of E effective volts and frequency /, a condemser of f/ mf. 
capacity consumes a current of 

1 = 2 TffCE 10”® amp. effectives, 

which current leads the terminal voltage! hy IK) d(!gre(!S or a 

quarter period. 

Transposing, the e.m.f. of the condenser is 

27rfC 

10 ® 

The value xq = —~ ig called the condenmve reactance of the 

condenser. 
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Due to the energy loss in the condenser by dielectric hysteresis, 
the current leads the e.m.f. by somewhat less than 90 time de¬ 
grees, and can be resolved into a wattless charging current and a 
dielectric hysteresis current, which latter, however, is generally 
so small as to be negligible, though in underground cables of 
poor quality, it may reach as high as 50 per cent, or more of 
the charging or wattless current of the condenser. 

52. The capacity of one wire of a transmission line is 

^ 1.11 X lO"® Xl . , 

C - ---in mf., 


where U = diameter of wire, cm.; k = distance of wire from 
return wire, cm.; I = length of wire, cm., and 1.11 X 10“® = 
reduction coefficient from electrostatic units to mf. 

The logarithm is the natural logarithm; thus in common loga¬ 
rithms, since loge a = 2.303 logio a, the capacity is 


C = - 


0.24 X 10"« X I 


, in mf. 


The derivation of this equation must be omitted here. 

The charging current of a line wire is thus 

J = 2 irfCE 10"6, 

where / = the frequency, in cycles per second, E = the difference 
of potential, effective, between the line and the neutral (E = 
yi line voltage in a single-phase, or four-wire quarter-phase sys¬ 
tem, line voltage, or Y voltage, in a three-phase system). 


EXAMPLES 


53. In the transmission line discussed in the examples in 
37, 38, 41 and 45, what is the charging current of the line at 6000 
volts between lines, at 33.3 cycles? How many volt-amperes 
does it represent, and what percentage of the full-load current of 
44 amp. is it? 

The length of the line is, per wire, I = 2.23 X 10® cm. 

The distance between wires, 1^ = 45 cm. 

The diameter of transmission wire, U = 0.82 cm. 

Thus the capacity, per wire, is 
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The frequency is / = 33.3, 

The voltage between lines, 6000. 

Thus per line, or between line and neutral point, 

E = = 3460 volts; 

Vs ■ 

hence, the charging current per line is 

lo = 2 TrfCE 10 
= 0.19 amp., 

or 0.43 per cent, of full-load current; 

that is, negligible in its influence on the transmission voltage. 
The volt-ampere input of the transmission is, 

3 loE = 2000 

= 2.0 kv-amp. 



12. IMPEDANCE OF TRANSMISSION LINES 

54. Let r — resistance ; x = 2 tJL = the reactance of a trans¬ 
mission line; E^ = the alternating e.m.f. impressed upon the line; 
I — the line current; E = the e.m.f. 
at receiving end of the line, and 6 = 
the angle of lag of current I behind 
e.m.f. E. 

d < 0 thus denotes leading, 6 > 0 
lagging current, and ^ = 0 a non-in¬ 
ductive receiver circuit. 

The capacity of the transmission 
line shall be considered as negligible. 

_Assuming the phase of the current 

01 = I as zero in the polar diagram, 

Fig. 27,J^e e.m.f. E is represented by 

vector OE, a head of 01 by angle 6, The e.m.f. consumed by re¬ 
sistance r is OEi = El = Ir in ph ase w ith the current, and the 
e.m.f. consumed by reactance x is OE^ — E 2 = lx, 90 time de¬ 
grees ahead of the current; thus the total e.m.f. consumed by the 
line, or e .m.f . consumed by impedance, is the resultant OEz of 
OEi and OE 2 , and is Ez = Iz. 

Combining OEz and OE gives OEo, the e.m.f. impressed upon 
the line. 


0 " ^ ^Ex 

Fig. 27.—Vector diagram 
of current and e.m.fs. in a 
transmission line assuming 
zero capacity. 
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56, That is, the voltage Eq required at the scuidirig (uid of a 
line of resistance r and reactance Xj delivering (uinxnit I aJ- vol¬ 
tage Ej and the voltage drop in the line, do not dc^iKoid u|)on 
current and line constants only, but depcuid also upon thc^ angh^ 
of phase displacement of the current delivered oven- th(^ liiui. 

If ^ = 0, that is, non-inductive rce(uving eirc.uit, 



Eo = ^{E-i- IzY - 4 KIz Hin *2 : 

that is, less than E + Iz, and thus the line drop in lew than iz. 

It 6 = 6ij Eq is a maxinaum, = Ji' + Iz, and the linc^ clrop in the 
impedance voltage. 

With decreasing 6, Eq decreases, and Immmm E; f.imi 
no drop of voltage takes place in the line at a certfiin negiitJvii 
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value of 9 which depends not only on z and di but on E and J. 
Beyond this value of 6 , Eo becomes smaller than E; that is, a 
rise of voltage takes place in the line, due to its reactance. This 

can be seen best graphically. _ 

Choosing the current vector 01 as the horizontal axis, for 
the same_ji.m.f. E received, but different phase angles dj all 
vectors OE lie on a circle e with 0 as center. Fig. 28. Vector 
OEz is constant fo:^a given line and given current L 

Since EzEo = OE = constant, Eo lies on a circle Cq with Ez as 

center and OE = E as radius. _ 

To construct the diagram for jxngle 0, OE is drawn at the angle 

9 with 01 j and EEo parallel to CfEz. _ 

The distance E^Eq between the two circles on vector ~0Eq is 

the drop of voltage (or rise of voltage) in the line._ _ 

As seen in Fig. 29, Eq is maximum in the direction OEz as OE'o, 
that is, for 9 = 9o, and is less for greater as well, OA^'o, as smaller 
angles 9. It is = E in the direction 6 E"\, in which case 0 < 0, 
and minimum in the direction 

The values of E corresponding to the generator voltages E'o; 
jB"o, E^'\j E^o are shown by the points E' W' E'" respectively. 
The voltages E^'o and E'^o correspond to a wattless receiver cir¬ 
cuit E" and E^. For non-inductive receiver circuit IT the 
generator voltage is OEFo. 

66. That is, in an inductive transmission line the drop of 
voltage is maximum and equal to I2; if the phase angle 9 of the 
receiving circuit equals the phase angle 9o of the line. The drop 
of voltage in the line decreases with increasing difference be¬ 
tween the phase angles of line and receiving circuit. It becomes 
zero if the phase angle of the receiving circuit reaches a certain 
negative value (leading current). In this case no drop of vol¬ 
tage takes place in the line. If the current in the receiving cir¬ 
cuit leads more than this value a rise of voltage takes place in 
the line. Thus by varying phase angle 9 of the receiving circuit 
the drop of voltage in a transmission line with current I can be 
made anything between Iz and a certain negative value.. Or 
inversely the same drop of voltage can be produced for different 
values of the current I by varying the phase angle. 

Thus, if means are provided to vary the phase angle of the 
receiving circuit, by producing lagging and leading currents at 
will (as can be done by synchronous motors or converters), the 
voltage at the receiving circuit can be maintained constant 
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within a certain range irrespective of the load and generator 
voltage. 

In Fig. 30 let OE ~ E, the receiving voltage; I, the power 
component of the line current; thus OEz = Ez = Iz, the e.m.f. 
consumed by the power component of the current in the impe¬ 
dance. This e.m.f. consists of the e.m.f consumed by resistance 
OEi and the e.m.f. consumed by reactance OE 2 > 


B 



Reactive components of the current are represented in the 
diagram in the direction OA when lagging and OB when leading. 
The e.m.f. consumed by these reactive components of the current 
in the impedance is thus in the direction e'zj perpendicular to OEz- 
Combining OEz and OE gives the e.m.f. OEa which would bo 
required for non-inductive load. If Eq is the generator voltage, 
Eq lies on a circle ep with OEq as radius. Thus drawing EaEq par¬ 
allel to e'z gives OEo, the generator voltage; OE'z = E^Eqj the 
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e.m.f. consumed in the impedance by the j^ctive component of 
the current; and as proportional thereto, 01' == F, the reactive 
current required to give at generator voltage and power cur¬ 
rent / the receiver voltage E. This reactive current J' lags be¬ 
hind E'z by less than 90 and more than zero degrees. 

57 . In calculating numerical values, we can proceed either 
trigonometrically as in the preceding, or algebraically by resolv¬ 
ing all sine waves into two rectangular components; for instance, 
a horizontal and a vertical component, in the same way as in 
mechanics when combining forces. 

Let the horizontal components be counted positive toward 
the right, negative toward the left, and the vertical components 
positive upward, negative downward. 

Assuming the receiving voltage as zero line or positive hori¬ 
zontal line, the power current I is the horizontal, the wattless 
current I' the vertical component of the current. The e.m.f. con¬ 
sumed in resistance by the power current / is a horizontal com¬ 
ponent, and that consumed in resistance by the reactive current 
r a vertical component, and the inverse is true of the e.m.f. 
consumed in reactance. 


We have thus, as seen from Fig. 30: 

Horizontal 

Vertical 


component 

component 

Receiver voltage, E, 

+ E 

0 

Power current, I, 

+ I 

0 

Reactive current, 

0 

+ r 

E.m.f. consumed in resistance r by the 


power current, Jr, 

+ Ir 

0 


E.m.f. consumed in resistance r by the 

reactive current, /V, 0 T 7'r 

E.m.f. consumed in reactance x by the 

power current, Ix, 0 + Ix 

E.m.f. consumed in reactance x by the 

reactive current, I'x, . ± I'x 0 

Thus, total e.m.f. required, or impressed 

e.m.f., Eo, E -+ Ir± Fx " T Fr + Ix; 

hence, combined, 

^0 = ViE + Jr ± I'xy + (+rr + Ix)^; 
or, expanded, 
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From this equation I' can be calculated; that is, the reactive 
current found which is required to give Eo and E at energy 
current I. 

The lag of the total current in the receiver circuit behind the 
receiver voltage is 

r 

tan 0 = Y' 


The lead of the generator voltage ahead of the receiver voltage 


_ vertical component of Ep 
^ horizontal component of Eo 

± Fr — Ix 
"" E + It ± Fx’ 

and the lag of the total current behind the generator voltage is 

do = 6 + 6i. 


As seen, by resolving into rectangular components the phase 
angles are directly determined from these components. 

The resistance voltage is the same component as the current to 
which it refers. 

The reactance voltage is a component 90 time degrees ahead 
of the current. 

The same investigation as made here on long-distance trans¬ 
mission applies also to distribution lines, reactive coils, trans¬ 
formers, or any other apparatus containing resistance and 
reactance inserted in series into an alternating-current circuit. 


EXAMPLES 

68 . (1) An induction motor has 2000 volts impressed upon 
its terminals; the current and the power-factor, that is, the 
cosine of the angle of lag, are given as functions of the output 
in Fig. 31. 

The induction motor is supplied over a line of resistance 
r = 2.0 and reactance x = 4.0. 

(a) How must the generator voltage Co be varied to maintain 
constant voltage e = 2000 at the motor terminals, and 

(b) At constant generator voltage eo = 2300, how will the 
voltage at the motor terminals vary? 




\ r> KLIJ TIlhWL EWIXEEFUXG 





^ 4 r/: 

4.472. 


. . ^ 

:ill“ -* 

i 


€ = 2000. 

01 = 63.4^. 


pnui'r“la!*ti5n 

1 ^ j :> an Viix. substituting, gives (a) the values 

, . n ••! , 2oai. u hic'li luv iworded in the table, and plotted in 

1 . n 



t fiMruateri^tie.s of iudiietion motor and variation of generator 
!r.i;i. iit’r»'>;>ctry tu maintain constant tlie e.m.f. impressed upon tiie motor- 


E At flit^ terminal voltage of the motor e = 2000,, the cur- 
rt'iil /. tiif output F, the generator voltage €o. Thus at gen- 
\'ultage€'\! = 2300, the terminal voltage of the motor is 


2300 2300 

“V rr^ooo; 


the I’lirreiit Is 


'I 111 I liip ixnvrr is 


2300 . 

— I 


i>'-G^yp. 

Ihe values of eh i', P' are recorded in the second part of the 

table liiider \b) and plotted in Fig. 32. 
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Fig. 32.—Ckaracteristics of induction motor, constant generator e.in.f. 
8 










;LI.Mi:x7s t>r electrical exgixeerixg 


fft j 

51. 2' t hTT :i line of iv^istaiiee r = 2.0 and reactance x — 
»>,!i poxvT i.- ^opplieii to a receiving circuit at a constant voltage 
,:f ? - 21I How must tlie voltage at the beginning of tlie 
ii!,:- urgvinTdior voltage, be varied if at no load tbe receiving 
sir-i .iO a reactive ciiiTeiit of ?2 = 20 amp., this reac— 

ovr* riinviit lit creiifit^s with the increase of load, that is, of powei* 
rroTi a" N iR'eomts 4 = 0 at fi = 50 amp., and then as leading 
iMirri iv liierea^es again zit the same rate? 



luL Variation of generator e.m.f. necessary to maintain constaiat 
nx^cner ^’oltaRe if tlie reactive component of receiver current varies propoi^ 
tioiial tt> the change of power component of the current. 

Tile reactive current, 

4 = 20 at ii = 0, 

4 = 0 at 4 = 50^ 

and ean l>e represented by 

-^)20 = 20 - 0.4ii; 

the general equation of the transmission line is 

fo = V(e + !>-(- iix)^ 4- (4r - iix)^ 

= V(2000 + 2ii -f + (2t2 - 6ii)%- 
henee, substituting the value of 

= V{2120 - 0.4ti)S4 (40 - 6.8i0» 

= Vi^&6,lHX) + 46.4ti» - 2240f,. 






ALTERNATING-C URRENT TRANSFORMER 67 


Substitutiag successive aumerical values for ii gives the values 
recorded in the following table and plotted in Fig. 33. 


11 

eo 

0 

2120 

20 

2114 

40 

2116 

60 

2126 

80 

2148 

100 

2176 

120 

2213 

140 

2256 

160 

2308 

180 

2365 

200 

2430 


13. ALTERNATING-CURRENT TRANSFORMER 


60. The alternating-current transformer consists of one mag¬ 
netic circuit interlinked with two electric circuits, the primary 
circuit which receives energy, and the secondary circuit which 
delivers energy. 

Let ri = resistance, Xi = 2 tJS 2 = self-inductive or leakage 
reactance of secondary circuit, 
ro = resistance, Xo = 2 tJSi = self-inductive or leakage 
reactance of primary circuit, 


where S 2 and Si refer to that magnetic flux which is interlinked 
with the one but not with the other circuit. 


Let 


secondary , . . 

a = ratio of —:-turns (ratio of transformation). 

primary ^ ^ 


An alternating e.m.f. Eq impressed upon the primary electric 
circuit causes a current, which produces a magnetic flux ^ inter¬ 
linked with primary and secondary circuits. This flux gener¬ 
ates e.m.fs. jBi and Ei in secondary and in primary circuity which 

El 

are to each other as the ratio of turns, thus Ei = — 

c 

Let E == secondary terminal voltage, 1% = secondary current, 
61 = lag of current li behind terminal voltage E (where di <0 
denotes leading current). 

Demoting then in Fig. 34 by a vector OE = E the secondary 




i IV 
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iiio. !J/i = is the secondary current lagging by 

, , ” ron-uined by the secondary resistance rj is OE'i = 

f :, /,■ la pLa.-i‘ with h. _ 

I'h- c in.;', .nn'iimcd I'V the seeuiidary reactance riis OE i - 
j <i(i (li'itn’cs ahead of I\. Thus t he e.rn -f. con— 
i ),v i-a- H'coudury impedance Zi = \/Ti ^is the 
n 'it:T •'f <>K’ and OE’'\, otOE'"i =-E"'\ = 

comliiiied with the terminal voltage OE = E gives the 

. v-n l;i: v c.m.f. OEi - 

pRipuiiieiiai thereto by the ratio of turns and in phase there- 



With the e.mi. geiitTated in the primary 0£li = Mi where 

a _ 

To generate e.mi. Ei and Ei, the magnetic flux 04> == ^ is 
mpin\l, !MI time degrees ahead of OEi and OEi. To produce 
flux # the m.m.f. of F ampere-turns is required^, as determinwi 
from the dimensions of the maignetic cirmit^ and thus the 
primaT}" current /©&, represented by vector 0/ooj leading 0^ by 
the angle a. 

Since the total m.m.l of the transformer is given by the 
priiaai^’ exciting current Iso, there must be a component of 
primary current l\ corresponding to the secondary current Ji, 
whieli may be called the primary load current^ and which is 
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opposite thereto aad of the same m.m.f.; that is, of the intensity 
r ^ dlii thus represented by vector 01' — I' = ali. 

OIoo, ;^e primary exciting current, and the primary load 
current 01 ^, or component of primary current corresponding 
to the ^ondary current, combined, give the total primaiy 
current OIo = Jo- 

The e.m.f. consumed by resistance in the primary is OE'o = 
E'q = loTo in phase with Iq. 

The e.m.f. consumed by tte primary reactance is OE^'o = E"q 

= foa:Q, 90 de^ees ahead of OJo- _ 

and OE"o combined gives OE'"q, the e.m.f. consumed by 
the primary impedance. 





Fig. 35.—Vector diagram of transformer with lagging load current. 


_Equal and opposite to the primary counter-generated e.m.f. 

OEj is the component of primary e.m.f., OE', consumed thereby. 

OE' combined with gives OEq = Eq, the primary im¬ 

pressed e.in.f., and angle = EqOIqj the phase angle of the 
primary circuit. 

Tigs. 35, 36, and 37 give the polar diagrams of 6 i = 45° or 
lagging current, = zero or non-inductive circuit, and 6 = 
— 45° or leading current. 

61. As seen, the primary impressed e.m.f. Eo required to pro¬ 
duce the same secondary terminal voltage E at the same current 
Ii is larger with lagging or inductive and smaller with leading 
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current than on a non-inductive secondary circuit; or, inversely, 
at the same secondary current h the secondary terminal voltage 
E \rith lagging current is less and with leading current more 
tlian with non-inductive secondary circuit, at the same primary 

impressed e.m.f. Eq. 

The calculation of numerical values is not practicable by 
measurement from the diagram, since the magnitudes of the 
different quantities are too different, E\iE'\:E\iE^ beiag 
frequently in the proportion 1:1Q : 100 :2000. 

Trigonometrically, the calculation is thus: 





Pig. 36.—Vector diagram of transformer with non-inductiye loading. 

In triangle OEEi, Fig. 34, writing 

tan d’ = 

n 

we have, 

OEi^ = ^2 q. - 2 OEEEi cos OEEi; 

also, 

Ml - hzt 

^OEEi = 180 ~ r -t- 6i, 

hence, 

JSi* =E^-+ I^W -H 2 E/iZi cos (O' - 60- 

This giyes the secoadary e.m.f., Ei, aad therefrom the primary 
coanter-generated e.m.f. 

In triangle BOEi we have 

sin EiOE -7- sin EiEO = 
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thus, writing 

^ EiOE = d'\ 

we have 

sin sin (6' — Si) = Iiz Eu 

wherefrom we get 

^ 0", and ^ EiOIi = 0 = 01 + 0", 

the phase displacement between secondary current and secondary 

e.m.f. 



Fig. 37.—Vector diagram of transformer with leading load current. 


In triangle Oloolo we have 

OI(^ — OIqq^ IqqIq^ 2 01 oqIqqIQ cos OIqoIoj 

since 

EiO(f> = 90°, 

OIqqIo = 90 + 0 + a, 


IqoIq — 1' — aJi, 

OJoo = Joo = exciting current, 

calculated from the dimensions of the magnetic circuit, 
the primary current is 

Jo^ = loo^ "h "I" 2 aJiJoo sin (0 -f- a). 

In triangle Oloolo we have 


sin JooOIo sin Olooh = IqdIq 


writing 
this becomes 


^looOlo = 6" 


Oh] 


sin 0"o sin (0 + a) = ali -v- Jo; 
therefrom we get 0"o, and thus 

^ WOh = 02 = 90° - a - 0"o. 


Thus 
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In triangle OE’Eo we have 

= OE'^ + E'Eo^ - 2 OE' E'Eo cos OE' Eo; 

writing 

tan d o — 

To 

we have 

^ OWEo = 180° - 6>' + 02, 

M' = Ei = ^> 

E^Eq — IqZqI 

thus the impressed e.m.f. is 

E,^ = ^ + hW + cos W - 62 ). 

d'" 0/ 

In triangle OE'Eo 

sin EVEo H- sinOTO = TO - OEo; 
thus, writing 

^ WOEo = 0i", 

we have 

sin sin (0'o — ^ 2 ) = IqZo Eo\ 

herefrom we get ^ 0"i, and 

^ 00 = 02 + 

the phase displacement between primary current and impressed 

e.m.f. 

As seen, the trigonometric method of transformer calculation 
is rather complicated. 

62. Somewhat simpler is the algebraic method of resolving 
into rectangular components. 

Considering first , the secondary circuit, of current Ii lagging 
behind the terminal voltage E by angle 61 , 

The terminal voltage E has the components E cos 0i in phase, 
E sin 61 in quadrature with and ahead of the current Ji. 

The e.m.f. consumed by resistance ri, Jiri, is in phase. 

The e.m.f. consumed by reactance 1 1 X 1 , is in quadrature 

ahead of Ii. 

Thus the secondary e.m.f. has the components 
E cos 01 + IiTi in phase, 

E sin + IiXi in quadrature ahead of the current Ii, and 
the total value, 

El \/{E cos 61 + + {E sin 0i + hxi)^, 
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and the tangent of the phase angle of the secondary circuit is 


tan 6 — 


E sin 01 + hxi 
E cos 6i + hr I 


Resolving all quantities into components in phase and in 
quadrature with the secondary e.m.f. Ei, or in horizontal and 
in vertical components, choosing the magnetism or mutual flux 
as vertical axis, and denoting the direction to the right and 
upward as positive, to the left and downward as negative, we 
have 


Secondary current, Ii, 

Secondary e.m.f., Ei, 

Primary counter-generated e.m.f., 


Horizontal Vertical 
component component 


— h COS 6 Ii sin 6 


-El 0 


El 

a 


0 


Primary e.m.f. consumed thereby, 


E' = - E,, 



0 


Primary load current, /' = — ali,+ cth cos 6 — ah sin B 
Magnetic flux, 0 — <l> 

Primary exciting current, ho, con¬ 
sisting of core loss current, Joo sino: 
magnetizing current, — /oo cos a 

hence, total primary current, Jo, 


Horizontal component Vertical component 

all COS Bi + Joo sin a — {ah sin Bi -f Joo cos a) 


E.m.f. consumed by primary resistance ro, E'o = Jo^o in phase 
with Jo, 

Horizontal component Vertical component 

roaJi COS B -f roJoo sin a — (roaJi sin B + ^"oJoo cos a) 


E.m.f. consumed by primary reactance xo, Eq — loXo, 90® 
ahead of Jo, 

Horizontal component Vertical component 

Xoah sin 6 + Xoho cos a -f x^ah cos 6 -f- XoJoo sin a 

E 

E.m.f. consumed by primary generated e.m.f., E' = -- 

a 

horizontal. 
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The total primary impressed e.m.f., Eo, 

Horizontal component 


E, 


+ all (to cos 0 + ^0 sin 0) + loo (ro sin a + Xo cos a). 

Vertical component 

all (n sin 6 — Xo cos 6) + loo (Jq cos a — Xq sin a), 


or writing 
since 


tan 6 0 =—} 
ro 


To 


V^ 0 ^ + Xo^ = 2 ^ 0 , sin d'o = and cos 6'o = 

Zo Zo 

Substituting this value, the horizontal component of Eo is 
E 

+ azoh cos (6 — 0'o) + 2 : 0/00 sin (a + ^' 0 ); 
a 

the vertical component of Eo is 

azoh sin {6 — 6'o) + ZqIoo cos (a + d'o), 
and, the total primary impressed e.m.f. is 

Eq—\/ |^^-fazo/ico 8 ( 0 —0'o)+2o/oosin(a-}-0'o)] 4 - j^azoIisin( 0 —0'o)+2orooco8(a+0'o)j 


El 


—>v /-I I ^a^zoli .. , 2a2oloo . , , af \ i 2 a*zo*/i/oo . //> i v 

a V H~^cos(e-«'<,)+^^3inC<.+9'.)+-^ +—Be “ +- 

Combining the two components, the total primary current is 
Id = V (ah COS 6 + loo sin a)^ + (ah sin 0 + ho cos a) 


Since the tangent of the phase angle is the ratio of vertical 
component to horizontal component, we have, primary e.m.f. 
phase, 

azoh sin (6 — d'o) 4" Zoho cos (oj -f- d'o) 


tan d' = 


El 

-h azoli cos (d — ^'o) + Zoloo sin (a — ^'o) 

a 


primary current phase, 

clIi sin 0 + loo cos a 

tan d" = “7-— r -^:-:- 

all cos + loo sin a 

and lag of primary current behind impressed e.m.f., 


= d" - d' 
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EXAMPLES 

63. (1) In a 20-kw. transformer the ratio of turns is 20 4- 1, 
and 100 volts is produced at the secondary terminals at full 
load. What is the primary current at full load, and the regu¬ 
lation, that is, the rise of secondary voltage from full load to no 
load, at constant primary voltage, and what is this primary 
voltage? 

(а) at non-inductive secondary load, 

(б) with 60 degrees time lag in the external secondary circuit, 

(c) with 60 degrees time lead in the external secondary circuit. 

The exciting current is 0.5 amp., the core loss 600 watts, 

the primary resistance 2 ohms, the primary reactance 5 ohms, 
the secondary resistance 0.004 ohm, the secondary reactance 
0.01 ohm. 

Exciting current and core loss may be assumed as constant. 

600 watts at 2000 volts gives 0.3 amp. core loss current, 
hence VO.5^ — 3^ = 0.4 amp. magnetizing current. 

We have thus 

ro = 2 ri = 0.004 Joo cos a = 0.3 a = 0.05 

Xo = 5 xi = 0.01 loo sin a = 0.4 

/oo “ 0.5 


1. Secondary current as horizontal axis: 



N on-inductive, 

Oi =0 

Lag, 

01 = + 60° 

Lc£^ct 

01 - - 60° 


Hor. 

Vert. 

Hor. 

Vert. 

Hor. 

Vert. 

Secondary current, h.. 

200 

0 

200 

0 

200 

0 

Secondary terminal 
voltage, E . 

100 

0 

50 

+86.6 

50 

-86.6 

Resistance voltage, hri. 

0.8 

0 

0.8 

0 

0.8 

0 

Reactance voltage, hxi. 

0 

+2.0 

0 

+ 2.0 

0 

+ 2.0 

Secondary e.m.f., Ei... 

100.8 

+2.0 

50.8 

+88.6 

50.8 

-84.6 

Secondary e.m.f., total 

100.80 

102.13 


98.68 

tan e . 

+0.0198 

+ 1.745 

- 

1.665 

e . 

+ 1 

r 

+60.2° 

- 

59.0° 
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2. Magnetic flux as vertical axis: 



Xon-inductive, 
fli = 0 

Lag, 

@1 = -H GO*' 

Lead, 

= - 60° 


Hor. 

Vert. 

Hor. 

Yert. 

Hor. 

Vert. 

Secondary gen¬ 
erated e.ni i-, 
E . 

-100.80 

0 

-102.13 

0 

- 98.68 

0 

Secondary cur¬ 
rent, 1 1 .. . 

-200 

-}— 4 

- 09.4 

-172.8 

-103 

-171.4 

Primary load 
current, 1' == 

—a/i. 

-f 10 

-f 0.2 

+• 4.97 

- 8.64 

4 5.15 

-1- 8.57 

Primary excit¬ 
ing current, Ioq 

0.3 

0.4 

0.3 

- 0.4 

0.3 

- 0.4 

Total primary 
current, h.... 

-h 10.3 

- 0.6 

-h 5.27 

- 9.04 

4 5.45 

+ 8.17 

Primary resist¬ 
ance, Yoltage, 
I&rQ . 

20.6 

1.2 

10.54 

- 18.08 

10.90 

416.34 

Primary react¬ 
ance, Yoltage, 
T .. 

3.0 

-f-51.3 

45.20 

4 26.35 

- 40.85 

427.25 

E.mi. consum¬ 
ed by primary 
counter e.ni.f., 
-El 

a 

2016 

0 

2042.6 

0 

1973.6 

0 

Total primary 
impressed e.mX, 

. 

2039.6 

-1-50.1 

2098.34 

4 8.27 

1943-65 

443.59 


Hence, 



iQ"on-inductive, 
= 0 

Lag, 

=> -f 60° 

Lead, 

- GO*' 

Resultant Eo . 

2040.1 

2098.3 

1944.2 

Resultant To . 

10.32 

10.47 

9.82 

Phase of Eo . 

-1.4'^ 

- 0.2® 

- 1.2" 

Phase of Id . 

43.S'* 

459.8® 

-56.3" 

Primary lag, . 

44.7'* 

460.0® 

-55.1" 

Regulation .. 

1.02005 

1.04915 

0.9721 

Drop of voltage, per cent. 

2.005 

4.915 “ 

- 2 .79 

Change of phase, ^o— . 

4.7^* 

0 

4.9" 
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14, RECTAKGrULAR COORDINATES 

64. The vector diagram of sine waves gives the best insight 
into the mutual relations of alternating currents and e.m.fs. 

For numerical calculation from the vector diagram either the 
trigonometric method or the method of rectangular components 
is used. 

The method of rectangular components, as explained in the 
above paragraphs, is usually simpler and more convenient than 
the trigonometric method. 

In the method of rectangular components it is desirable to 
distinguish the two components from each other and from the 
resultant or total value by their notation. 

To distinguish the components from the resultant, small 
letters are used for the components, capitals for the resultant. 
Thus in the transformer diagram of Section 13 the secondary 
current Ix has the horizontal component ii = — Ji cos and 
the vertical component i\ = i- 1 1 sin di. 

To distinguish horizontal and vertical components from each 
other, either different types of letters can be used, or indices, or 
a prefix or coefficient. 

Different types of letters are inconvenient, indices distinguish¬ 
ing the components undesirable, since indices are reserved for 
distinguishing different e.m.fs., currents, etc., from each other. 

Thus the most convenient way is the addition of a prefix or 
coefficient to one of the components, and as such the letter j is 
commonly used with the vertical component. 

Thus the secondary current in the transformer diagram. 
Section 13, can be written 

'll + Jh = h cos 6i •+ jh sin 6i. (1) 

This method offers the further advantage that the two com¬ 
ponents can be written side hy side, with the plus sign between 
them, since the addition of the prefix j distinguishes the value 
ji 2 or jh sin di as -vertical component from the horizontal com¬ 
ponent ii or Ii cos ^ 1 . 

h ^ ii +ji2 (2) 

thus means that 1± consists of a horizontal component ii and a 
vertical component i% and the plus sign signifies that ii and iz are 
combined by the parallelogram of sine waves. 
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The secondary e.mi. of the transformer in Section 13, Fig. 34, 
is written in this manner, Ei = 6i, that is, it has the hori¬ 

zontal component — ei and no vertical component. 

The primary generated e.m.f. is 

ZJl, 

a 


and the e.m.f. consumed thereby 


(3) 


E' = + 


e\ 


The secondary current is 

Ji = — ii jh, 

where 

ii = 1 1 cos 01 , 12 = Ii sin 0i, 
and the primary load current corresponding thereto is 
J' = — all = afi — ^‘a^2• 

The primary exciting current, 

/oo = A — jg, 


(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


where A = loo sin a is the hysteresis current, g — loo cos a the 
reactive magnetizing current. 

Thus the total primary current is 

Jo = 7' + loo = {ail + A) - j {aiz + g). (9) 

The e.m.f. consumed by primary resistance ro is 

Toh = ro {ail + A) — jn (m 2 + g)- (10) 

The horizontal component of primary current {aii + A) gives 
as e.m.f. consumed by reactance Xq a negative vertical com¬ 
ponent, denoted by jxo {aii + A). The vertical component of 
primary current j {ai 2 + g) gives as e.m.f. consumed by react¬ 
ance xo a positive horizontal component, denoted by Xo {an + g)- 
Thus the total e.m.f. consumed by primary reactance Xo is 

a^o (az 2 + + jxo (aii + A), (11) 

and the total e.m.f. consumed by primary impedance is 
Tq (ail + A) + Xo (ai 2 + g) — j[rQ (m 2 + g) — xo {aii + A)]. (12) 
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Thus, to get from the current the e.m.f. consumed in react¬ 
ance Xq by the horizontal component of current, the coeflhcient 
j has to be added; in the vertical component the coefficient — j 
omitted; or, we can say the reactance is denoted hy jxo for the 


horizontal and by — ^ for the vertical component of current. 
In other words, if I = i — ji' is a current, x the reactance of its 


circuit, the e.m.f. consumed by the reactance is 


jxi + xi' = xi^ + jxi. 


. 66. If instead of omitting — j in deriving the reactance e.m.f. 
for the vertical component of current we would add j also (as 
done when deriving the reactance e.m f. for the horizontal 
component of current), we get the reactance e.m.f. 


jxi — j^xi\ 


which gives the correct value jxi + xi'j if 


J 


- 1 ; 


(13) 


that is, we can say, in deriving the e.m.f. consumed by reactance, 
x, from the current, we multiply the current by jx, and substitute 
/ = - 1 . 

By defining, and substituting, == — 1, jx can thus be called 
the reactance in the representation in rectangular coordinates 
and r + jx the impedance. 

The primary impedance voltage of the transformer in the 
preceding could thus be derived directly by multiplying the 
current, 

It> = (oil + h) - j (ail + g), (9) 


by the impedance, 
which gives 


Zo — ro + jxQj 


jB'o = ZqIq = (tq -f jxo) [(azi + h) — j (ai2 + ^)] 

= To {ail + A) — jro (u ^2 ■+■ ^) + jxo {aii + A) — j^xo {ai^ + g)y 
and substituting j^ = — 1, 

L'o = [ro (ail + A) -\-xq {ai2 + g)] — j [ro {ai^ + ^) — Xq {aix + h)], 

(14) 
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and the total primary impressed e.m.f. is thus 
Eq^E' “f" E^o 

= [“ + ro (ail + h)+Xo (^^2+^)] -j [^o (ai2 + g)-Xo (ai + A)]. 

(15) 

66. Such an expression in rectangular coordinates as 

I = i+ji' (16) 

represents not only the current strength but also its phase. 

It means, in Fig. 38, that the 

-total current 01 has the two rect- 

angular components, the horizontal 
component I cos 6 = i and the 
vertical component I sin 6 = i\ 
Thus, 

(17) 

. — . 

-n oo ix/r -x j j u that is, the tangent function of the 
Fig. 38. —Magnitude and phase , , . i 

in rectangular coordinates. phase angle IS the vertical compo¬ 
nent divided by the horizontal com¬ 
ponent, or the term with prefix j divided by the term without j. 
The total current intensity is obviously 

j = (18) 

The capital letter I in the symbolic expression / = i + jV 

thus represents more than the I used in the preceding for total 
current, etc., and gives not only the intensity but also the phase. 
It is thus necessary to distinguish by the type of the latter the 
capital letters denoting the resultant current in symbolic expres¬ 
sion (that is, giving intensity and phase) from the capital letters 
giving merely the intensity regardless of phase; that is, 

I = i + ji' 


denotes a current of intensity 


and phase 


tan 6 = -T-, 

t 
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In the following, dotted italics will be used for the symbolic 
expressions and plain italics for the absolute values of alternating 
waves. 

In the same way ;a: = is denoted in symbolic repre¬ 

sentation of its rectangular components by 

Z = r + jx. (91) 

When using the symbolic expression of rectangular coordinates 
it is necessary ultimately to reduce to common expressions. 

Thus in the above discussed transformer the symbolic expres¬ 
sion of primary impressed e.m.f. 

Eq — {ctii + A) + XQ{ai2 —j [^ro(a{2+^) 

(15) 


means that the primary impressed e.m.f. has the intensity 

Eo +ro (azi+A)+a;o(ai2H-g)] +[ro(ot2+Sf) — a:o(azi+/i)J 

( 20 ) 

and the phase 

^ + S') - (adi + K) _ 


tan 6q = 


~ -f ro {ail + A) + Xo {ai^ + g) 
a 


This symbolism of rectangular components is the quickest 
and simplest method of dealing with alternating-current phenom¬ 
ena, and is in many more complicated cases the only method 
which can solve the problem at all, and therefore the reader 
must become fully familiar with this method. 


EXAMPLES 

67. (1) In a 20-kw. transformer the ratio of turns is 20:1, 
and 100 volts are required at the secondary terminals at full 
load. What is the primary current, the primary impressed 
e.m.f., and the primary lag, 

(a) at non-inductive load, == 0; 

(f>) with = 60 degrees time lag in the external secondary 
circuit; 

(c) with = — 60 degrees time lead in the external secondary 
circuit? ‘ 


6 


ELEMENTS OF ELECTRICAL ENGINEERING 


I o I S ^ 

§ 11 

1t-i^» 0 0i05 (M 
«> Zi ^ ^ -I- -j- ^ _{_ 


4* M S2 o 

® O 04 -co^t^i>. ^1 

xi+ti+ + 22gd; 

t ssSSd ■ ' ' 

o d 2 ^ ^ o 

I »o 

CO 4- 

d <M 


- CO 
^ CO 

, % s =? 

■ s;? 


o ro I *^6001 

, ” ^ en • i 


Ol oir-i ca rjl 

I + + + 


i : * ^- ^ “ I 
! • § a > i 

i „• C £ § Kl. S, 

‘Jig'S §|'S-i 
'.Ssl bl'S £? 
^ .s S' s J g'S 

-» ® 'C s»> ® 55 

: § ^ 
§ Si B S 3 

o M r® M S 

tt H Ph W H 


S' s s 


.£42 


























RECTANGULAR COORDINATES 


83 



























84 ELEMENTS OF ELECTRICAL ENGINEERING 


The exciting current is J'oo = 0.3 ~ 0.4 j amp. at e = 2000 
volts impressed, or rather, primary counter-generated e.m.f. 

The primary impedance, Zo = 2 + 5 j ohms. 

The secondary impedance, Zi = 0.004 + O.Ol j ohm. 

We have, in symbolic expression, choosing the secondary 
current 7i as real axis, the results calculated in tabulated form 
on page 82. 

68. (2) eo = 2000 volts are impressed upon the primary 
circuit of a transformer of ratio of turns 20 :1. The primary 
impedance is Zo = 2 -f 5 j, the secondary impedance, Z 4 = 
0.004 + 0.01 i, and the exciting current at e' = 2000 volts 
counter-generated e.m.f. is Joo == 0.3 — 0.4 j; thus the exciting 

j/ 

admittance, Y = = (0.15 — 0.2 j)10“^. 

What is the secondary current and secondary terminal voltage 
and the primary current if the total impedance of the secondary 
circuit (internal impedance plus external load) consists of 

(a) resistance, 

Z = r = 0.5 — non-inductive circuit. 

(h) impedance, 

Z = r -Y jx = 0.3 + 0.4 j — inductive circuit. 

(c) impedance, 

Z — r + jx = 0.3 — 0.4 j — anti-inductive circuit. 

Let e = secondary e.m.f., 

assumed as real axis in symbolic expression, and carrying out 
the calculation in tabulated form, on page 83. 

69. (3) A transmission line of impedance Z = r jx == 
20 + 50 j ohms feeds a receiving circuit. At the receiving end an 
apparatus is connected which produces reactive lagging or 
leading currents at will (synchronous machine); 12,000 volts are 
impressed upon the line. How much lagging and leading 
currents respectively must be produced at the receiving end of 
the line to get 10,000 volts (a) at no load, (5) at 50 amp. 
power current as load, (c) at 100 amp. power current as 
load? 

Let e = 10,000 = e.m.f. received at end of line, ii = power 
current, and ^2 = reactive lagging current; then 

I = ii — ji 2 = total line current. 
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The Yoltage at the generator end of the line is then 
Eq = e ZI 

= e + (r +jx)(ii - JZ 2 ) 

= (e +- Til + xi 2 ) - j (ri 2 - xii) 

= (10,000 + 20 h + 50^2) - j (20 ^2 - 50 ^i); 
or, reduced, 

Eo = ^ (e + rii + xi^y + (n2 — xiiyi 
thus, since Eq = 12 , 000 , 

12,000 = V(10,000 + 20h + 50^2)'”f (20is - 50ii)^. 

(а) At no load =0, and 

12,000 = \/(10,000 + SOto)" + 400 ^ 2 ^; 

hence, 

^2 = + 39.5 amp., reactive lagging current, I == — 39.5 j. 

( б ) At half load ii = 50, and 

12,000 = V(11,000 + 50^^2)2 + (20^2 - 2500)^; 

hence, 

^2 = +16 amp., lagging current, 7 = 50 — 16^*. 

(c) At full load ii = 100, and 

12,000 = V(12,000+ 50 ^ 2 )' + (20i - 5000)2; 

hence, 

= — 27.13 amp., leading current, J = 100 + 27.13 7 . 

16. LOAD CHARACTEEISTIC OF TRANSMISSION LINE 

70. The load characteristic of a transmission line is the curve 
of volts and watts at the receiving end of the hne as function of 
the amperes, and at constant e.m.f. impressed upon the generator 
end of the line. 

Let r = resistance, x = reactance of the line. Its impedance 
z = can be denoted symbolically by 

Z = r + jx. 

Let Eo = e.m.f. impressed upon the line. 

Choosing the e.m.f. at the end of the line as horizontal com¬ 
ponent in the vector diagram, it can be denoted by 157 = e. 
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At non-inductive load the line current is in phase with the 
e.m.f. e, thus denoted by / = i. 

The e.m.f. consumed by the line impedance Z = r + jx is 


El = ZI = (r + jx) i 



= ri -f- jx i. 

(1) 

Thus the impressed voltage, 



Eo = E + El = e + ri + jxi. 

(2) 

or, reduced. 

Eo — \/{e-\-riy + 

(3) 

and 

e = \/Eq^ ~ xV — n, the e.m.f. 

(4) 


P — ei = i\/ Eo^ — xH^ — rP, 

(5) 


the power received at end of the line. 

The curve of e.m.f. e is an arc of an ellipse. 

With open circuit ^ = 0, e = Eq and P = 0, as is to be 
expected. 

At short circuit, e = 0, 0 = V Eq^ — xH^ — ri, and 



that is, the maximum line current which can be established with 
a non-inductive receiver circuit and negligible line capacity. 

71. The condition of maximum power delivered over the line 


IS 

that is, 




(7) 
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inductive receiving circuit over an inductive line upon which is 
impressed a constant e.m.f., if the resistance of the receiving 
circuit equals the impedance of the line, ri = z. 

In this case the total impedance of the system is 

Zq ^ Z A- rx ^ r + z + jx, (10) 


or, _ 

Zq = V^Cr + zY + 


( 11 ) 


Thus the current is 


. Eq 
2:0 


Eo 


^/(r + 2:) ^ 


( 12 ) 


and the power transmitted is 






EYz 


EY 


(r + zY + 


■ 2(r + z)^ 


(13) 


that is, the maximum power which can be transmitted over a 
line of resistance r and reactance x is the square of the impressed 
e.m.f. divided by twice the sum of resistance and impedance of 
the line. 

At a; = 0, this gives the common formula, 


Pi 


4r 


(14) 


Inductive Load 

72. With an inductive receiving circuit of lag angle 6, or 
power-factor p = cos 0, and inductance factor q = sin d, at* 
e.m.f. P = e at receiving circuit, the current is denoted by 

I = I(p-jq)-, (15) 

thus the e.m.f. consumed by the line impedance Z = r +jx is 
El = ZI = I {j> — jq)(r +jx) 

= I lirp + xq) - j (rq - xp)], 
and the generator voltage is 
Eo = -j- El 

= [e + I {rp + xq)] — jl (rq — xp); 


( 16 ) 
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or, reduced, 

Eo = \/[e + I ('^p + xq)y + P (rq — (17) 

and 

e = \/Eq^ — (rq — xp)^ — I (rp + xq), (18) 

The power received is the e.m.f. times the power component 
of the current; thus 

P = elp 

= Ip Eo^ — P(rq — xp)^ — Pp (rp + xq), (19) 

The curve of e.m.f., e, as function of the current I is again an 
arc of an ellipse. 

At short circuit 6 = 0 ; thus, substituted, 

I = - > (20) 

the same value as with non-inductive load, as is obvious. 

73. The condition of maximum output delivered over the 
line is 

S = 0; (21) 

that is, differentiated, 

\/E<? - P (rq - xpY = e -{■ I ir-p xq)-, (22) 

substituting and expanding, 

e 2 = p (r 2 + x^} 

= Pz^; 
e = Iz; 

or 

J=Z. (23) 

2 !i = y is the impedance of the receiving circuit; that is, the 

power received in an inductive circuit over an inductive line is 
a maximum if the impedance of the receiving circuit, 21 , equals 
the impedance of the line, z. 

In this case the impedance of the receiving circuit is 

Zi=z(p+jq), (24) 

and the total impendance of the system is 
Zo = -Z Hh Zi 

= r + jx + z (p + jq) 

= (r + pz) + j (x + qz). 
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Thus, the current is 

/i = 


En 


and the power is 


V{r + fzy{x A- qzY 


Pi = IFzp = 


Eohp 


(r + pz)- +(z + qzf' 
Ea^p 


2{z-\-rpA- xq)' 

EXAMPLES 


(25) 


(26) 


74. (1) 12,000 volts are impressed upon a transmission line 
of impedance Z = r + ja; = 20 + 50 j. How do the voltage 



VOLTS 

11000 

lOOOO 



n 





A^ 

P. 





□ 

n 

20 40 60 80 100 120 140 160 i80 200 220 




Fig. 39.—Noii-reactive load characteristids of a transmission line. Con¬ 
stant impressed e.mi. 

and the output in the receiving circuit vary with the current 
with non-inductive load? 

Let e = voltage at the receiving end of the line, i = current: 
thus = ei = power received. The voltage impressed upon the 
line is then 

j&o ~ 6 “f" Zi, 

= e -h n + jxi; 
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or, reduced,_ 

Eo = Vie + riy + 

Since Eq = 12,000, 

12,000 = V{e + riy + xH^ = V(e + 20 i)^ 2500 i\ 

e = Vl2,000^ - - ri = ^12,000" -- 2500 - 20 L 

The maximum current for e = 0 is 


thus, 


0 = \/l2,000^ - 2500 - 20 i; 

i = 223. 


Substituting for i gives the values plotted in Fig. 39. 


i 

e 

p =■ ei 

0 

12,000 

0 

20 

11,500 

230 X 10» 

40 

11,000 

440 X 10» 

60 

10,400 

624 X 10» 

80 

9,700 

776 X 10» 

100 

8,900 

890 X 10» 

120 

8,000 

960 X 10» 

140 

6,940 

971 X 10» 

160 

5,750 

920 X 10» 

180 

4,340 

784 X 10»' 

200 

2,630 

526 X 10» 

220 

400 

88 X 10’ 

223 

0 

0 


16. PHASE CONTROL OF TRANSMISSION LIKES 

76. If in the receiving circuit of an inductive transmission 
line the phase relation can be changed, the drop of voltage in 
the line can be maintained constant at varying loads or even 
decreased with increasing load; that is, at constant generator 
voltage the transmission can be compounded for constant voltage 
at the receiving end, or even over-compounded for a voltage 
increasing with the load. 

1. Compounding of Transmission Lines for Constant Voltage 

Let T = resistance, x = reactance of the transmission line, 
eo = voltage impressed upon the beginning of the line, e = vol¬ 
tage received at the end of end line. 
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Let i = power current in the receiving circuit; that is, P = 
ei = transmitted power, and ii = reactive current produced 
in the system for controlling the voltage. ii shall be considered 
positive as lagging, negative as leading current. 

Then the total current, in symbolic representation, is 

I = i - jii] 

the line impedance is 

Z = r + jx, 

and thus the e.m.f. consumed by the line impedance is 

El = ZI = (r + jx) {i - jii) 

= n + jrii + jxi — j^xii) 

and substituting = — 1, 

El = (n + xii) - j (rii — xi). 

Hence the voltage impressed upon the line 
Eq = e + El 

= (e + n + xii) — j {rii — xi); (1) 

or, reduced, _ 

^0 = V(c + H + xh)^ + {rii — xi)^- (2) 

If in this equation e and eo are constant, ^l, the reactive com¬ 
ponent of the current, is given as a function of the power com¬ 
ponent current i and thus of the load ei. 

Hence either Co and e can be chosen, or one of the e.m.fs. Co 
or e and the reactive current ii corresponding to a given power 
current i. 

76. If ii = 0 with i = 0, and e is assumed as given, Co = c. 

Thus, _ 

e = \/(e + + {rii — xi)^\ 

2 e (n + xii) + {i^ + H) = 0. 

Prom this equation it follows that 

ex ± ^/e^x^ — 2 eriz^ — ih^ 

=--( 3 ) 

Thus, the reactive current ii must be varied by this equation 
to maintain constant voltage e = Co irrespective of the load ei. 

As seen, in this equation, ii must always be negative, that is, 
the current leading. 
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ii becomes impossible if the term under the square root 
becomes negative, that is, at the value 


or, 


— 2 eriz^ — = 0 ; 

6 (2 — r) 


% = 


At this point the power transmitted is 
F = 5- 


(4) 


( 5 ) 


This is the maximum power which can be transmitted with.- 

out drop of voltage in the line, with a power current i = -^— - 

The reactive current corresponding hereto, since the square 
root becomes zero, is 

( 6 ) 


ex 

'Z'l = 72^ 


thus the ratio of reactive to power current, or the tangent of 
the phase angle of the receiving circuit, is 


tan 61 =-= - 

^ z — 


( 7 ) 


A larger amount of power is transmitted if Co is chosen > e, 
a smaller amount of power il eo < e. 

In the latter case ii is always leading; in the former case -fi 
is lagging at no load, becomes zero at some intermediate load, 
and leading at higher load. 

77 . If the line impedance Z — r + jx and the received voltage 
e is given, and the power current zo at which the reactive currentr 
shall be zero, the voltage at the generator end of the line is 
determined hereby from the equation (2): 

Co = V(e + ri + xiiY + (n\ — xiy, 
by substituting ii = 0, f = 2 * 0 , 

Co = V(c + thY + (8) 

Substituting this value in the general equation (2): 

^0 = y/{e + Ti + x^l) ^ + (^^*1 — xiy 

gives 

{e + no)^ + = (e + ri H- + (rii — xiy 

as equation between i and ii. 
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If at constant generator voltage cq: 


at no load. 




and at the load. 

i = 0,e = eo, ii = i'o, | 


(10) 

it is, substituted: 
no load. 

i = i 0, 6 = eo, ^*1 = 0 j 



load io, 

eo = V(eo+xioy + rH'i 

0 ^ 

(11) 

Thus, 

eo = V (eo + n'o)* + 

(12) 

(eo + xi'o) 4- xH^o = (eo 4- rioY 4" xHq^; 
or, expanded, 

i'o^r^ + 4- 2 ^'o xeo = ^o^ 4- 4“ 2 ioreo. 

(13) 


This equation gives z'o as function of io, eo, r, x. 

If now the reactive current ii varies as linear function of the 
power current i, as in case of compounding by rotary converter 
with shunt and series field, it is 


ii = 


{U — i) 
io 


i'o. 


(14) 


Substituting this value in the general equation 

(eo + rio)^ +- xHo^ = (e + ri + xii)^ + —* ^iY 

gives e as function of i] that is, gives the voltage at the receiving 
end as function of the load, at constant voltage co at the gener¬ 
ating end, and e = eo for no load, 

i = Oj ii = i'oj 

and e = eo for the load, 

i = ioj ii = 0. 

Between i — 0 and i = fo, e > eo, and the current is lagging. 
Above ^ == io, e < eo, and the current is leading. 

By the reaction of the variation of e from eo upon the receiving 
apparatus producing reactive current ii, and by magnetic satura¬ 
tion in the receiving apparatus, the deviation of e from eo is 
reduced, that is, the regulation improved. 


2. Over-compounding of Transmission Lines 

78. The impressed voltage at the generator end of the line 
was found in the preceding, 

eo = V(e + '^i + xiiY 4- (rii — xiY- 


( 2 ) 
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If the voltage at the end of the line e shall rise proportionally 
to the power current then 

e = ei + di; (15) 

thus, ____ 

Co = \/[ei + (a + r) + xh]^ + {rii — xiy^ (16) 

and herefrom in the same way as in the preceding we get the 
characteristic curve of the transmission. 

If eo = Cl, ii = 0 at no load, and is leading at load. If 
Co < Cl, ii is always leading, the maximum output is less than 
before. 

If Co > Cl, ii is lagging at no load, becomes zero at some inter¬ 
mediate load, and leading at higher load. The maximum outpub 
is greater than at co = Ci. 

The greater a, the less is the maximum output at the same 
Co and Cl. 

The greater Co, the greater is the maximum output at the 
same ci and a, but the greater at the same time the lagging current 
(or less the leading current) at no load. 

EXAMPLES 

79. (1) A constant voltage of co is impressed upon a trans¬ 
mission line of impedance Z = r + = 10 + 20 j. The vol¬ 

tage at the receiving end shall be 10,000 at no load as well as at 
full load of 75 amp. power current. The reactive current in 
the receiving circuit is raised proportionally to the load, so as 
to be lagging at no load, zero at full load or 75 amp., and lead¬ 
ing beyond this. What voltage co has to be impressed upon the 
line, and what is the voltage c at the receiving end at 3^, and 
13 ^ load? 

. Let I = ii — jiz = current, E e voltage in receiving circuit. 
The generator voltage is then 

Eo = e + ZI 

= c + (r + jx) (ii — jii) 

= (c -f- rii + xi 2 ) ~ j (n 2 — xii) 

= (c 4“ 10 ii + 20 { 2 ) — j (10 {2 — 20 Zi) \ 

or, reduced, 

Co^ = (c + rii + + (ri 2 — 

= (c “h 10 ii + 20 4" (10 i 2 — 20 ii)^. 

When 

ii = 75, i2 = 0, c = 10,000; 
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substituting these values, 


eo" = 10,7502 + 15002 = 117.81 X W; 

hence, 

Co = 10,860 volts is the generator voltage. 

When 

ii = 0, e = 10,000, eo = 10,860, let i 2 = i: 

these values substituted give 

117.81 X 10® = (10,000 + 20 iy + 100 

= 100 X 10® + 400 ^ X 10® + 500 
or, 

i = 44.525 - 1.25 10"®; 

this equation is best solved by approximation, and then gives 
p = 42.3 amp. reactive lagging current at no load. 

Since 

eo^ = (e + ni + xi2y + (^*2 — xiiY, 
it follows that 


e = Veo^ — (ri2 — xii)^ — (n'l + xi^); 
or, 

6 - V117.81 + 10® - (10^2 - 20 - (10 ii + 20 

Substituting herein the values of ii and h gives e. 


»l 

12 

e 

0 

42.3 

10,000 

25 

28.2 

10,038 

50 

14.1 

10,038 

75 

0 

10,000 

100 

-14.1 

9,922 . 

125 

-28.2 

9,803 


80. (2) A constant voltage eo is impressed upon a trans¬ 
mission line of impedance Z = r + jx = 10 + 10 j. The vol¬ 
tage at the receiving end shall be 10,000 at no load as well as at 
full load of 100 amp. power current. At full load the total 
current shall be in phase with the e.m.f. at the receiving end, 
and at no load a lagging current of 50 amp. is permitted. How 
much additional reactance Xo is to be inserted, what must be the 
generator voltage co, and what will be the voltage e at the receiv- 
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ing end at load and at load, if the reactive current varies 
proportionally with the load? 

Let Xo = additional reactance inserted ^ circuit. 

Let I = ii — ji 2 = current. 

Then 

= (e + rii + xihY + (^"4 — Xiii) {e + 10 i\ + 

+ (10 ^2 — 

where 

Xi — X x^ — total reactance of circuit between e and 
At no load, 

ii = 0, 12 = 50, e = 10,000; 
thus, substituting, 

eo^ = (10,000 4- 50 XiY + 250,000. 

At full load, 

= 100 , ^2 = 0 , 6 = 10 , 000 ; 

thus, substituting, 

eo" = 121 X 10« + 10,000 
Combining these gives 

(10,000 + 50 XiY + 250,000 = 121 X 10« + 10,000 
hence, 

Xi — 66.5 ± 40.8 
= 107.3 or 25.7; 

thus 

Xq = xi — X = 97.3 or 15.7 ohms additional reactance. 
Substituting 
xi = 25.7 

gives 

Co' = (e + 10 ii + 25.7 iiY + (10 h - 25.7 iiY, 
but at full load 

ix = 100, i2 = 0, e = 10,000, 

which values substituted give 

eo^ = 121 X 106 + 6.605 X 10® = 127.605 X 10®, 
eo = 11,300, generator voltage. 

Since 

e = - (10^2-25^70^ - (10 it + 25.7 4), 

it follows that 

e = \/r27.605 xlO® ~ (10 12 - 25.7 iiY - (10 ix + 25.7 is). 
Substituting for ix and is gives e. 
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81. (3) In a circuit whose voltage fluctuates by 20 per 
cent, between 1800 and 2200 volts, a synchronous motor of 
internal impedance Zo = ro + jxo = 0.5 + 5 j is connected 
through a reactive coil of impedance Zi = ri + jxi = 0.5 + 10 j 
and run light, as compensator (that is, generator of reactive 
currents). How will the voltage at the synchronous motor 
terminals Oi, at constant excitation, that is, constant counter 
e.m.f. e = 2000, vary as function of Co at no. load and at a load 
of i = 100 amp. power current, and what will be the reactive- 
current in the synchronous motor? 

Let I = ii — ji 2 = current in receiving circuit of voltage Ci. 

Of this current J, —+‘2 is taken by the synchronous motor of 
counter e.m.f. e, and thus 
El — e — Zojn 

= e + Xoi2 - jni2; 
or, reduced, 

= (e + Xo{2y + 

In the supply circuit the voltage is 
Eq = El + IZi 

= e + Xoi2 — jroi2 + {ii-jn) {ti + jxl) 

= [e + nil + \xq + Xi) ii] - j [(ro + n) h - Xih]; 

or, reduced, 

eo^ = [e + nil + (xo + Xi) + [(^0 + ri) n — xiii]^. 

Substituting in the equations for and eo^ the above values 
of ro and Xq: at no load, ii = 0, we have 

= (6 + 5 ny + 0.25 i 2 ^ and = (e + 15 ^ 2 )" + 

at full load, ii = 100, we have 

= (e + 5 i^y + 0.25 
” (c + 50 + 15 ^ 2 )^ + in — 1000)^, 

6 
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and at no load, ii = 0 , substituting e = 2000 , we have 

ei2 = (2000 + 5 ^ 2 )^ + 0.25 12 ^ 
eo 2 = (2000 + 15 hY + 

at full load, ii = 100 , we have 

ei 2 = (2000 + 5 kY + 0.25 

= (2050 + 15 kY + (k - lOOO)^. 

Substituting herein 60 = successively 1800, 1900, 2000, 2100, 
2200 , gives values of k, which, substituted in the equation for 
eYj give the corresponding values of Ci as recorded in the follow¬ 
ing table. 

As seen, in the local circuit controlled by the synchronous 
compensator, and separated by reactance from the main circuit 
of fluctuating voltage, the fluctuations of voltage appear in a 
greatly reduced magnitude only, and could be entirely eliminated 
by varying the excitation of the synchronous compensator. 




e = 2000 



eo 

No load 

ii = 0 

Full load 

11 = 100 

^2 

ei 

is 



1,800 

-13.3 

1,937 

-39 

1,810 

1,900 

- 6.7 

1,965 

-r-30.1 

1,850 

2,000 

0 

2,000 

-22 ! 

1,885 

2,100 

+ 6.7 

2,035 

-13.5 

1,935 

2,200 

+13.3 

2,074 

- 6.5 j 

1,970 


17. IMPEDANCE AND ADMITTANCE 


82. In direct-current circuits the most important law is 
Ohm’s law, 

e . e 

t :=-> or e = zr, or r = -y 
r ' ^ 


where e is the e.m.f. impressed upon resistance r to produce 
current i therein. 

Since in alternating-current circuits a current i through a 
resistance r may produce additional e.m.fs. therein, when apply- 

mg Ohm’s law, i = - to alternating-current circuits, e is the 
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total e.m.f. resulting from the impressed e.m.f. and 
produced by the current ^ in the circuit. 

Such counter e.m.fs. may be due to inductance, as self-induc¬ 
tance, or mutual inductance, to capacity, chemical polarization, 
etc. 

The counter e.m.f. of self-induction, or e.m.f. generated by th 6 
magnetic field produced by the alternating current i, is repre¬ 
sented by a quantity of the same dimensions as resistance, and 
measured in ohms: reactance x. The e.m.f. consumed by 
reactance cc is in quadrature with the current, that consumed 
by resistance r in phase with the current. 

Reactance and resistance combined give the impedance, 

2 == _|_ x^; 

or, in symbolic or vector representation, 

Z = r + jx. 

In general in an alternating-current circuit of current i, the 
e.m.f. e can be resolved in two components, a power component 
Ci in phase with the current, and a wattless or reactive com¬ 
ponent 62 in quadrature with the current. 

The quantity 

e.m.f., or e.m.f. in phase with the current _ 
i current 

is called the effective resistance. 

The quantity 

e.m.f., or e.m.f. in quadrature with the current _ 
i current 

is called the effective reactance of the circuit. 

And the quantity 

zi = 

or, in symbolic representation, 

Zi ri+ jxi 


is the impedance of the circuit. 

If power is consumed in the circuit only by the ohmic resist¬ 
ance r, and counter e.m.f. produced only by self-inductance, the 
effective resistance vi is the true or ohmic resistance r, and the 
effective reactance Xi is the true or inductive reactance x. 
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By means of the terms effective resistance, effective reactance, 
and impedance. Ohm’s law can be expressed in alternating- 
current circuits in the form 


. _ ^_ e 

or, e — izi = i y/ - 1 - x-F 

or, z\ = y/ 


( 1 ) 

( 2 ) 

( 3 ) 


or, in symbolic or vector representation. 


or, 

or. 


S _ E 
■ ~ Zi ~ n +jx’ 

E = IZi = I (n + jxi); 
E 

Z\ = rx + jxx = y 


( 4 ) 

(5) 

( 6 ) 


In this latter form Ohm’s law expresses not only the intensity 
but also the phase relation of the quantities; thus 

Cl = irx = power component of e.m.f., 

62 = ixi = reactive component of e.m.f. 

83. Instead of the term impedance z ^ ~ with its components, 

% 

the resistance and reactance, its reciprocal can be introduced. 

_ 1 

e z ’ 

which is called the admittance. 

The components of the admittance are called tlie conduc¬ 
tance and the smceptance. 

Resolving the current i into a power component in phase 
with the e.m.f. and a wattless component ^2 in quadrature with, 
the e.m.f., the quantity 

ii — current, or current in phase with e.m.f. _ 

e e.m.f. "" ^ 

is called the condvctance. 

The quantity 

4 ^ reactive current, or current in quadrature with e.m.f. _ _ 
^ e.m.f. ~~ 

is called the susceptance of the circuit. 

The conductance represents the current in phase with the 
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e.m.f., or power current, the susceptance the current in quad¬ 
rature with the e.m.f., or reactive current. 

Conductance g and susceptance b combined give the admittance 


y = Vg^ + i'"; 

or, in symbolic or vector representation. 

(7) 

Y==g-jh, 

Thus Ohm^s law can also be written in the form 

(8) 

i = ey = e + b"; 

or. 

(9) 

i i 

^ y Vg'^ +• 

or, 

(10) 

y = Vg^ + b^ = 

or, in symbolic or vector representation, 

(11) 

I = EY = E (g - jb); 

or, 

I I 

(12) 

?=F = .-,V 
or. 

(13) 

II 

1 

II 

(14) 


and ii = eg = power component of current, 

^2 = eb = reactive component of current. 

84. According to circumstances, sometimes the use of the 
terms impedance, resistance, reactance, sometimes the use of the 
terms admittance, conductance, susceptance, is more convenient. 

Since, in a number of series-connected circuits, the total 
e.m.f., in symbolic representation, is the sum of the individual 
e.m.fs., it follows that in a number of series-connected circuits 
the total impedance, in symbolic expression, is the sum of the 
impedances of the individual circuits connected in series. 

Since, in a number of parallel-connected circuits, the total 
current, in symbolic representation, is the sum of the individual 
currents, it follows that in a number of parallel-connected cir¬ 
cuits the total admittance, in symbolic expression, is the sum 
of the admittances of the individual circuits connected in parallel. 
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Thus in series connection the use of the term impedance, 
parallel connection the use of the term admittance, is generally 
more convenient. 


Since in symbolic representation 



II 

(IS) 

or, 

that is, 

it follows that 

that is 

ZY = 1 ; 

{r+jx)(g - jb) = 1; 

(rg + xb) — j (rb - xg) = 1 ; 
rg + zb = 1, 
rb — xg — 0. 

(16) 

(17) 

Thus, 

II 

II 

(18) 


b b 

^ - g^ + h^- y^’ 

(19) 


y, ^ 

^ -h "" 

(20) 

r X 

“ 7-2 ^ ^2 ” ^2^ 

or, in absolute values. 

(21) 


1 

y — — ? 

^ z 

(22) 


zy = 1, 

(r2 + x^){g^ + h^) = 1. 

(23) 

(24) 


Thereby the admittance with its components, the conduc¬ 
tance and susceptance, can be calculated from the impedance 
and its components, the resistance and reactance, and inversely. 


If X = 0, 2 = r and that is, g is the reciprocal of -tlie 

resistance in a non-inductive circuit; not so, however, in nn 
inductive circuit. 

EXAMPLES 

86. (1) In a quarter-phase induction motor having an im¬ 
pressed e.m.f. 6 = 110 volts per phase, the current is Iq = i± — 
jn = 100 100 j at standstill, the torque = Do. 

The two phases are connected in series in a single-phase cir¬ 
cuit of e.m.f. e = 220, and one phase shunted by a condenser of 
1 ohm capacity reactance. 

What is the starting torque D of the motor under these con¬ 
ditions, compared with Do, the torque on a quarter-phase cir- 
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cuit, and what the relative torque per volt-ampere input, if the 
torque is proportional to the product of the e.m.fs. impressed 
upon the two circuits and the sine of the angle of phase dis¬ 
placement between them? 

In the quarter-phase motor the torque is 

Do = ae^ = 12,100 a, 


where a is a constant. The volt-ampere input is 


Qo = 2 6 = 31,200; 

hence, the “apparent torque efficiency,^^ or torque per volt- 
ampere input, 

,0 = = 0.388 a. 

The admittance per motor circuit is 


y = ^ = 0.91 - 0.91 i, 
e 

the impedance is 

2 = =_ no (100 +100j) _ 055+055/ 

I loo-iooi (ioo-iooi)(ioo+iooi)~ ^ 

the admittance of the condenser is 


1^0 = i; 

thus, the joint admittance of the circuit shunted by the con¬ 
denser is 

= Y Y0 = 0.91 — 0.91 j + j 

= 0.91 -f 0.09 j; 

its impedance is 

7 1 0.91 ~ 0.09 i _ 1 no -.niw 

' y, 0.91 +0.09 i o.9n + o.o9^ ^ 

and the total impedance of the two circuits in series is 

Z + Zi 

= 0.55 + 0.55 j + 1.09 - 0.11 j 
= 1.64 + 0.44 j. 

Hence, the current, at impressed e.m.f.- e = 220, 

j_. .. i e 220 220 (1.64 - 0.44 j) 

Zi 1.64 + 0.44 j 1.64*+ 0.44* 

= 125 - 33.5 j; 
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or, reduced, 

I = Vl25^ + 33.52 

= 129.4 amp. 

Thus, the volt-ampere input, 

Q = e/ = 220 X 129.4 
= 28,470. 

The e.m.fs. acting upon the two motor circuits respectively are 
El = IZi = (125 - 33.5 i) (1.09 - 0.11 3 ) = 132.8 ~ 50.4 j 
and 

E' = IZ = (125 - 33.5 j) (0.55 + 0.55;) = 87.2 + 50.4 j. 
Thus, the tangents of their phase angles are 
50.4 

tan == + 2^2 3 ~ 0.30 j hence, = -f- 21 ®* 

50.4 

tan 0 ' = — = — 0.579; hence, 0 ' = — 30®; 

and the phase difference, 

d = d' = 51®. 

The absolute values of these e.m.fs. are 


ei = V132.8 + 50.42 = 141.5 

and 

e' = V87.22 _ 50.42 = 100.7; 
thus, the torque is 

D = aeie' sin 6 

= 11,100 a; 

and the apparent torque efficiency is 


D 11,100 a 
Q 28,470 


0.39 a. 


Hence, comparing this with the 
relative torque is 

D 11,100 a _ 
Do 12,100 a" 


quarter-phase motor, ttie 
0.92, 


and the relative torque per volt-ampere, 
torque efficiency, is 


_ 0.39 a 
770 0.388 a 


1.005. 


or relative apparent 
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86. (2) At constant field excitation, corresponding to a 
nominal generated e.m.f. Bq = 12,000, a generator of synchro¬ 
nous impedance Zo = ro + jxq = 0.6 + 60 j feeds over a trans¬ 
mission line of impedance Zi = ti-\- jxi = 12 + 18j, and of 
capacity susceptance 0.003, a non-inductive receiving circuit. 
How will the voltage at the receiving end, c, and the voltage at 
the generator terminals, 6i, vary with the load if the line capacity 
is represented by a condenser shunted across the middle of the 
line? 

Let I = i = current in receiving circuit, in phase with the 
e.m.f., E — e. 

The voltage in the middle of the line is 

E^ = E + ^I 

= e + 6 i + 9 ij. 

The capacity susceptance of the line is, in symbolic expression, 
Y — 0.003 j] thus the charging current is 

J 2 = E 2 Y = 0.003 i (e + 6 ^ + 9 ij) 

= 0.027 i + j (0.003 6 + 0.018 ^), 

and the total current is 

Ji = 7 -h /2 = 0.973 i + j (0.003 e + 0.018 i). 

Thus, the voltage at the generator end of the line is 

E,=E,+^I, 

= e + 6 t + 9 V + (6 + 9 j)[0.973 i + i (0.003 e + 

0.018 i)] 

= (0.973 e- + 11.68 i) + j (17.87 i + 0.018 e), 
and the nominal generated e.m.f. of the generator is 

Eq = El 

= (0.973 e + 11.68 i) + 'i (17.87 i + 6.018 e) + (0.6 + 60 j) 
[0.973 i + j (0.003 e + 0.018 f)] 

= (0.793 e + 11.18 i) + j (76.26 i + 0.02 e); 

or, reduced, and eo = 12,000 substituted, 
eo^ = 144 X 10« = (0.793 e + 11.18 iy + (76.26 i + 0.02 e)^; 
thus, 

+ 33 ef + 9450 = 229 X 10®, 

e = - 16.5 i + ^229 X 10® - 9178 





which values are plotted in Pig. 40. 

18 . EQXnVALENT SINE WAVES 

87. In the preceding chapters, alternating waves have been 
assumed and considered as sine waves. 
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The general alternating wave is, however, never completely, 
frequently not even approximately, a sine wave. 

A sine wave having the same effective value, that is, the 
same square root of mean squares of instantaneous values, as a 
general alternating wave, is called its corresponding “equivalent 
sine wave.^’ It represents the same effect as the general wave. 

With two alternating waves of different shapes, the phase 
relation or angle of lag is indefinite. Their equivalent sine 
waves, however, have a definite phase relation, that which 
gives the same effect as the general wave, that is, the same 
mean (e^). 

Hence if e = e.m.f. and ^ = current of a general alternating 
wave, their equivalent sine waves are defined by 


and the power is 
thus. 


Po 


cos Colo 


Co = A/mean (e^), 
id = Vmean (i^); 

= 6o^o COS eoio — mean (ei); 

_ mean (ei) _ 

a/ mean (c^) Vmean (i^) 


Since by definition the equivalent sine waves of the general 
alternating waves have the same effective value or intensity 
and the same power or effect, it follows that in regard to inten¬ 
sity and effect the general alternating waves can be represented 
by their equivalent sine waves. 

Considering in the preceding the alternating currents as equiva¬ 
lent sine waves representing general alternating waves, the 
investigation becomes applicable to any alternating circuit 
irrespective of the wave shape. 

The use of the terms reactance, impedance, etc., implies that 
a wave is a sine wave or represented by an equivalent sine 
wave. 

Practically all measuring instruments of alternating waves 
(with exception of instantaneous methods) as ammeters, volt¬ 
meters, wattmeters, etc., give not general alternating waves 
but their corresponding equivalent sine waves. 


EXAMPLES 

88. In a 25-cycle alternating-current transformer, at 1000 
volts primary impressed e.m.f., of a wave shape as shown in 
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Fig. 41 and Table I, the number of primary turns is 500, the 
length of the magnetic circuit 50 cm., and its section shall be 
chosen so as to give a maximum density B = 15,000. 

At this density the hysteretic cycle is as shown in Fig. 42 and 
Table II. 



Fig. 41.—^Wave-shape of e.m.f. in example 88. 


What is the shape of current wave, and what the equivalent 
sine waves of e.m.f., magnetism, and current? 

The calculation is carried out in attached table. 


Table II 


/ 

B 

0 

± 8,000 

2 

-}- 10,400 - 2,500 

4 

4- 11,700 -f 5,800 

6 

-h 12,400 4- 9,300 

8 

4- 13,000 4 11,200 

10 

-h 13,500 4- 12,400 

12 

4- 13,900 4- 13,200 

14 

4- 14,200 4- 13,800 

16 

4- 14,500 4- 14,300 

18 

•4 14,800 4 14,700 

20 

4 15,000 


In column (1) are given the degrees, in column (2) the relative 
values of instantaneous e.m.fs., e corresponding thereto, as taken 
from Fig. 41. 

Column (3) gives the squares of e. Their sum is 24,939; 
24 939 

thus the mean square, —jg— = 1385.5, and the effective value, 


\/l385.5 = 37.22. 




110 ELEMENTS OF ELECTRICAL ENGINEERING 



Since the effective value of impressed e.m.f. is = 1000, the 
instantaneous values are eo = given in column (4). 

Since the e.m.f. eo is proportional to the rate of change of 
magnetic flux, that is, to the differential coefficient of B, B is 
proportional to the integral of the e.m.f., that is, to plus 
an integration constant. 2eo is given in column (5), and the 
integration constant follows from the condition that B at 180° 



Fig. 42.—Hysteretic cycle in example 88. 


must be equal, but opposite in sign, to B at 0°. The integration 
constant is, therefore, 

1/ 14,648 

- M eo =-^— = - 7324, 

and by subtracting 7324 from the values in column (5) the 
values of B' of column (6) are found as the relative instantaneous 
values of magnetic flux density. 

Since the maximum magnetic flux density is 15,000 the in¬ 
stantaneous values are B = B' plotted in column (7). 

From the hysteresis cycle in Fig. 42 are taken the values of 
magnetizing force /, corresponding to magnetic flux density B. 
They are recorded in column (8), and in column (9) the instan¬ 
taneous values of m.m.f. F = If, where I = 50 = length of 
magnetic circuit. 
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i =z — where n 
n’ 


500 = number of turns of the electric 


circuit, gives thus the exciting current in column (10). 

Column (11) gives the squares of the exciting current, 

25 85 

Their sum is 25.85; thus the mean square, = 1.436, and 


the effective value of exciting current, i' = \/1.436 = 1.198 
amp. 

Column (12) gives the instantaneous values of power, p — ieo. 


Their sum is 4766; thus the mean power, p' 


4766 

18 


264.8. 



Fig. 43.—Waves of exciting current. Fig. 44.—Corresponding sine waves 

Power and flux density corresponding for e.m.f. and exciting current in Fig. 
to e.m.f. in Fig. 41 and hysteretic cycle 43. 
in Fig. 42. 


Since p' = cos d, 

where e\ and V are the equivalent sine waves of e.m.f. and of 
current respectively, and 6 their phase displacement, substitut¬ 
ing these numerical values of p', e'*, and i', we have 

264.8 = 1000 X 1.198 cos 6, 


hence, 


cos d = 0.221, 

e = 77.2^, 
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and the angle of hysteretic advance of phase, 
O' = 90^ - 0 = 12,8°. 
The hysteresis current is then 

F cos 6 = 0.265, 
and the magnetizing current. 


i' sin 6 


1.165. 


Adding the instantaneous values of e.m.f. eo in column (4) 

14 648 

gives 14,648; thus the mean value, —jg— = 813.8. Since the 

effective value is 1000, the mean value of a sine wave would be 
2 \/2 

1000- = 904; hence the form factor is 


Adding the instantaneous values of current i in column (10), 
irrespective of their sign, gives 17.17; thus the mean value, 
17 17 

= 0.954. Since the effective value = 1.198, the form 


18 

factor is 


1.198 2 V2 
0.954 TT 


The instantaneous values of e.m.f. eo, current flux density 
B and power p are plotted in Fig. 43, their corresponding sine 
waves in Fig. 44. 

19. FIELDS OF FORCE 


89. When an electric current flows through a conductor, 
power is consumed and heat produced inside of the conductor. 
In the space outside and surrounding the conductor, a change 
has taken place also, and this space is not neutral and inert 
any more, but if we try to move a solid mass of metal rapidly 
through it, the motion is resisted, and heat produced in the 
metal by induced currents. Materials of high permeability, 
as iron filings, brought into this space arrange themselves 
in chains; a magnetic needle is moved and places itself in a 
definite direction. Due to the passage of the current in the 
conductor, there are therefore in the spaces outside of the con¬ 
ductor—where the current does not flow—forces exerted, and 
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this space then is not neutral spacte, but has become a yieW of 
force, and the cause of the field, in this case the electric current 
in the conductor, is its ‘^'motive forceF As in this case the 
actions exerted in the field of force are magnetic;, the space 
surrounding a conductor traverscul by a cairrcmt is a field of 
magnetic force, and the current in the conductor is the magnetO’- 
'motive force. 

In the space surrounding a pondcu’abh; mass, as our earth, 
forces are exerted on other massc^s—which cause', the st-one to 
fall toward the earth, and waicu* to run down hill—and tliis 
space thus is a field of gravitational force, the; (;arih the; {jr(tvL 
7notive force. 

In the space surrounding condind-ors having a high potcuitial 
difference, we observer a field of dielecirtc force, that is, (;!('(;!,ro- 
static or dielectric forces are exented, and tin; pol,(U)tiaI diff(‘r('nc(; 
l^etween the conductors is the electroniotive fo7'ce of the di(;l(u;tri(; 
field. 

The force exerted by the cuirth as gravimotive force, on any 
mass in the gravitational field of tlu; (;ar(.h, caus<‘s th<; mass to 
move with incr<;asing rapidity. Tlu; dir<;(;tion of motion th(‘n 
shows the direction in which the force; acl.s, iliat- is, tin; dir(‘c- 
tion of the gravitational field. The forc'.c; g, whi(;h th(; fi(;ld ('.xcu’ts 
on unit mass, that is, the accel(;raiion of tlu; mass, m('asur(‘s 
the intensity of tlu; field: in the gravitational field of tlu; earth 
981 cm g sec. The for(»e acting upon a mass m, thcTi, is:A — 
gni, and is called the; iveight of ilu; mass. 

In the same manner, in the magru'tic. fi(;ld of a (;urr(;nt as 
magnetomotive force, the; ini.ensity // of tlu; magn<;ti(; fuid is 
measured by the force; F which t.lu; field (;x<‘ri,s on a ma,gn('tic. 
mass or pole strc;ngth rn: F = Ilftr, tlu' inUmsity K of tlu; di» 
(;lectric field of a potential difference; as <‘l(;(;tromoi ive force is 
measured by the force F (;x(;rt(;d upon an (;l<;ctric pole Htr(;ngth 
e: F — Ke; the direction of the fonu; r(;preH(;utH the direedion of 
the field of forex;. 

90. This conception of tlu; fiedd of for(;c; is oru; of tlu; most 
important and fundamental ()iu;s of all scienuu's and applicul 
sciences: a condition of space;, brought about by some exciting 
cause or motive force, whc;r(;l)y the sj>ac<; is not luniiral any 
more, but capable of exerting forces on anytiung suHce'ptihle to 
these forces: mechani(;al forces on massc's in a gravitational fudd, 
magnetic forces on magnetic mateniais in a magncd.ic fiedd, 



cariying energy ‘ <«» ......diu-rorn wl.u'h . 
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dielectric forces on dielectrics in a dielectric field, etc. The field 
of force then is characterized by having, at any point, a definite 
direction—the direction in which the force acts—and a definite 
intensity, to which the forces are proportional. 

Such fields of force can be graphically represented by lines 
showing the direction in which the force acts: the lines of force 
and, at right angles thereto, the equipotential lines or surfaces, 
as the direction in which no force acts. Thus the lines of gravita¬ 
tional force of the earth are the verticals, the equipotential sur¬ 
faces, or level surfaces, are the horizontals. Such pictures of a 
field of force also illustrate the intensity: where the lines of force 
and therefore the equipotential lines come closer together, the 
field is more intense, that is, the forces greater. 



Fig. 46.—A mathematical plot of field.s hIiowii in C. 


Magnetic fields may be demonstrated by iron filings brought 
into the field; dielectric fields by particles of a material of high 
specific capacity, such as mica. Pig. 45 shows the dielectric 
field of a pair of parallel conductors, the magnetic field between 
these conductors, and their combination. Fig. 46 shows the same 
as calculated. 

As further illustration. Fig, 47 shows, from observation, half 
of the dielectric field between a rod with circular disc, as one 
terminal, passing symmetrically through the center of a cylinder 
placed in a circular hole in a plate as other terminal: the 
lines of force pass from terminal to terminal; the equipotential 
surfaces intersect at right angles (A 10,292). 

91. In electrical engineering we have to deal with the electrical 
quantities: voltage, current, resistance, etc.; the magnetic quan- 
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titles: ma^j;netic flux, fk^ld int(‘usit3% perm(‘ability, (dr*.; arirl Ihrfli- 
electric quantiiir^srdk^lcvt.rir^ flux, firdd itit(*nsity, iHuanit t ivif \\ «dr. 

The elcKitric eurrruii is ihivm(i(fnetom()t/ir forrr p' \vhi(*h prfidiif*f*M 
the magnetic field, acting u])()ti spaca^ It is (*xpn‘ss(‘d in ampnrrs, 
or rather in ampen^-turns, and tlms is an c‘l(*('trical {|uantil \\ 



Fig. 47.—ObwTvecI diflecttric* fiidcl. 


unit being determined by the unit of current, an the anrifM*re*luni 
equal to 10““^ abBohite unitH, 

^ The magn()tomDtiv(^ force per unit length of the miigiietJe 
prcuit then ia the magmtizing force, or mtgmdic grrmlirmf L 
in ampere-turnB per centiineter, hence still an eh^etricn! f|Ufiiitiiy/ 
Proportional tinjreta, and of the same dimeiwkjii, in ifi,® 
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magnetic field inte/mity H. It differs from the magnetic gnulic‘iit 
merely by a numerical factor 4 tt;// = 4^/10“™h Magiu^tic fn'ld 
intensity is a magnetic quantity, jukI its unit (khiiKul by thc^ 
magnetic forces exerted in the field, thus diffenuit from th(^ unit 
of magnetic gradient, which is (letormiiuul by tlu^ unit of (‘h^etric- 
current; hence the factor 4 tt. The facd^or 10 m(u*ely nuliKu^s 
from amperes to absolute unit. 

If then g is the magnetic conductivity of th<^ mat(u*ia.l In tfu^ 
magnetic field, called its 'permeability^ H = iill is tlu^ magmd.ic*. 
flux density, and the total magncd.ic flux is giv(m by (-hc‘. 
density B times the area or section of the flux. 

Or, passing directly from the magn(d,omotiv(‘, fonu^ F to tlu^ 


magnetic flux, by the conception of the magn(d.i(! c.irc.uit: d> 

where R is the magnetic resistance, or reluctance of th<^ magncdic. 
circuit. 

R is an electric quantity, and does not e,ontain tlx^ 4 ?r. 

In the dielectric held, the potential diffcsnuicc*. e is thr^ (‘I(K^trO“ 
motive force expressed in volts. The ehudromotivci forces, per 
unit length of the dielectric circuit is tlie electrifying force or 
voltage gradient or dielectric gradient g, (^xpreswul in volt-s pen* 
centimeter. This is still an electric quantity. 

Proportional thereto by a numerical facd»or is thc^ di<d(a*tric 


quantity: dielectric field intensity A" = . ^ and if fc Is thc^ 

dielectric conductivity of the medium in the di(‘ic‘,ctri(^ fiedd, 
called ^pea^c capac% or perrmUivity, the dielectric Jinx dcnHiiy is 
D = kK, and the total dielectric jinx is flux density tim<*H area. 

Here again, at the transition from the elcud.ric ciuauiity 
^'gradient'^ to the dielectric quantity “field inierwity/’ a numer¬ 
ical factor 4 enters, the one quantity bcniig hasc^l on tlic^ volt 
as unit, the other on unit force action, v is the velocity of light, 
3 X 10^®, and the factor the result of the convemtion of asmim- 
ing the permittivity of empty space as unity. 

It is now easy to remember, wheu'e in the cd(ud,romagrH4.ic 
system of units the factor 47r emte^rs: it is at the traiiHiticm from 
the electrical quantities to the magnetic or dicdectric (|Uiinliiies, 
from gradient to field intensity. 

92 . The dielectric field and the magnetic field arc^s aniil^^gotw, 
and to magnetic flux, magnetic fiekl intensity, permeability, m 
used in dealing with magnetic circuits, corrc^sponcl the terms 
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dielectric flux, dielectric field intensity, permittivity, as used in 
dealing with the electrostatic fields of high potential apparatus, 
as transmission insulators, transformer bushings, etc. The fore¬ 
most difference is that in the magnetic field, a line of force must 
always return into itself in a closed circuit, while in the electro¬ 
static or dielectric field, a line of force may terminate in a con¬ 
ductor. The terminals of the lines of electrostatic flux, T at the 
conductor, then are represented by the conception of a quantity 
of electricity or electric charge, Q, being located on the con¬ 
ductor. Thus, at the terminal of the line of unit dielectric flux, 
unit electric quantity is located on the conductor. 

Dielectric flux T and electric quantity or charge Q thus are 
identical, and merely different conceptions of the dielectric 
circuit: 

Q = T. 

In using the conception of electric quantity Q, we consider 
only the terminals of the lines of dielectric flux, that is, deal 
merely with the effect of the dielectric flux on the electric circuit 
which produced it. This conception is in many cases more 
convenient, but it necessarily fails, when the distribution of the 
dielectric flux in the dielectric field is of importance, such as is the 
case when dealing with high dielectric field intensities, approach¬ 
ing the possibility of disruptive effects in the field of force, or 
when dealing with the effect produced by the introduction of ma¬ 
terials of different permittivity into the dielectric field. There¬ 
fore, with the increasing importance of the dielectric field in 
engineering, the conception of electric quantity, or charge, is 
gradually being replaced by the conception of the dielectric flux 
and the dielectric field, analogous to the magnetic field, which 
has replaced the previous conception of '^magnetic poles.^^ 

20. NOMENCLATURE 

93. The following nomenclature and symbols of the quantities 
most frequently used in electrical engineering appears most 
satisfactory, and is therefore recommended. It is in agreement 
with the Standardization Rules of the A. I. E. E., but as far as 
possible standard letters have been used, and script letters avoided 
as impracticable or at least inconvenient in writing and still 
more in typewriting. Therefore F has been chosen for m.m.f., 
and dielectric field intensity changed to K. Also, a few symbols 
not contained in the Standardization Rules had to be added. 
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Table op Symbolb 


Hymbol 

Name 

Unit 

C'hiirjmtor 

E,e . 

Volta}i;() 

Volt 

J'lka'.trical 


Potential dirf(;r(^n(!(‘. 




Electromotive forcci 



/; i. 

Current 

Ampere 

El(‘<‘.tri(;al 

R,r . 

RcsiHtancc 

Ohm 

Ll(H‘,trical 

X . 

Ileaetanco 

Ohm 

El(H5trieal 

. 

Impedance 

Ohm 

Ml(H‘,tri<*,al 

g . 

Condu(!tanco 

Mho 

Pl(‘.c,trical 

6. 

SuBceptance 

Mho 

Lleetrical 

Y,y . 

Admittance 

Mho 

ICl(H‘.trieal 

P . 

Resistivity 

Ohm-centimeter 

Li(Hd.rieal 

y . 

Conductivity 

Mho-centimet(‘.r 

Kh‘(d;rical 

^. 

Magtietic flux 

Line; kiloline; rnc‘galin(‘ 

Magtietic 

B . 

Map;neti(5 density 

Lin(‘H p(*r cm.-; kilo- 

Magnetic 



liiu^H per cin.^ 


H . 

Magnetic fi(^ld inUm- 

Line,H per cin.^ 

Magnetkt 


sity 




Permeability (magnetic 


M agnc‘tic 


conductivity) 


/ . 

t Magruitic gradient 

ArnperevturnB p(*.r c.<mti- 

Lle.etrical 


' Magnetizing force 

meter. 


F . 

; Magncitomotive forc^e 

Ampere-i.urnH 

Ll(‘et,rical 

R . 

! Reluctance (rnagncd/ic 


Klee.trical 


j reeistance) 



L . 

Inductance 

Henry; milhciriry 

Magmatic 

M . 

; Mutual inductance 

Henry; millHuny 

Magnetic 

S . 

Self-inductance 

Henry; milheutry 

Magrudic 


Leakage inductance 



^,Q . 

j Dielectric flux 

Lines of dielectric force 

l)iel(»ctric 


Electric quantity or 

Ooulomlw 



charge 



D . 

Dielectric density 

Dieleetrie lines pvx cm.® 

Dielcfctric 

K . 

Dielectric field inten¬ 

(kiulomlm per ctn.^ 

DktlcHitrie 


sity 



k . 

Permittivity 


Dieka’tric 

i 

Specific capacity 




k 
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Symbol 


0 


a . 

P. V . 

W, w. .. . 

T,^ . 

/. 

/3 -. f 

a, T 

/... 


^Pablio of Symbols, donlinucd 


Natn(‘ 

Liiit, 

f’banu-tcr 

Dielec.tric 

Volts per centim(‘t(‘r 

Pdectrical 

Voltaic, gradient 



Electrifying force 



Capacity 

Farad; microfarad 

I)i(‘Iectn<* 

Power, effect 

Watt; kilowatt 

( i<*rienil 

Energy, work 

Joule; kilojoule 

Ck‘n<‘ral 

Ikunperaturci 

Degrees Centigrad<^ 

C lea oral 

Time 

Seconds 

Ckniend 

Time angle 

Degrees or radians 

1 (loaeral 

Space angle 

Degrees or radians 

1 (kaUTIll 

Frequency 

Cycles per second 

■ (Jenoriil 























PART 11 

SPECIAL APPARATUS 


INTRODUCTION 

1, By the direction of the energy traunmitted, dcHd.ric machiriCB 
have been divided into generators and motors. By (diara(^t(‘r 
of the electric power they have b(xni {HstinguislKjd as direct- 
current and as alternating-curnuit apparatus. 

With the advance of ele<ttri(tal engineciring, liow(^V(‘r, these 
subdivisions have become unsatisfactory and insuflicicuit. 

The division into generators and motors is not ba,s(‘d on any 
characteristic feature of the apparatus, and is thus not rational. 
Practically any electric generator can b(^ us(mI as motor, and 
conversely, and frequently one and tlie same*, ma(dun<^ is uscmI for 
either purpose. Where a difference is rnadci in tlu^ construct.ion, 
it is either only quantitative, as, for insta,nce, in syncdironous 
motors a higher armature reaction is oftcui ust^l Bian in synchro¬ 
nous" generators, or it is in minor feiitures, as dinH'd-currcuit motors 
usually have only one field winding, (uthcjr shunt or Hcu’icis, whiles 
in generators frequently a compound fiedd is cunploycnl. Furtheu*- 
more, apparatus have been introduccul whi(dii ant tutither motors 
norgenerators, as the synchronous machirut prodiudng watthtss lag¬ 
ging or leading current, etc., and the difhtntnt typets of (tonvetrters. 

The subdivision into direct-curntnt and altenuitiug-current 
apparatus is unsatisfactory, since it includc^s in tint samet class 
apparatus of entirely different charaebtr, as But induction motor 
and the alternating-current generator, or th<t ctotiHiant-pf)t(tntial 
commutating machine and the ntettifying ant light machine. 

Thus the following classification, basetd on thet (duiractctrlstic 
features of the apparatus, as adopUtd hy tint A. I. 11.11. Ktandard- 
izing Committee, is used in the following dismiHsion. It refers 
only to the apparatus transforming bitiwcKm (dcutiric atid (dctciric 
and between electric and inechanictal powfu*. 

1st. Commutatirm irmchinc^j consisting of a magiudic, field and 
a closed-coil armature, conuocU^d with a mulfci-sctgrncntal 
commutator. 
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2d. Synchronous machines, consisting of a undirectional mag¬ 
netic field and an armature revolving relatively to the mag¬ 
netic field at a velocity synchronous with the frequency of the 
alternating-current circuit connected thereto. 

3d. Rectifying apparatus, that is, apparatus reversing the direc¬ 
tion of an alternating current synchronously with the frequency. 

4th. Induction .machines, consisting of an alternating mag¬ 
netic circuit or circuits interlinked with two electric circuits or 
sets of circuits moving with regard to each other. 

5th. Stationary induction apparatus, consisting of a magnetic 
circuit interlinked with one or more electric circuits. 

6th. Electrostatic and electrolytic apparatus as condensers and 
polarization cells. 

Apparatus changing from one to a different form of electric 
energy have been defined as: 

A. Transformers, when using magnetism, and as 

B. Converters, when using mechanical momentum as inter¬ 
mediary form of energy. 

The transformers as a rule are stationary, the converters 
rotary apparatus. Motor-generators transforming from elec¬ 
trical over mechanical to electric power by two separate machines, 
and dynamotors, in which these two machines are combined in 
the same structure, are not included under converters. 

2 , (1) Direct-current commutating machines as generators are 
usually built to produce constant potential for railway, incan¬ 
descent lighting, and general distribution. As motors commutat¬ 
ing machines give approximately constant speed—shunt motors 
—or large starting torque—series motors. 

When inserted in series in a circuit, and controlled so as to 
give an e.m.f. varying with the Conditions of load on the system, 
these machines are “ boosters,” and are generators when raising 
the voltage, and motors when lowering it. 

Commutating machines may be used as direct-current con¬ 
verters by transforming power from one side to the other side of 
a three-wire system. 

Alternating-current commutating machines are used as motors 
of series characteristic for railway and other varying speed service, 
or with shunt characteristic for constant speed and adjustable 
speed work, especially where high starting torque efficiency is 
required. They usually are of single-phase type. 

(2) While in commutating machines the magnetic field is 
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almost always stationary and the armature rotating; synchronous 
machmes were built with sUitionary fk^ld and r(‘,volving armature, 
or with stationary armature and revolving fkdd, or as inductor 
machines with stationary armature and stationary field winding 
but revolving magnetic circuit. Generally now tlie revolving 
field type is used. 

By the number and character of the alt(jrnating circuits con¬ 
nected to them they are single-phase or polyj)haso maednnes. 
As generators they comprise practically all singk^-phasci and poly¬ 
phase alternating-current gen(u*ators; as motors a veny important 
class of apparatus, the synchronous motorsj whi(‘.h are usually 
preferred for large powers, espcicially wIktc freciucuit starting 
and’considerable starting torque are not nec.vkuL Synchronous 
machines may be used as comyensalors or synchronous condensers^ 
to produce wattless curnuit, leading by ovc^r-excitation, lagging 
by under-excitation, or may be iis(hI as phase converters by opcu’at- 
ing a polyphase synchronous motor by oiu^ pair of terminals from 
a single-phase circuit. Th(i most important (dass of conveu’h^rs, 
however, are the synchronous commutating machinc^s, to which, 
therefore, a special chapter will Ixi (kivotcnl in the following. 

Inserted in series to anotlu^r synchronouB machincb or syncdiro- 
nous converter, and rigidly connectcMl theuxito, synchronous ma¬ 
chines are also occasionally used as l)ooHterH. 

Synchronous commutating machines contain a unidirectional 
magnetic field and a closed cir(;uit armatures (connected simul¬ 
taneously to a segmental direcd-cmrnnit commutator and by 
collector rings to an alternating circniit, g(nierally a polyphase 
system. Thus these machines (^an either reccavcj altcjrnating and 
yield direct-current powcT as synchronous convertc^rs or simply 
''converters/^ or receive dire(;t and yiedd altc^rnaiing-current 
power as inverted converters^ or driven by mcudianical powc^r 
yield alternating and dirc^et current as doublet-current generators. 
Or they can combine motor and gcuu^rator actiion with their 
converter action. Thus a combination is a syncdironous con¬ 
verter supplying a certain amount of mtHdianicial power as a 
synchronous motor. Usually, they convert from three-phase or 
single-phase alternating to dircct-cummt power. 

(3) Rectifying machines are aj^paratuH which by a syrudiro- 
nously revolving rectifying commutator mml the successive half 
waves of an alternating single-phase or polyphase circuit in the 
same direction into the receiving circuit. The most impor- 
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tant class of such apparatus wcrci the opeM-coil arc light ma¬ 
chines, They have i)!*actically supersedcKl by tlic^ mcnniry 
arc rectifier. 

(4) Induction machines are generally us(h 1 as p<>ly*“ 

phase or single-phase. In this case they run at practically 
constant speed, slowing down slightly with incu’c^asing; load. Ab 
generators the frequency of the e.m.f. supplicul hy thc*m difTc^m 
from and is lower than the frequency of rotation, hut theur operii- 
tion depends upon the phase relation of the ext(u*nal circtiit. Ah 
phase converters^ induction machines can be usckI in the sarnie 
manner as synchronous machines. Another oca^asionul uhc^ be¬ 
sides as motors is, however, frequency converters^ by chan|^iii|C 
from an impressed primary polyphase systcun to a necoridary 
polyphase system of different frequency. In this cnise, whcai low¬ 
ering the frequency, mechanical energy is also proclucaicl; whc^in 
raising the frequency, mechanical energy is ctonsumcicl. 

(5) The most important stationary induction, apparatus is tlie 
transformer j consisting of two electric ciremits interliiikcMl witf» 
the same magnetic circuit. When using the same or part of 
same electric circuit for primary.and secondary, thc^ traiiKformor 
is called an auto-transformer or compensator. When inHc^ried in 
series into a circuit, and arranged to vary the e.m.f., tiie 
former is called potential regulator or booster. 1410 variation cif 
secondary e.m.f. may be secured by varying the redaiive numbor 
of primary and secondary turns, or by varying the miituiil in¬ 
ductance between primary and secondary circuit, either 
trically or magnetically. The stationary induction iipparattJH 
with one electric circuit arc used for producing wattlem laggiri,^ 
currents, as reactors, reactive or choke coils. 

(6) Condensers and polarization cells produce wattlcHH leaclirijK 
currents, the latter, however, usually at a low effiedeney, witilft 
the efficiency of the condenser is extremely high, frec|U€mtly 
above 99 per cent.; that is, the loss of power is less than 1 per eeii t. 
of the apparent volt-ampere input. 

Unipolar, or, more correctly, non-polar or acyclic machinem 
are apparatus in which a conductor cuts a continuous miignetic 
field at a uniform rate. They have not become of industrial 
importance. . 

Eegarding apparatus transforming between electric energy 
and forms of energy differing from electric or mechanical energy : 
The transformation between electrical and chemical energy i® 
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represented by the primary and secondary battery and the el(x> 
trolytic cell; the transformation between electrical and h(\at 
energy by the thermopile and the elecstric heater or (do(d-ri(i fur¬ 
nace; the transformation between electrical and light energy by 
the incandescent and arc lamps. 

In the following will be given a general diHcaisHion of the charac;- 
teristics of the most frequently used and therefore^, most impor¬ 
tant classes of apparatus. 

A further discussion and calculation of thes(i ai)paratus is giv(‘n 
in "‘Theory and Calculation of Alternating Current PlKmonKuia/^ 
while a discussion of those characteristics and inodific^ations of 
these apparatus, which, though important, are kiss frequcintly 
met, and a discussion of the nunuirous kiss common typcis of 
apparatus, which could not behncliukid in th(i following, is givcin 
in “Theory and Calculation of Electrical Apparatus.’^ 

Some important features, as the nature of th(i niactatuie of 
apparatus, mechanical magnetic forces, wav(i shajKi disi-ortions 
caused by some features of design, in af)paratus, (itc., arc dis¬ 
cussed in “Theory and Calculation of Electric Circuits.’’ 
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I. General 

3. The most important class of alternating-current apparatus 
consists of the S 3 mehronoiis machines. They comprise the 
alternating-current generators, single-phase and polyphase, the 
synchronous motors, the phase compensators, the phase con¬ 
verters, the phase balancers, the synchronous boosters and the 
exciters of induction generators, that is, synchronous machines 
prodiiciog wattless lagging or leading currents, and the con¬ 
verters. Since the latter combine features of the commutating 
machines with those of the synchronous machines they will be 
considered separately. 

In the synchronous machines the terminal voltage and the 
generated e.m.f. are in synchronism with, that is, of the same 
frequency as, the speed of rotation. 

These machines consist of an armature, in which e.m.f. is 
generated by the rotation relatively to a magnetic field, and a 
continuous magnetic field, excited either by direct current, or by 
the reaction of displaced phase armature currents, or by per¬ 
manent magnetism. 

The formula for the e.m.f. generated in synchronous machines^, 
commonly called alternators, is 

E — '\/27rfn^ = 4.44 

where % is the number of armature turns in series interlinked 
with the magnetic flux i> (in megalines per pole), f the frequency 
of rotation (in hundreds of cycles per second), E the e.m.f. gen¬ 
erated in the armature turns. 

This formula assumes a sine wave of e.m.f. If the e.m.f. 
wave differs from sine shape, the e.m.f. is 

E = 4.44 

2 \/2 

where y = form factor of the wave, or-times ratio of effect- 

W 

ive to mean value of wave, that is, the ratio of the eflfective 
value of the generated e.m.f. to that of a sine wave generated 
by the same magnetic flux at the same frequency. 
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The form factor y depends upon the wave shape of the gener¬ 
ated e.m.f. The wave shape of e.m.f. generated in a single vmi- 
ductor on the armature surface is identical with that of liie ilis- 
tribution of magnetic flux at the armature surface ami will be 
discussed more fully in the chapter on eommutatiiig machines. 
The wave of total e.m.f. is the sum of the waves of e.m.f. in the 
individual conductors, added in their proper phase relation, as 
corresponding to their relative positions on the armature surface. 

4. In a y or star-connected three-phase maeiiine, if Eq = 
e.m.f. per circuit, or Y or star e.m.f.j T = Eo \ 3 is the e.m.f. 
between terminals or A (delta) or ring e.m.f., since two e.m.fs. 
displaced by 60 degrees are connected in series between terminals 
(\/3 = 2 cos 30""). 

In a A-connected three-phase machine, the e.m.f. per circuit 
is the e.m.f. between the terminals, or A e.m.f. 

In a F-connected three-phase machine, the current per circuit 
is the current issuing from each terminal, or the line current, or 
Y current. 

In a A-connected three-phase machine, if fo = current per 
circuit, or A current, the current issuing from each terminal, or 
the line or Y current, is 

J = ioVi. 

Thus in a three-phase system, A current and e.m.f., and Y 
current and e.m.f. (or ring and start current and e.m.f. respect¬ 
ively), are to be distinguished. They stand in the proportion 
1 V3. 

As a rule, when speakdng of current and of e.m.f. in a three- 
phase system, under current the Y current or current per line, and 
under e.m.f. the A e.m.f. or e.m.f. between lines is understood. 

6. While the voltage wave of a single conductor has the same 
shape as the distribution of the magnetic flux at the armature 
circumference and so may differ considerably from a sine, that 
is, contain pronounced higher harmonics, the terminal voltage 
is the resultant of the waves of many conductors, and, especially 
with a distributed armature winding, shows the higher harmonics 
in a much reduced degree; that is, the resultant is nearer sine 
shape, and some harmonics may be entirely eliminated in the 
terminal voltage wave, though they may appear in the voltage 
wave of a single conductor. Thus, for instance, in a three-phase 
Y-connected machine, the voltage per circuit, or F voltage, may 
contain a third harmonic and multiples thereof, while in the 
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Toitage between the termiiiais this third harmonic is eliminated. 
The voltage between the terminals is the resultant of tw "0 ^ 
voltages, displaced from each other by 60 degrees. Sixty de¬ 
grees for the fundamental, however, is 3 X 60° = 180°, or oppo¬ 
sition for the third harmonic; that is, the third harinoaics in 
those two Y voltages, which combine to the delta or termimal 
voltage, are opposite, and so neutralize each other. 

Even in a single turn, harmonics existing in the magnetic fiold 
and thus in the single conductor can be eliminated by fractional 
pitch. Thus, if the pitch of the armature turn is not 180 de¬ 
grees, hut less hy^~j the e.m.fs. generated in the twm conductors 

of a single turn are not exactly in phase, but differ by ^ of a h^lf 

wave for the fundamental, and thus a whole half wave for t>lie 
nth. harmonic, so that their ?ith harmonics are in opposition amd 
thus cancel. Fractional pitch winding of a pitch deficiency of 

- thus eliminates the nth harmonic: for instance, with 80 por 
n 7 7 IT- 

cent, pitch, the fifth harmonic cannot exist. 

In this manner higher harmonics of the e.m.f. wave can. "be 
reduced or entirely eliminated, though in general, with a dis¬ 
tributed winding, the wave shape is sufficiently close to sine 
shape without special precaution being taken in the design- 

II. Electromotive Forces 

6. In a synchronous machine we have to distinguish between 
terminal voltage E, real generated e.m.f. Ei, virtual generated 
e.m.f. F 2 , and nominal generated e.m.f. Eq. 

The real generated e.m.f. Ei is the e.m.f. generated in. the alter¬ 
nator armature turns by the resultant magnetic flux, or ma,g— 
netic fiux interlinked with them, that is, by the magnetic fl'-ux: 
passing through the armature core. It is equal to the termiaial 
voltage plus the e.m.f. consumed by the resistance of the arma¬ 
ture, these two e.m.fs. being taken in their proper phase relation; 
thus 

= E +■ Jr, 

where I = current in armature, r = effective resistance. 

The virtual generated e.m.f. E 2 is the e.m.f. which would be 
generated by the flux produced by the field poles, or flux coxr^e- 
spor^jling to the resultant m.mi., that is, the resultant of ttie 
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m.m.fs. of field excitation and of armature reaction. Since ti!t* 
magnetic flux produced by the aimatiire, or flux of ariiniiiire 
self-inductance, combines with the field flux to the resultant tliix. 
the flux produced by the field poles docs not pass through 
armature completely- and the virtual e.m.f. and the real gener¬ 
ated e.m.f. differ from each other hy the e.mi. of armature self- 
indnctance; hut the Tirtual generated e.m.f., as \TeiI as the e.m.f. 
generated in the armature by^ self-iiiduetance, have no real and 
independent existence, but are merely fictitious components of 
the real or resultant generated e.m.f. Ei. 

The virtual generated e.m.f. is 

= El A jdx, 


where x is the self-inductive armature reactance, and the e.m J 
consumed by self-inductance Ix is to be combined with the real 
generated e.m.f. Ei irrthe proper phase relation. 

7. The nominal generated e.m.f. Eo is the e.m.f. w’hich would 
be generated by the field excitation if there were neither seif- 
inductance nor armature reaction, and the saturation were the 
same as corresponds to the real generated e.m.f. It thus clocks 
not correspond to any magnetic flux, and has no existence at all, 
but is merely a fictitious quantity, which, however, is very useful 
for the investigation of alternators by allowing the combination 
of armature reaction and self-inductance into a single effect by 
a (fictitious) self-inductance or synchronous reactance r©. The 
nominal generated e.m.f. would be the terminal voltage with 
open circuit and load excitation if the saturation cuiv^e were a 
straight line. 

The synchronous reactance xo is thus a quantity combining 
armature reaction and self-inductance of the alternator. It is 
the only quantity which can easily be determined hy experiment 
by running the alternator on short circuit with excited field. If 
in this case Jo = current, Po = loss of power in the armature 
coils, Po = e.m.f. corresponding to the field excitation at open 

E P 

circuit, y“ = ; 2 a is the synchronous impedance, = r© is the 

iO J-Q 

effective resistance (ohmic resistance plus load losses), and 




ro^ 


the synchronous reactance. 


In this feature lies the importance of the term 
generated Po, 


^nominal 


Eq = El + jlxQj = E + Cr +jx) I 
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the terms being combined in their proper phase relation. In a 
polyphase machine, these considerations apply to each of the 
machine circuits individually. 

III. Armature Reaction 

8. The magnetic flux in the field of an alternator under load 
is produced by the resultant m.m.f. of the field exciting current 
and of the armature current. It depends upon the phase rela¬ 
tion of the armature current. The e.m.f. generated by the field 
exciting current or the nominal generated e.m.f. reaches a maxi¬ 
mum when the armature coil faces the position midway between 



GENERATOR . MOTOR 


Fig. 48. —Model for study of armature reaction. Armature coils in position 
of maximum current. 

the field poles, as shown in Fig. 48, A and A', Thus, if the 
armature current is in phase with the nominal generated e.m.f., 
it reaches its maximum in the same position A^ACoi armature 
coil as the nominal generated e.m.f., and thus magnetizes the 
preceding, demagnetizes the following magnet pole (in the di¬ 
rection of rotation) in an alternating-current generator A; 
magnetizes the following and demagnetizes the preceding mag¬ 
net pole in a synchronous motor A' (since in a generator the 
rotation is against, in a synchronous motor with the magnetic 
attractions and repulsions between field and armature). In 
this case the armature current neither magnetizes nor demag¬ 
netizes the field as a whole, but magnetizes the one side, demag- 
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Hetizes the other side of each field pole, and thus merelv distort.s 

the magaetic field. ^ 

9. If the armature curreat lags behind the nominal generated 
e.mi., it reaches its maximum in a position vliere the armature 
coil already faces the next magnetic pole, as shown in Fig. 48, 
B and B\ aad thus demagnetizes the field in a generator 
magnetizes it in a synchronous motor 

If the armature current leads the nominal generated e.in.f., 
it reaches its maximum in an earlier position, -while the arma¬ 
ture coil still partly faces the pre¬ 
ceding magnet pole, as shown in ^ 

Fig. 48, C and C', and thus mag- ' 
netizes the field in a generator, Fig. \ 

48, C, and demagnetizes it in a syn- f 

chronous motor C\ • r 

With non-inductive load, or with / J 

the current in phase with the ter- / J 

minal voltage of an alternating- / i 

current generator, the current lags / i 
behind the nominal generated e.m. 1, / 1 

due to armature reaction and self- / 1 

inductance, and thus partly de- / 1 

magnetizes; that is, the voltage is ^ 
lower under load than at no load \ 1 

with the same field excitation. In \ ® 

other words, lagging current demag- 
netizes and leading current magne- 

tizes the field of an alternating-cur- . 

, , , - ... Fio. 49.— Diagram of m.m Js. m 

rent generator, while the opposite is loaded generator. 

the case with a synchronous motor. 

10. In Fig. 49 let OF = F == resultant m.m.f. of field exci¬ 
tation and armature current (the m.m.f. of the field excita¬ 
tion being alternating with regard to the armature coil, due to 
its rotation) and 9 2 the lag of the current I behind the virtual 
e.m.f. E 2 generated by the resultant mm.f. 

The virtual e.m.f. lags in time 90 degre es be hind the result¬ 
ant flux of OF, and is thus represented b y OB ^ in Fig. 4^, and 
the m.m.f . of t he armature current F» ^ OF«, lagging by angle 
62 behind OFg. The resultant m.m.f. OF is the dia gonal of the 
parallelogra m w ith the component m.m.fs. OF^ — armature 
m.m.f. and OFq = total impressed m.m.f. or field excitation, as 
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sides, and from this construction OF o is found. OF o is thus 
the position of ihe field pole with regard to the armature. It 
is trigonometrically, 

Fo = + + 2FF,sin02. 

If I = current per armature turn in amperes effective, n = 
number of turns per pole in a single-phase alternator, the arma¬ 
ture reaction is Fa = nl ampere-turns effective, and is pulsating 
between zero and nl 

In a quarter-phase alternator with n turns per polo and 
phase in series and I amperes effective per turn, the armature 
reaction per phase is nl ampere-turns effective and nl 
ampere-turns maximum. The two phases magnetize in ciuad- 
rature, in phase and in space. Thus, at the time i, correspond¬ 
ing to angle Q after the maximum of the first phase, the m.m.f. 
in the direction by angle 6 behmd the direction of the magnetiza¬ 
tion of the first phase isnI\/2 cos^ 6 . The m.m.f. of the second 
phase is nl \/2 sin^ d; thus the total m.m.f. or the armature 
reaction Fa = nl V2? and is constant in intensity, but revolves 
synchronously with regard to the armature; that is, it is station¬ 
ary with regard to the field. 

In a three-phaser of n turns in series per pole and phase and 
J amperes effective per turn, the m.m.f. of each phase is nl \/2 
ampere-turns maximum; thus at angle 6 in positon and angle d 
in time behind the maximum of one phase; 

The m.m.f. of this phase is 

nl \/2 cos^ 6 , 

The m.m.f. of the second phase is 

nI\/2 cos^ {6 -|- 120) = nI\/2 ( — 0.5 cos 6 — 0.5 sin Oy. 

The m.m.f. of the third phase is 

nl V2 cos2 (e -1- 240) = V2 ( - 0.5 cos 6 + 0.5 \/S sin sy. 

Thus the total m.m.f. or armature reaction. 

Fa = nl ^/2 (cos2 d -h 0.25 cos^ 6 -b 0.75 sin^ ,d + 0.25 cos^ 0 
+ 0.75 sin2 0) = 1.5 nl V2, 

constant in intensity, but revolving synchronously with regard 
to the armature, that is, stationary with regard to the jfield. 
These values of armature reaction correspond strictly only to 
the case where all conductors of the same phase are massed 
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together in one slot. If the conductors of ea.ch phase are dis- 
tribufcai ox^er a gre^ater part of tlui armature surfacaj, th(i values 
of armature rcuiction have to b(i multiplied by the average cosine 
of tine total auglct of spnuul of (‘ach phase. 

11 . T!h^ singl(‘-phas(i machine thus differs from the poly¬ 
phase machines: in tlH‘ lattcn, on balanced load, the ajanaturc 
redaction is <*onstun1, whil(‘- in th<‘ singhvplnise machiru^ the 
arniature n*acticm and th{!r(*!)y the n^sultant m.m.f. of field and 
armature is pulsating. The pulsation of tlie n^sultant m.m.f. 
of the single-phase macdubu^ causes a pulsation of its magiK'tic 
field und(‘r load, of doubhi frinpuany, whi(di gtuuu’aUiS a third 
harmonic (jf cmh.L in ihcj armatun* coii<lu(*,i()rs. In ma(diines 
of high armature! reaction, as sicuim-turhincMlriven singl(‘-pha,se 
alternators, thc^ pulsation of tlu! magru^tic ficdd may Ix! sufnei(mfc 
to cause* HCTious emergy Iohs(‘h and he^ating by eddy curreujts, 
and thus has to Ih* cheu’kcul. This is usually done by a sepiirnd- 
cage induction machine* winding in ih(! fi(‘ld i)oI(* faces, or l>y 
Hhort-circuiled comimdors laid in th(! pok* faces in clcetnkjal 
spa<’<! ejuadrature* ti> tlic! field coils. In 
these eondiictors, scaamdary currents 
of doufde fnafucaicy arc! produced 
which ecpialize the resultant m.m.f. 
of the machine. 

IV. Self-mductance 

12. The effect of Helf-indueianee is 
similar to that of armature reaction, 
and depeiids u|xni the phase relation in iojwicd generaior. 
in the same iniinnc^r. 

If Ml = rctal gemerated voltage, 0i = lag of eurnmt Ixdiind 
generated voltage Ah, tiie magnedh? flux producial by the arma¬ 
ture curnmt I in in phase! with thc! current, and thuH tlu! countcjr 
e.m.f. of Hfdf-indiic.tiinee is in cpiadrature behind tlu! cum^nt, and 
therefore thc! e.m.f. (wmumcal by self-inductance is in cpiadraturc 
aliead of thc! current. Thus in Fig. 50, dc^not.ing OAh — Ah the 
generatcal e.m.f., the current is 01 = J, lagging Ot bcehind OEt^ 
the e.m.f. consumed by self-in(luctan(!e is 90 dc‘gr(!C!H ahead 

of the current, and the virtual gem*raU*(l e.m.f. Ah, is the r<‘Huliant 
of OEi and OE^u Ab seen, the diagram of of s<df-induc- 

tance is similar to the diagram of man.fB. of armature reaction. 



1 
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13. From this diagram we get the effect of load and phase re¬ 
lation upon the e.m.f. of an alternating-current generator. 

Let E = terminal voltage per machine circuit; 

I = current per machine circuit, 
and d = lag of the current behind the terminal voltage. 

Let r = resistance, 

X = reactance of the alternator armature. 



1 


Fig. 51. —Diagram showing combined effect of armature reaction and arma¬ 
ture self-inductance. 

Then, in the vector diagram. Fig. 51, 

OE = E, the terminal voltage, assumed as zero vector. 

01 = I, the current, lagging by the angle EOI = 0. 

^ The e.m.f. consumed by resistance is OE\ = /r in phase with 
07. _ 

The e.m^ consumed by reactance is OE '2 = Ix, 90 degrees 
ahead of 07. 

The real generated e.m.f. is found by combining OE and 0E\ to 

OEi = El, 
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The virtual generated e.m.f. is OEi and OE '2 combined to 


OE2 — E2- 

The m.m.f. required to produce this e.m.f. E 2 is OF = F, 



Fig. 52. —Diagram of generator e.m.fs. and m.m.fs. for non-reactive load. 


90 deg. ahead of OE 2 , It is the resultant of the armature m.mi. 
or armature reaction and of the impressed m.m.f. or field excita¬ 
tion. The armature m.m.f. is in phase with the cur¬ 
rent J, and is nl in a single-phase machine, n \/2 1 
in a quarter-phase machine, 1.5 nl in a three- 
phase machine, if n = number of armature turns per 
pole and phase. The m.m.f. of annature reaction is 
represented in the diagram by OF a of Fa in phase 
mth 01, and the impressed m.m.f. or field excitation 
OFo = Fq i^he side of a parallelogram with OF as diag¬ 
onal and OF a as other side; or, the ni.nnfi consumed 
by armature reaction is repres ente d by OF^a = Fa in 
' opposition to 07. Combining 07"a and OF gives OFo 
== Fo, the field excitation. 



Fig. 53.—Diagram of generator, 
e.m.fs. and m.m.fs. for lagging reac¬ 
tive load. Power-factor 0.50. 


Fig. 54.—Diagram of generator 
e.m.fs. and m.m.fs. for leading reac¬ 
tive load. Power-factor 0,50. 
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In Figs. 52, 53, 54 are drawn the diagrams for 0 == zero or 
non-inductive load, 0 = 60 degrees, or 60 degrees lag (inductive 
load of power-factor 0.50), and 0 = —60 deg., or 60 deg. lead 
(anti-inductive load of power-factor 0.50). 

Thus it is seen that with the same terminal voltage E a much 
higher field excitation, Fo, is required with inductive load than 
with non-inductive load, while with anti-inductive load a 
much lower field excitation is required. With open circuit 
the field excitation required to produce the terminal voltages 
E 

E would be F = Foo; or less than the field excitation Eq with 
non-inductive load. 

Inversely, with constant field excitation, the voltage of an al¬ 
ternator drops with non-inductive load, drops much more with 
inductive load, and drops less, or even rises, with anti-inductive 
load. 


V. Synchronous Reactance 

14. In general, both effects, armature self-inductancc and 
armature reaction, can be combined by the term ''synchronous 
reactance. 



In a polyphase machine, the synchronous reactance is different, 
and lower, with one phase only loaded, as "single-phase synchro¬ 
nous reactance,'' than with all phases uniformly loaded, as ^^poly¬ 
phase synchronous reactance." The resultant armature reac- 
tion of all phases of the polyphase machine is higher than that 
with the same current in one phase only, and so also the self- 
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inclu(;tiv(‘ flux, as rusultaul fiux of S(‘V(‘ral ])has(ss, and i.lius n^p- 
rcsents a high(‘r .syiudironous rcaudaiHaa 

Lc*f r = <‘fTcMdivo n\sistanr(‘, 

X() = Kyiadironous naiotauna of annafur(‘, as <lis(aiss(al in 
Sued ion IL 

Led li = tenanina! voltage*, 

/ - (‘urront, 

0 — angle* of lag of th(t curretnt^ l)C‘hind tiie* l.(a*inina,l vol¬ 
tage*. 

It is in vea^tor eliagrani, Fig. 

OE E - te*rniina! voltago assuinesd as zetro v(*(d.or. OJ 



Fiea 57.—Diagram of ge*w*mtcjr Feo. 5K/-' ningrarn eif geaHaaita- 
<Mti.fn.showingfdWicif KViHdiromaw eoniJn. Allowing edTiad. nf Hvnedirn* 
nau'tiinro with lagging riiiic'tive* hiad, rinuH retitidiifirf with inacHiig rt*iudiv«? 
0 - tK) degrtais. haul 0 -"00 «h*grea!H. 

I ■■= eaimait la.gging hy I he* angle* A’O/ ':■?» 0 bediind thet ieu’ininal 
voltagcu 

f)E\ = Ir Ls tho fMii.f. nonsurnea! l^y re*HiHl ance», in phases 
with (H, arnl OK'o Ixu lh<*i*.in.f. ctonamncal t^y the; Hyrudironous 
roantanre*, !MI elngrooH ahoad of ihet riirrenii O/. 

()E\ and 0/s\ caimbiniut give OE^ - E^ ilu* (Mn.f. c!onHunHHl 
by thc! syiiobronoiiH ini|Hulatu'eo 

Cbniliiruiig DF/j, O/s'givc*H Ihet noniinid geaio-raicat CMri.L 
OEii = E^f oorrvHponditig to tin* fiede! nxrit.ation Fn. 

In Figs. 51b 57, 58, iiri* shown tin* diagriuim for // - 0 or rion- 
induedivn load, 0 - CM) dogrea^H lag or indind.ivet haul, and 0 - 
•™“fK) dogrooH or arili-indiicdivo load. 

liosolving all cainiH. into ooni|KnnHitH in phaw! and in epiiid- 
riiture with the eurreni, or into power and reactive coniponeiits, 
in symbolic expression we have: 
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the terminal voltage E E cos 6 + jE sin 0] 

the e.m.f. consumed by resistance, E'l = ir; 

the e.m.f. consumed by synchronous reactance, E'o ~ + jixo, 

and the nominal generated e.m.f., 

Eq ~ E E\ 4“ E '0 = (E cos B -f" iT) -f- j (E sixi B -f- 


or, since 

cos 0 = p = power-factor of the load 


power current ^ 
total current V 


and 


g = \/l — = sin ^ = inductance factor of the load 

/ wattless current \ 

\ total current / ^ 


it is 


■ Eo = {Ep + ir) + j (Eq + ixo), 


or, in absolute values, 

Eo = V (Ep + ir)2 + (Eq +ixC'^; 

hence, 

E = 's/Eo^ — i^ {xqp — i (rp + Xq^. 

The power delivered by the alternator into the external cir¬ 
cuit is 

P = iEp] 

that is, the current times the power component of the terminal 
voltage. 

The electric power produced in the alternator armature is 
Fo = i (Ep + ir ); 

that is, the current times the power component of the nomi¬ 
nal generated e.m.f., or, what is the same thing, the current times 
the power component of the real generated e.m.f. 


VI. Characteristic Curves of Alternating-current Generator 

15. In Fig. 59 are shown, at constant terminal voltage F, the 
values of nominal generated e.m.f. Eo, and thus of field excitation 
Fo, with the current I as abscissas and for the three conditions, 

1. Non-inductive load, p = 1, g = 0. 

2. Inductive load of ^ = 60 degrees lag, p = 0.5, q == 0.866. 

3. Anti-inductive load of — ^ = 60 degrees lead, p = 0.5, 

q = -0.866. 



A'}- A CIIRONOfJ,^ MACHlRpi^i 




The values r = o.] j-,. _ r r., 

«urv» aro call,..! 

gcncralor. <>f the, nynchrmioux 



1458. 
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3. Anti-inductive load of 60 degrees lead, 

2 ) - 0.5, q = -0.866, E^ = 628. 

The values of Eo (and thus of Fo) are assumed so as to give 
E = 1000 a,t I — 100. These curves are called the regulation 
curves of the alternator, or the field characteristics of the syn¬ 
chronous generator. 

In Fig. 61 are shown the load curves of the machine, with the 



20 iO 60 80 lOO 120 110 1(30 180 200 220 240 200 280 AMP. 

Fig. 60.—Synchronous generator regulation curves. 


current I as abscissas and the watts output as ordinates corre^ 
sponding to the same three conditions as Fig. 60. From the 
field characteristics of the alternator are derived the open-cir¬ 
cuit voltage of 1127 at full non-inductive load excitation, which 
is 1.127 times full-load voltage; the short-circuit current 225 at 
full non-inductive load excitation, which is 2.25 times full-load 
current; and the maximum output, 124 kw., at full non-induct¬ 
ive load excitation, which is 1.24 times rated output, at 775 
volts and 160 amp. It depends upon the point on the field 
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characteristic at wlii(;ii tlie alt<;rnator works, whether it ttiuds 
to regulate for, that is, maintains, constant voltage, or constant 
current, or constant power, approxiinat(‘ly. 



VII. Synchronous Motor 

16. As seen in the preceding, in an altcTnating-curnmt gen¬ 
erator the field excitation reciuired for a given terminal voltage 
and current depends upon the phase ndation of the (•xternal 
circuit or the load. Inversely, in a synchronous motor t.hi! 
phase relation of the current into the armatun? at a given ter¬ 
minal voltage depends upon the field (‘xedtation and the load. 

Thus, if E = terminal voltage; or imi)reHS(Kl e.m.f., I current, 
9 = lag of current behind impnisscsl <;.m.f. in a syindironfHis 
motor of resistance r and synehronous r<;ac.tance Xo, the; polar 
diagram is as follows, Fig. 02. 

OE — _E is the t(;rminal voltage assumed gs zero veuitor. 
current 01 = J lags by the angle EOI « 9. 

The e.m.f. consumed by resistance is OE'i * Ir. 'I'he e.m.f. 
consumed by synchronous reactance, OE'n = Ixn. Thus, cum- 
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billing OE'i and OE'q gives OE', the e.m.f. consumed by the 
synchronous impedance. The e.m.f. consumed by the synchro¬ 
nous impedance WE' and the e.m.f. consumed by the nominal 
generated or counter e.m.f. of the synchronous motor OEo, 
combined, give the impressec^.m.f. OE. Hence OEo is one 
side of a parallelogram, with OE' as the other side, and OB as 
diagonal. OEoq (not shown), equal and opposite OEo, would 
thus be the nominal counter-generated e.m.f. of the synchronoils 
motor. 

In Figs. 63 to 65 are shown the polar diagrams of the syn¬ 
chronous motor for d = 0 deg., 0-60 deg., ^ — 60 deg. It 

is seen that the field excitation has to be higher with lead- 


E' 



Fig. 62.-—Vector diagram of Fig. 63.--Vector diagram of 
synchronous motor. synchronous m6tor. 0=0 

mg and lower with lagging current in a synchronous motor, 
while the opposite is the case in an alternating-current generator. 

Insymbohc representation, byresolving all e.m.fs. into power 
components in .phase with the current and wattless components 
m quadrature with the current i, we have; 

the terminal voltage, E = E ms d + jE sin 6 = Ep + jEq; 
the e.m.f. consumed by resistance, E'l = ir, 

= 4- jixo. 

thus the e.m.f. consumed by the nominal counter-generated 
e.m.f. IS ® 

E,==E-E\~ E'o = (E cos 6 - ir) + j (E sin d - ixo) 

- (Ep - ir) -f j (Eq - ix „); 
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or, in absolute values, 

Eq — \/(E (*os 6 ~ ir)^ + (Emi 0 — 

= ' n / {Ep — ir)'^ + {Eq — 

hence, 

E = i (rp + Xi^q) ± Eii^ — P {xup — ny)^. 
The power e,onsum<‘(l by th(‘, syiu^hronouH inot.or is 


P =z iE 'p; 

that is, t.lie eurniut iinK^s tlic powcir (;ompou(Uit of the imprcssscul 
e.m.L 



Fi(i. CH.'--VecU^rdiagrain of nyn- Fio. Bf*. -VcniUa diaKrarii of HyiHdinnieuM 

chronous inoter. 0 - r >0 (k^K- iiiDior. B —• *-00 <k‘|cri‘eH, 


The mechanical powc^r clelivc^red by t,h(^ synchronous motor 
armature is 

/>(, = i (^Ep •— tV); 

that is, the current times the power cannponinii of the, nominal 
counter-|j^enm'*ate(l e.m.f. Obviously to get the, available mechan¬ 
ical pc)wcr, the power consumcsl by me(diani(uil friction and hy 
molecular magnetic friction or hysic^rcHis, and the powetr of fa^ld 
(excitation, have! to he subtracted from this valine /^^ 


VIIL Characteristic Curves of Synchronous Motor 

17. In Fig. 66 are shown, at eoimtant imprcssial e.m.f. E, 
the nominal counter-generated e.mi. /4 and thus th«^ held 
excitation required, 

1. At no phases displacement, 0 » 0, or for the condition of 
minimum input; 
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2. For ^ = + 60, or 60 deg. lag: p = 0.5, g = + 0.866^ and 

3. For ^ = — 60, or 60 deg. lead: p = 0.5, q = — 0.866, 
with the current I as abscissas, the constants being 

r = 0.1, Xo = 5, and E = 1000. 

These curves are called the compounding curves of the syn¬ 
chronous motors. 

In Fig. 67 are shown, with the power output Pi = i (Ej? — ir) 
- (iron loss and friction) as abscissas, and the same constants 



iUf U o' T constant field excitation 

that IS, constant nominal counter-generated e.m.f. Eo - 1109 

7 ^ - 100), the vllee^of 

watt, a. trictaTcK^'lS, W 

charadmsttcs of the synchronous motor. 

In Fig. 68 are shown, with constant power output = jPq, 
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i (Ep — ir), and the same constants, r = 0.1, a;o = 5, £/ = 1000, 
and with the nominal counter-generated voltage Eo, that is, field 
excitation Fqj as abscissas, the values of current I for the four 
conditions. 


Po = 5 kw., or Pi = 0, or no load, 

Po = 50 kw., or Pi = 45 kw., or half load, 

Po = 95 kw., or Pi = 90 kw., or full load, 

Po = 140 kw., or Pi = 135 kw., or 150 per cent, of load. 



10 . 20 30 40 50 60 70 80 00 100 110 120 130 140 

Pig. 67.—Synchronous naotor load characteristics. 


Such curves are called phase characteristics of the synchronous 
motor. 

We have 

Po = iEp — Pr. 


Hence, 


Po + i^r 

V = g = V 1 


iE > ^ - V ^ - P ■ 
jEo = V {Ep — iry + (Eq — 


Similar phase characteristics exist also for the synchronous 
generator, but are of less interest. It is seen that on each of 
the four-phase characteristics a certain field excitation gives 
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minimum current, a lesser excitation gives lagging current, a 
greater excitation leading current. The higher the synchronous 
reactance xo, and thus the armature reaction of the synchronous 
motor, the flatter are the phase characteristics; that is, the less 
sensitive is the synchronous motor for a change of field excitation 
or of impressed e.m.f. Thus a relatively high armature reaction 
is desirable in a synchronous motor to secure stability, that is, 
independence of minor fluctuations of impressed voltage or of 
field excitation. 

19. The theoretical maximum output of the synchronous 
motor, or the load at which it drops out of step, at constant 
impressed voltage and frequency is, even with very high armature 
reaction, usually far beyond the heating limits of the machine. 



200 dlOO 600 800 1000 1200 1100 1600 1800 2000 

Fig. 6^—Synchronous motor phase characteristics. 


The actual maximum output depends on the drop of terminal 
voltage due to the increase of current, and on the steadiness or 
uniformity of the impressed frequency, thus upon the individual 
conditions of operation, but is as a rule far above full load. 

Hence, by varying the field excitation of the synchronous motor 
the current can be made leading or lagging at will, and the syn¬ 
chronous motor thus offers the simplest means of producing out 
of phase or wattless currents for controlling the voltage in trans¬ 
mission lines, compensating for wattless currents of induction 
motors, etc. Synchronous machines used merely for supplying 
wattless currents, that is, synchronous motors or generators 
running light, with over-excited or under-excited field, are called 
synchronous condensers. They are used as exciters for induc¬ 
tion generators, as compensators for the reactive lagging currents 
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of induction motors, for voltage control of transmission lines, 
etc. Sometimes they are called ^‘rotary condensersor 
^'dynamic condenserswhen used only for producing lead¬ 
ing currents. 

IX. Magnetic Characteristic or Saturation. Curve 

20. The dependence of the generated e.m.f., or terminal 
voltage at open circuit, upon the field excitation is called the 
magnetic characteristic, or saturation curve, of the synchronous 



1000 2000 3000 4000 5000 6000 7000 

Fig. 69.—Synchronous generator magnetic characteristics. 


machine. It has the same general shape as the curve of mag¬ 
netic flux density, consisting of a straight part below saturation, 
a bend or knee, and a saturated part beyond the knee. Gener¬ 
ally the change from the unsaturated to the over-saturated por¬ 
tion of the curve is more gradual; thus the knee is less pronounced 
in the magnetic characteristic of the synchronous machines, since 
the different parts of the magnetic circuit approach saturation 
successively. 

The dependence of the terminal voltage upon the field excita¬ 
tion, at constant full-load current through the amature into a 
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non-inductive circuit, is called the load saturation curve of the 

synchronous machine. It is a curve approximately parallel to 
the no-load saturation curve, but starting at a definite value of 
field excitation for zero terminal voltage, the field excitation 
required to maintain full-load current through the armature 
against its synchronous impedance. 

dF dE 

The ratio ~F ~E 

is called the saturation factor s of the machine. It gives the ratio 
of the proportional change of field excitation required for a change 

of voltage. The quantity 5 == 1 — - is called the percentage 

saiuration of the machine, as it shows the approach to saturation. 

In Fig. 69 is shown the magnetic characteristic or no-load 
saturation curve of a synchronous generator, the load satura¬ 
tion curve and the no-load saturation factor, assuming E = 
1000 ,1 = 100 as full-load values. 

In the preceding the characteristic curves of synchronous ma¬ 
chines were discussed under the assumption that the saturation 
curve is a straight line; that is, the synchronous machines working 
below saturation. 

21. The effect of saturation on the characteristic curves of 
synchronous machines is as follows: The compounding curve 
is impaired by saturation; that is, a greater change of field excita¬ 
tion is required with changes of load. Under load the magnetic 
density in the armature corresponds to the true generated e.m.f. 
El, the magnetic density in the field to the virtual generated 
e.m.f. E 2 . Both, especially the latter, are higher than the no- 
load e.m.f. or terminal voltage E of the generator, and thus a 
greater increase of field excitation is required in the presence of 
saturation than in the absence thereof. In addition thereto, due 
to the counter m.m.f. of the armature current, the magnetic 
stray field, that is, that magnetic flux which leaks from field pole 
to field pole through the air, increases under load, especially with 
mductive load where the armature m.m.f. directly opposes the 
field, and thus a still further increase of density is required in the 
field magnetic ^ circuit under load. In consequence thereof, 
at gh saturation the load saturation curve differs more from 
the no-load saturation curve than corresponds to the synchronous 
nnpedance of the machine. 
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The regulation becomes better by saturation; that is, the 
increase of voltage from full load to no load at constant field 
excitation is reduced, the voltage being limited by saturation. 
Owing to the greater difference of field excitation between no load 
and full load in the case of magnetic saturation, the improvement 
in regulation is somewhat reduced. 

X. Efficiency and Losses 

22. Besides the above described curves the efficiency curves 
are of interest. The efficiency of alternators and synchronous 
motors is usually so high that a direct determination by measuring 
the mechanical power and the electric power is less reliable than 



Fig. 70.—^Synchronous generator, efficiency and losses. 


the method of adding the losses, and the latter is therefore com¬ 
monly used. 

The losses consist of the following: the resistance loss in the 
armature; the resistance loss in the field circuit; the hysteresis 
and eddy current losses in the magnetic circuit; the friction and 
windage losses, and eventually load losses, that is, losses due to 
eddy currents and hysteresis produced by the load current in the 
armature. 

The resistance loss in the armature is proportional to the 
square of the current, I. 

The resistance loss in the field circuit is proportional to the 
square of the field excitation current, that is, the square of the 

nominal generated or counter-generated e.m.f., j!?o- 
10 
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The hysteresis loss is proportional to the 1.6th power of the 
real generated e.m.f., Ei = E ± Ir. 

The eddy current loss is usually proportional to the square of 
the generated E\. 

The friction and windage loss is assumed as constant. 

The load losses vary more or less proportionally to the square 
of the current in the armature, and should be small with proper 
design. They can often be represented by an “effective” arma¬ 
ture resistance. 

Assuming in the preceding example a friction loss of 2000 watts; 
an iron loss of 3000 watts, at the generated e.m.f. Ei = 1000; a 



resistance loss in the field circuit of 800 watts, at Eo = 1000 
and a load loss at full load of 600 watts. 

The loss curves and efficiency curves are plotted in Fig. 70 
or the generator, with the current output at non-inductive load 
^ abscissas, and in Fig. 71 for the synchronous motor, 
with the mechamcal power output as abscissas. 


Al. Unbalancing of Polyphase Synchronous Machines 

sinHlS'® discussion applies to polyphase as well 

generatedTm'f^‘'^“'^‘ PO^yP^ase machines the nomin 
^crated e.m.fs. or nominal counter-generated e.m.fs. are necf 

^y the same in all phases (or bear a constant relation to eaS 
)• Ihus m a polyphase generator, if the current or tl 


1 


1 
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phaso relation tla^ curnait is (lilTc^ranl in the (lifTtn’cnni. hranchnSj 
th(* tc'rininal VfiltaKc* must hcccunc* <lifT<*nmt also, mon‘ or 
'Phis is callc'cl the* unhalanc^inii; of the* |H)iyj)ha.s(' f»;{'nc‘rat.ur. It is 
<luc» to <iifTon‘ni load or load of difTor<ait iudu(*ianc(* fui’tor in ih(^ 
iliftVrant hranc’lii'H. 

InvorHC‘ly, in a polyphnsf* Hyiichnmous motor, if the* i(U’rninal 
volta|i;c*H of tlH‘ diffaremt hranc*h<‘H arc* imcH|ua,l, duo an unbal- 
anriuK ^1^^* polyphase* cirennt, tia^ syncdironouH motor takoH 
mem* eauTCuif or la^gin^ eairront from thc^ branch of Idglica* vol- 
tage*, anci thc*re‘by rc*el!H‘<‘H its vedtage*, and tak<*s h*Hs (*urn*nt e^r 
loading (nirremn from the* liranrh ed leaven* vcdtagc*, or oveni 
ndairns <nirrvni into tfiis bra.ne‘h, arul thus raiseNS its ve>ltiigo. 
Hence* a syachremems motor (enielH to re^steu’c the^ bahincc* cd' an 
unbalanced peilyphane* syntenn; that is, it rhtluea'H the* unba!ane*ing 
of a pedypliaHC* circuit c*aiise*d by an tmee|ual elistributam eir 
unen|ua! phase* relation ed the* leuid em tl^c^ dilTiTemt branche^H. 
To a 1(*HH eIc*greH* tin* inclrndjeui medeir pewHe!ste‘H ihet same^ pre>pe*rty. 

XII. Starting of Synchronous ^ Motors 

f* 

24. In Hiarting, an e*SHcmtiaI elilTerenea^ exints be»l.weH*n the single- 
phase and ilie^ polyphase* syncdironous motea, in se) far as the* for- 
me^r is ncd. sedf-starting but has to lie Imoughi to ceuriplide* syii* 
edironism, eu* in Htf*p with the geumraieer, by e^xtc^rnal ineuiiiH ladore^ 
it can de‘Vidop torejiie*, while* ihet polyphane Hynedircmcnw meitei^r 
HtariH from rest and runs up to Hynchronism with tnoret or lew 
iorepieu 

In Htarting, ihe^ fiedd c*xe*itation of the polyphiise Bynedinniotw 
motem should be* zero or vc*ry lenv. 

The, Hlarting ietrefue in due to the magrietie*. attraction ed the 
armature ciirrcnitH upon the rctmaiiemi maguedJsm kdi in the* field 
fX)le» by the cnirreuits ed the preceding phase, and to the eddy 
eurremts prcKiuea*d theredin 

Let Fig. 72 re*pregeni the magnetic eircniit of a polyphani! 
Bynchronous motem. The m.md. cd the polyphase ariniitiire 
currents acting upon the Btie^ecwivc* projeedionB or teidh of the 
armature, I, 2, 3, etc., reacdiCH a maxiinum in them «ucees«ividy; 
that is, the armature is the <d a in.md. rotating synedirie* 
nously in the <iire,!etion <d the arrow A, The magneiiHm in the 

* Hinec with lowitr iinprcwccl vcdtiige* the cfiirrcrit t» leiidifig, with higtier 
lmpre»ied voltage lagging, in a «yar*hmiintw tiiot^r. 
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face of the field pole opposite to the armature projections lags 
behind the m.mi., due to hysteresis and eddy currents and thus 
IS still remanent, while the m.mi. of the projection 1 decreases, 
and is attracted by the rising m.m.f. of projection 2, etc., or, in 
other words, while the maximum m.m.f. m the armature has a 
position a, the maximum magnetism in the field-pole face still 
has the position b, and is thus attracted toward a, causing the 
field to revolve in the direction of the arrow A (or with a station¬ 
ary field, the armature to revolve in the opposite direction B). 

Lamination of the field poles reduces the starting torque 
caused by eddy currents in the field poles, but increases that 
caused by remanent magnetism or hysteresis, due to the higher 
permeability of the field poles. Thus the torque per volt-ampere 
input is approximately the same in either case, but with laminated 


d 




J_ 

1 









1 

, 










1 S' 

k < 

1 

V 

‘i 


3 


r 




> 1 

1 














ux 








1 

1 

L _J 


_ 



1 


^ _I- 

B 1 

Fig- 72.—Magnetic circuit of a polyphase synchronous motor. 


poles the impressed voltage required in starting is higher and the 
current lower than with solid field poles. In either case, at full 
impressed e.m.f. the starting current of a synchronous motor is 
large, since in the absence of a counter e.m.f. the total impressed 
e.m.f. has to be consumed by the impedance of the armature cir¬ 
cuit. Since the starting torque of the synchronous motor is due 
to the magnetic flux produced by the alternating armature cur¬ 
rents, or the armature reaction, synchronous motors of high 
armature reaction are superior in starting torque. 

Very frequently in synchronous motors a squirrel-cage wind¬ 
ing is used in the field pole faces, to give powerful starting torque 
by the induced currents therein, on the induction motor principle. 
Such squirrel-cage winding should have fairly high resistance to 
start well from rest, but low resistance to give powerful syn¬ 
chronizing, that is, to pull its load promptly into synchronism. 







XIIL Parallel Operation 

26. Any alternator enn hr (^p(‘rat(*cl in paj‘all(‘l, or .syiH^hronizrd 
with any otin^r alternaJor. A sina:l<*“phas(‘ tnachinc^ ran fa* syn- 
€hroniz(aI with oiu* phase* of a polypha.s(t machine*, or a. ((uartto'” 
phase* machinesopc*rated in paralh*! with n tlin‘e-phasoinaehine* hy 
Hynelironizini*: one* phuHc* uf the* former witli one*, phase* of (he* 
latteT. Hinea* alte‘iaiafors in parallc*! must, he* in ste*f) with c‘aedi 
other and have* the* same* ((‘rtninal voltage*, the* eonelitiem of satis- 
faetejry paralh*! op(*ratiou is that the* fre*(|ue‘ti('y e>f (lie* mae’hinc*H 
is ide*ntie*ally the same*, a.ncl the* fH*ld (‘xc*ila,tieai suefi as woulel 
give the* same* te‘rminal voltages. If tliis is not tin* ease*, there* will 
he» cross cnim‘ntH he*tvvc*en the* altc*rnatorH in a. loeaf eire*uit; that 
is, tin* altctrnator.H are* ued. withemt* rurre*ni at no le>ad, and the‘ir 
eiirrenls iinch‘r loael are iied, c^f the* same! pliase* and propor!ieuial 
to thc*ir n*Kpeelive ea.pa,cities, erosH (‘urrents he*lwe*e*ii 

alternators whe‘n opc*raicd in pa.ralle*l cam he* watt lew (*urre*n(H ea- 
powc*r {‘urrentH. 

If the* fn*c|ue*iie’ie‘H of two altcTiintorH are id<*ntie'ally the* saine, 
hut thc^ fi<*ld exeatafiem not sueh as would give! <*epial te*rrninai 
voltage whcui opera teal in paralh*!, I.laux* is a IcH'al enirre'iit he‘iwe‘e*n 
the two maehim*H wliiedi m wat.flcw and leouling av inagn<*tizing 
in the machine of lower fiehl e*xeitation, lagging or derriagiie»f iz- 
ing in the machine* of high(‘r fie*hl excitation. At head thin wittf« 
less curnmt in HUp<*niripcesed upon the curn*nis from the* maidiincH 
into the exi<‘rnal cir(*uil. In conHe*e|ue*iH*e‘ tfH*rt*e)f the* e*urrenf in 
the machines of highe*r field excitafiem is lagging hc^hind tin* <*ur- 
reni in the^ external eircuii, the enrr(*ni in the* mae*hinc* tef !o%ve*r 
field excitation h*adH the* _current in tlie e‘xh*nial e’in’uit. 'Flie 
currents in the two machines are ihtiH nut of phanc* with each 
other, and their sum larger tlian the* joint c*urre*nf, or eiirrenf in 
the external circuit. Hinee it In the armature* rea(*ti<m of leading 
or liigging curnmt wdiich makes up the* diffen*ne*e* hed.w'eeai the 
impressed field cfxdtiiiiori and I hit fiedd exe'itation rf*c|iiire‘d to give* 
equal terminal voltage, it follows that tlit^ I<ma»r tin! armature 
reaction, that is, the edoser the re»guliithai of the* inaeltiiieH, I fie 
more sensitive ilH*y are for iTiequalitii*H or variaticum field 
excitation. Thus, tem low armature reaction is iin<h»Hirithle feir 
parallel operation. 

With identical maedtines the cliangeK in field f‘Xeiiatiori re*- 
quired for changes of load muKt In* the same. With miudiiiies 
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of different compounding curves the changes of field excitation 
for varying load must be different, and such as correspond to 
their respective compounding curves, if wattless currents shall 
be avoided. With machines of reasonable armature reaction 
the wattless cross currents are small even with relatively great 
inequality of field excitation. Machines of high armature re¬ 
action have been operated in parallel under circumstanccH where 
one machine was entirely without field excitation, while the other 
carried twice its normal field excitation, with wattless currents, 
however, of the same magnitude as full-load current. 


XIV. Division of Load in Parallel Operation 


26. Much more important than equality of terminal voltage 
before synchronizing is equality of frequency. Inequality of 
frequency, or rather a tendency to inequality of frequency (since 
by necessity the machines hold each other in step or at equal 
frequency), causes cross currents which transfer energy from the 
machine whose driving power tends to accelerate to the machine 
whose driving power tends to slow down, and thus relieves the 
latter by increasing the load on the former. Thus those cross 


currents are power currents, and cause at no load or light loa<l 
the one machine to drive the other as synchronous motor, while 
under load the result is that the machines do not share the load in 
proportion to their respective capacities. 

The speed of the prime mover, as steam engine oi- turbine 
changes with the load. The frequency of alternators driveix 
thereby must be the same when in parallel. Thus their respect¬ 
ive loads are such as to give the same speed of the prime mover 
(or rather a speed corresponding to the same frequency). Hence 
the division of load between alternators connected to independent 
prime movers depends almost exclusively upon the speed regula¬ 
tion of the prime movers. To make alternators divide the load 
in proportion to their capacities, the speed regulation of their 

rrzT 

percent- 

age ana in tne same manner. 

is nof the'same, the load 

IS not divided proportionally between the alternators, but the 

dternator connected to the prime mover of closer speed reLla! 
tion takes more than its share of the load under heavy loadsf and 
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less under light loads. Thus, too close speed regulation of prime 
movers is not desirable in parallel operation of alternators. 

XV. Fluctuating Cross Current’s in Parallel Operation 

27. In alternators operated from independent prime movers, 
it is not sufficient that the average frequency corresponding to 
the average speed of the prime movers be the same, but still 
more important that the frequency be the same at any instant, 
that is, that the frequency (and thus the speed of the prime 
mover) be constant. In rotary prime movers, as turbines or 
electric motors, this is usually the case; but with reciprocating 
machines, as steam engines, the torque and thus the speed of 
rotation rises and falls periodically during each revolution, with 
the frequency of the engine impulses. The alternator con¬ 
nected with the engine will thus not have uniform frequency, 
but a frequency which pulsates, that is, rises and falls. The 
amplitude of this pulsation depends upon the design of the engine, 
the momentum of its fly-wheel, and the action of the engine 
governor. 

If two alternators directly connected to equal steam engines 
are synchronized so that the moments of maximum frequency 
coincide, there will be no energy cross currents between the 
machines, but the frequency of the whole system rises and falls 
periodically. In this case the engines are said to be synchronized. 
The parallel operation of the alternators is satisfactory in this 
case provided that the pulsations of engine speeds are of the 
same size and duration; but apparatus requiring constant fre¬ 
quency, as synchronous motors and rotary converters, when 
operated from such a system, will give a reduced maximum out¬ 
put, due to periodic cross currents between the generators of 
fluctuating frequency and the synchronous motors of constant 
frequency, and in an extreme case the voltage of the whole sys¬ 
tem will be caused to fluctuate periodically. Even with small 
fluctuations of engine speed the unsteadiness of current due to this 
source is noticeable in synchronous motors and synchronous 
converters. 

If the alternators happen to be synchronized in such a position 
that the moment of maximum speed of the one coincides with 
the moment of minimum speed of the other, alternately the 
*one and then the other alternator will run ahead, and thus there 
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will be a pulsating power cross current between the alternators, 
transferring power from the leading to the lagging machine, 
that is, alternately from the one to the other, and inversely, 
with the frequency of the engine impulses. These pulsating 
cross currents are the most undesirable, since they tend to make 
the voltage fluctuate and to tear the alternators out of synchro¬ 
nism with each other, especially when the conditions are favorable 
to a cumulative increase of this effect by what may be called 
mechanical resonance (hunting) of the engine governors, etc. 
They depend upon the synchronous impedance of the alternators 
and upon their phase difference, that is, the number of poles and 
the fluctuation of speed, and are specially objectionable when 
operating synchronous apparatus in the system. 

28. Thus, for instance, if two 80-pole-»alternators are directly 
connected to single-cylinder engines of 1 per cent, speed varia¬ 
tion per revolution, twice during each revolution the speed will 
rise, and fall twice; and consequently the speed of each alternator 
will be above average speed during a quarter revolution. Since 
the maximum speed is 1/2 per cent, above average, the mean 
speed during the quarter revolution of high speed is 1/4 per cent, 
above average speed, and by passing over 20 poles the armature 
of the machine will during this time run ahead of its mean posi¬ 
tion by 1/4 per cent, of 20 or 1/20 pole, that is, 180/20 = 9 elec¬ 
trical space degrees. If the armature of the other alternator at 
this moment is behind its average position by 9 electrical space 
degrees, the phase displacement between the alternator e.m.fs. is 
18 electrical tim e d egrees; that is, the alternator e.m.fs. are 
represented by O^i and 6 E 2 in Fig. 71, and when running in 
parallel the e.m.f. OE' = E 1 E 2 is short circuited through the 
synchronous i mp edance of the two alternators. 

Since E' = OEi = 2 Ei sin 9 deg. the maximum cross current is 


Zq Zq 


where lo 


El 

— = short-circuit current of the alternator at fuU- 

Zo ' 


load excitation. Thus, if the short-circuit current of the alter¬ 
nator is only twice full-load current, the cross current is 31.2 
per cent, of full-load current. If the short-circuit current is 
6 times full-load current, the cross current is 93.6 per cent, of 
full-load current or practically equal to full-load current. Thus 
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that is, the component which is in quadrature with OE', and thus 
in phas e wi th on e an d in opposition with the other of the machine 
e.m.fs. OEi and OE^^ 

29. Hence, machines without reactance would have no syn¬ 
chronizing power, or could not be operated in parallel. The 
theoretical maximum synchronizing power exists if the reactance 
equals the resistance: xo == tq. This condition, however, cannot 
be realized, and if realized would give a dangerously high syn¬ 
chronizing power and cross current. In practice, xo is always 
very much greater than rp, and the cross current thus practically 
in quadrature with bE\ that is, in phase (or opposition) with 
the machine voltages, and is consequently an energy-transfer 
current. 

If, however, alternators are operated in parallel over a circuit 
of appreciable resistance, as two stations at some distance from 
each other are synchronized, especially if the resistance between 
the stations is non-inductive, as underground cables, with alter¬ 
nators of very low reactance, as turbo alternators, the synchro¬ 
nizing power may be insufficient. In this case, reactance has to be 
inserted between the stations, to lag the cross current and thereby 
make it a power-transferring or synchronizing current. 

If, however, the machine voltages OEi and dl ’2 are different 
in value but approxima tely i n phase with each other, the voltage 
causing cross currents, EiE^, is in phase with the machine vol¬ 
tages an d the cro ss cu rrents thus in quadrature with the machine 
voltages OEi and OE 2 f and hence do not transfer energy, but are 
wattless. In one machine the cross current is a lagging or 
demagnetizing, and in the other a leading or magnetizing, 
current. 

Hence two kinds of cross currents may exist in parallel opera¬ 
tion of alternators—currents transferring power between the 
machines, due to phase displacement between their e.m.fs., and 
wattless currents transferring magnetization between the ma¬ 
chines, due to a difference of their induced e.m.fs. 

In compound-wound alternators, that is, alternators in which 
the field excitation is increased with the load by means of a 
series field excited by the rectified alternating current, it is al¬ 
most, but not quite, as necessary as in direct-current machines, 
when operating in parallel, to connect all the series fields in paral¬ 
lel by equalizers of negligible resistance, for the same reason—^to 
insure proper division of current between machines. 
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XVI. Higher Frequency Cross Currents between Synchronous 

Machines 

30. If several synchronous machines of different wave shapes 
are connected into the same circuit, cross currents exist between 
the machines of frequencies which are odd multiples of the circuit 
frequency, that is, higher harmonics thereof. The machines may 
be two or more generators, in the same or in different stations, 
of wave shapes containing higher harmonics of different order, 
intensity or phase, or synchronous motors or converters of 
wave shapes different from that of the system to which they 
are connected. 

The intensity of these cross currents is the difference of the 
corresponding harmonics of the machines divided by the impe¬ 
dance between the-machines. This impedance includes the sclf- 
inductive reactance of the machine armatures. The reactance 
obviously is that at the frequency of the harmonic, that is, if 
X = reactance at fundamental frequency, it is nx for the nth 
harmonic. 

In most cases these cross currents are very small and negli¬ 
gible. With machines of distributed armature winding, the in¬ 
tensity of the harmonic is low, that is, the voltage nearly a sine 
wave, and with machines of massed armature winding, as uni¬ 
tooth alternators, the reactance is high. These cross currents 
thus usually are noticeable only at no load, and when adjusting 
the field excitation of the machines for minimum current. Thus 
in a synchronous motor or converter, at no load, the minimum 
current, reached by adjusting the field, while small compared with 
full-load current, may be several times larger than the minimum 
point of the curve in Fig. 68, that is, the value of the energy 
current supplying the losses in the machine. 

It is only in the parallel operation of very large high-speed 
machines (steam turbine driven alternators) of high armature 
reaction and very low armature self-induction that such high- 
frequency cross currents may require consideration, and even then 
only in three-phase F-connected generators with grounded 
neutral, as cross currents between the neutrals of the machines. 
In a three-phase machine, the voltage between the terminals, or 
delta voltage, contains no third harmonic or its multiple, as the 
third harmonics of the F voltage neutralize in the delta voltage, 
and such a machine, with a terminal voltage of almost sine shape, 
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may contain a considerable third harmonic in the Y voltage. As 
the three Y voltages of the three-phase system are 120 degrees 
apart in phase, their third harmonics are 3 X 120 deg. = 360 deg- 
apart, or in phase with each other, from the main terminals 
to the neutral, and by connecting the neutrals of two three- 
phase machines of different third harmonics with each other, as 
by grounding the neutrals, a cross current flows between the 
machines over the neutral, which may reach very high values. 
Even in machines of the same wave shape, such a triple frequency 
current appears between the machines over the neutral, when 
by a difference in field excitation a difference in the phase of the 
third harmonic is produced. It therefore is often undesirable to 
ground or connect together, without any resistance, the neutrals 
of three-phase machines, but in systems of grounded neutral 
either the neutral should be grounded through separate resist¬ 
ances or grounded only in one machine. 

XVII. Short-circuit Currents of Alternators 

31. The short-circuit current of an alternator at full-load 
excitation usually is from two to five times full-load current, 
and even less in very large high-speed steam turbine alternators. 
It is 



where Eq = nominal generated e.m.f., Zq == synchronous impe¬ 
dance of alternator, representing the combined effect of arma¬ 
ture reaction and armature self-inductance. 

In the first moment after short circuiting, however, the current 
frequently is many times larger than the permanent short- 
circuit current, that is, 



where z = self-inductive impedance of the alternator. 

That is, in the first moment after short circuiting the poly¬ 
phase alternator the armature current is limited only by the arma¬ 
ture self-inductance, and not by the armature reaction, and 
some appreciable time—occasionally several seconds—-elapses 
before the armature reaction becomes effective. 

At short circuit, the magnetic field flux is greatly reduced by 
the demagnetizing actipn of the armature current, and the gen- 
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erated e.m.f. thereby reduced from the nominal value Eq to the 
virtual value E 2 ; the latter is consumed by the armature self- 
inductive impedance z, or self-inductive reactance, which is 
practically the same in most cases. 

The armature self-inductance is instantaneous, since the 
magnetic field rises simultaneously with the armature current 
which produces it; armature reaction, however, requires an appre¬ 
ciable time to reduce the magnetic flux from the open-circuit 
value to the much lower short-circuit value, since the magnetic 
field flux is surrounded by the field exciting coils, which act as a 
short-circuited secondary opposing a rapid change of field flux; 
that is, in the moment when the short-circuit current starts it 
begins to demagnetize the field, and the magnetic field flux there¬ 
fore begins to decrease; in decreasing, however, it generates an 
e.m.f. in the field coils, which opposes the change of field flux, 
that is, increases the field current so as momentarily to main¬ 
tain the full field flux against the demagnetizing action of the 
armature reaction. In the first moment the armature current 
thus rises to the value given by the e.m.f. generated by the full 
field flux, while the field current rises, frequently to many times 
its normal value (hence, if circuit breakers are in the field circuit, 
they may open the circuit). Gradually the field flux decreases, 
and with it decrease the field current and the armature current 
to their normal values, at a rate depending on the resistance 
and the inductance of the field-exciting circuit. The decrease 
in value of the field flux will be the more rapid the higher the re¬ 
sistance of the field circuit, the slower the higher the inductance, 
that is, the greater the magnetic flux of the machine. Thus, 
the momentary short-circuit current’of the machine can be made 
to decrease somewhat more rapidly by increasing the resistance 
of the field circuit, that is, wasting exciting power in the field 
rheostat. 

In the very first moment the short-circuit current waves are 
unsymmetrical, as they must simultaneously start from zero in 
all phases and gradually approach their symmetrical appear¬ 
ance, ^.e., in a three-phase machine three currents displaced by 
120 degrees. Hereby the field current is made pulsating, with nor¬ 
mal or synchronous frequency, that is, with the same frequency 
as the armature current. This full frequency pulsation gradually 
dies out and the field current becomes constant with a polyphase 
short circuit, while with a single-phase short circuit it remains 
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pulsating with double frequency, due to the pulsating armature 
reaction. In a polyphase short circuit this full frequency pul¬ 
sation due to the unsymmetrical starting of the currents is inde¬ 
pendent of the point of the wave at which the short circuit 
starts, since the resultant asymmetry of all the polyphase cur¬ 
rents is the same regardless of the point of the wave at which the 
circuit is closed. In a single-phase short circuit, however, the 
full frequency pulsation depends on the point of the wave at which 
the circuit is closed, and is absent if the circuit is closed at that 
moment at which the short-circuit current would pass through 
zero. 

The momentary short-circuit current of an alternator thus 
represents one bf the few cases in which armature self-induc¬ 
tance and armature reaction do not act in the same manner, and 
the synchronous reactance can be split into two components, 
thus, iCo = ^ where x — self-inductive reactance, which is 
due to a true self-inductance, and x' = effective reactance of 
armature reaction, which is not instantaneous. 

32. In machines of high self-inductance and low armature re¬ 
action, as high frequency alternators, this momentary increase 
of short-circuit current over its normal value is negligible, and 
moderate in machines in which armature reaction and self-in¬ 
ductance are of the same magnitude, as large ihodern multi¬ 
polar low-speed alternators. In large high-speed alternators of 
high armature reaction and low self-inductance, as ?team turbine 
alternators, the momentary short-circuit current may exceed the 
permanent value ten or more times. With such large currents 
magnetic saturation of the self-inductive armature circuit still 
further reduces the reactance x, that is, increases the current, and 
in such cases the mechanical shock on the generator becomes so 
enormous that it is necessary to reduce the momentary short-cir¬ 
cuit current by inserting self-inductance, that is, reactance coils 
into the generator leads, or by specifically designing the alterna¬ 
tor for high armature reactance, or by both. 

In view of the excessive momentary short-circuit current, it 
may be desirable that automatic circuit breakers on such systems 
have a time limit, so as to keep the circuit closed until the short- 
circuit current has somewhat decreased. 

33. In single-phase machines, and in polyphase machines in 
case of a short circuit on one phase only, the armature reaction 
is pulsating, and the field current in the first moment after the 
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short circuit therefore pulsaleH, with douhlc fn'qiieney, ami 
remains pulsating even after the permanent, ('omlition has l>ccn 
reached. The double frecpn'iiey pulsation of the held eurren! 
in ease of a single-phase short circuit g<'nera(es in th<* armature 
a third hanufuiic of (*.m.f. Tlus shorl-<'ircuif current, wave be¬ 
comes greatly distorted thereby, showing the saw-tooth .shape 
characteristics of the third harmonic, and in a, polyphase maeliine 
on Hingl(‘-phaHe short circuit, in the plia.se in (ju.-idrnture with the 
.short-circuited phase,avaav high voltage appears, which i.sgrently 




difitorted by tlu? third harmonic fin<i limy reach several limes 
the value of the o|>en-(:irc!tiit voltage, 'riuis, with a single 
phase short circuit on u [Kilyphasi? syMteni, ileHtriietive voltages 
may appear in the oiieH-circuited phase, of Haw*l<«(l It wavi' s1ijijw>. 

Upon this double frequency pulsation of I lie (iehi eurrenl 
during a single-phase short circuit the InuiHieiit full frequency 
pulsation resulting from the unsymmi*) Heal sfarf oftheaiinaliire 
current is superimposed and thus cauHes a difference in the in¬ 
tensity of successive waves of the doulJe frctpiettcy {Htlaatioii, 
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which gradually disappears with the dying out of the transient 
full frequency pulsation, and depends upon the point of the wave 
at which the short circuit is closed, and thus is absent, and the 




Fig. 75.—Single-phase short-circuit current in a three-phase turbo¬ 
alternator. 



Fig. 76. ^Single-phase short-circuit current in a three-phase turbo- 

alternator. 

double frequency pulsation symmetrical, if the circuit is closed 
the moment when the short-circuit current should be zero. 

34. As illustration is shown, in Pig. 74, the oscillogram of 
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one* pliu.<«‘ of Iho I hnM*>j)ha,'*if‘ slnni ('irt’uif of a t hn*c‘-|»hasf* I iirho- 
altc*rnaforj i^iviri^ Ifa* iinsynmiol riral slaii of (ho ariuaftiri* 
curnaihs and tho full frfM|tionoy pulsaf ion of I la* fiohl curronf. 

In Fig. 7.1 is slanvn a singl(‘-pliaso shorl oirruif eif (ho saiiio 
inac*hinc‘, in whif*h flu* oirc'uif is c-losod at (ho /.oro vahn* of (he* 
curn*n(; lia‘ curronf wa\'o fhorofon* is synunof rical, and (ho fitdd 
curnud shows only tho douhlo frt‘<|noncy pulsatifin duo to I ho 
ninglo-phasc* arniafuro roartiun. 

In f*dg. 7r, shown anof hor singl(‘-phaHo short oiroiiiH in wliioh 
(lie* arinaturo ourronf wavo stalls unsyinniol rioal, thus giving a 
lransit*ni full fnapioiu’V form in tho hrhl ourronf. dims in I ho 
douhlo fnapionoy pulsation of I ho hold ournmf a! first largo and 
small wa\a%s alPuaiafo, fad flu* siio<*ossivo wavos gradually l»o 
oouH* f*r|ual with tho dying oul of Iho full fro<|uoi}oy foriin 

In Fdgs. 7.1 and 7h flu* ctsoillograin is oul. off l»y tho opni 
ing of tlio oirtaiil hroakor. 

For furllior disoiissiorp and Ihf* thooroficad invosfigidion of 
mornonfnry shorl“oirniif oiirronfs, soo ‘^Thoory and Cldoulation 
of Transiont FlfaUric* Flionomona and Osoillat iona/^ Pari I» 
(lhapicTH XI line! XIL 

For furflit*r disrusHifUi ed Iho fonns roaofnitoo, arniaturo ro“ 
notion and fiohl oxedtidioii and Ihoir rofatioip soo '‘ddiooiy" iiiul 
(Jalendiition of f*I!oolrio (Irouitsd’ 
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B. DIRECT-CIIRRENT COMMUTATING MACHINES 
I. General 


35. Commutating mac;liiiies are characterized by the combina¬ 
tion of a continuously excited magnet field with a closed-circuit 
armature connected to a segmental commutator. According to 
their use, they can be divided into direct-current generators 
which transform mechanical power into electric power, direct- 
ciirreiit motors w’hieh transform electric powder into mechanical 

poTver, and direct-current con¬ 
verters which transform electric 
power into a different form of 
electric power. Since the most 
important class of the latter 
are the synchronous converters, 
which combine features of the 
synchronous machines with those 
of the commutating machines, 
they shall be treated in a sepa¬ 
rate chapter. 

Fig. 77.--Shimt machine. • • By the excitation of their mag¬ 
net fields, commutating machines 
are divided into magneto machines, in which the field consists of 
permanent magnets; separately excited machines; shunt machines , 
in which the field is excited by an electric circuit shunted across 
the machine terminals, and thus receives a small branch current; 
at Ml machine voltage, as shown diagrammatically in Fig. 77 ; 
seri^ machines, in which the electric field circuit is connected in 
with the armature, and thus receives the full machine cur¬ 
rent at low voltage (Fig. 78); and compound machines, excited by 
a combination of shunt and series field (Fig. 79). In compound 
machines the two windings can magnetize either in the same direc¬ 
tion (cumulative compounding) or in opposite directions (dif¬ 
ferential compounding). Differential compounding has been 
umi for constant-speed motors. Magneto machines are used 
only for very small sizes. 
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36. By the number of poles commutating machines are divided 
into bipolar and multipolar machines. Bipolar machines are 
mainly used in small sizes. By the construction of the armature, 
commutating machines are* divided into smooth-core machines 
and iron-clad or 'toothed’’ armature machines. In the smooth- 
core machine the armature winding is arranged on the surface 
of a laminated iron core. In the iron-clad machine the arma¬ 
ture winding is sunk into slots. The iron-clad type has the ad¬ 
vantage of greater mechanical strength, hut the disadvantage of 
higher self-inductance in commutation, and thus requires high- 
resistance, carbon or graphite, commutator brushes. The iron¬ 
clad type has the advantage of lesser magnetic stray field, due 



to the shorter gap between field pole and armature iron, and of 
lesser magnet distortion under load, and thus can with carbon 
brushes be operated with constant position of brushes at all loads. 
In consequence thereof, for large multipolar machines the iron¬ 
clad type of armature is best adapted; the smooth-core type is 
hardly ever used nowadays. 

Either of these types can be drum wound or ring wound. 
The drum winding has the advantage of lesser self-inductance 
and lesser distortion of the magnetic field, and is generally less 
difiGlcult to construct and thus mostly preferred. By the ama- 
ture winding, comrnutating machines are divided into multiple- 
wound and series-wound machines. The difference between 
multiple and series armature winding, and their modifications, can 
best be shown by diagram. 
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II. Armature Winding 

37. Fig. 80 shows a six-pole multiple ring winding, and Fig. 
81 a six-polar multiple drum winding. As seen, the armature 
coils are connected progressively all around the armature in 
closed circuit, and the connections between adjacent armature 
coils lead to the commutator. Such an armature winding has 
as many circuits in multiple, and requires as many sets of com¬ 
mutator brushes, as poles. Thirty-six coils are shown in Figs. 
80 and 81, connected to 36 commutator segments, and the 
two sides of each coil distinguished by drawn and dotted lines. 
In a drum-wound machine, usually the one side of all coils forms 
the upper and the other side the lower layer of the armature 
winding. 

Fig. 82 shows a six-pole series drum winding with 36 slots 
and 36 commutator segments. In the series winding the circuit 
passes from one armature coil, not to the next adjacent armature 
coil as in the multiple winding, but first through all the armature 
coils having the same relative position with regard to the magnet 
poles of the same polarity, and then to the armature coil next ad¬ 
jacent to the first coil. That is, all armature coils having the 
same or approximately the same relative position to poles of equal 
polarity form one set of integral coils. Thus the series winding 
has only two circuits in multiple, and requires two sets of brushes 
only, but can be operated also with as many sets of brushes as 
poles, or any intermediate number of sets of brushes. In Fig. 82, 
a series winding in which the number of armature coils is divisible 
by the number of poles, the commutator segments have to be 
cross connected. Therefore this form of series winding is hardly 
ever used. The usual form of series winding is the winding shown 
by Fig. 83. This figure shows a six-polar armature having 35 
coils and 35 commutator segments. In consequence thereof the 
armature coils under corresponding poles which are connected 
in series are slightly displaced from each other, so that after pass¬ 
ing around all corresponding poles the winding leads symmetric¬ 
ally into the coil adjacent to the first armature coil. Hereby the 
necessity of commutator cross connections is avoided, and the 
winding is perfectly symmetrical. With this form of series 
winding, which is mostly used, the number of armature coils must 
be chosen to follow certain rules. Generally the number of 
coils is one less or one more than a multiple of the number of poles. 
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All these windings are closed-circuit windings; that is, starting 
at any point, and following the armature conductor, the circuit 
returns into itself after passing all e.m.fs. twice in opposite direc¬ 
tion (thereby avoiding short circuit). An instance of an open- 
coil winding is shown in Fig. 84, a series-connected three-phase 
star winding similar to that used in the Thomson-Houston arc 
machine. Such open-coil windings, however, cannot be used in 
commutating machines. They are generally preferred in syn¬ 
chronous and in induction machines. 



Fi(J. 84.“~Opea-circuit three-phase BCjrieB drum wiruling. 


38. By leaving space between adja(;ent coils of these windings 
a second winding can be laid in betwexm. The second winding 
can either be entirely independent from the first winding, that 
is, each of the two windings closed upon itself, or after passing 
through the first winding the circuit enters the second winding, 
and after passing through the second winding it reenters the first 
winding. In the first case the winding is called a double spiral 
winding (or multiple spiral winding if more than two windings 
are used), in the latter case a double reentrant winding (or 
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multiple reentrant winding). In the double spiral winding the 
number of coils must be even; in the double reentrant winding, 
odd. 

Multiple spiral and multiple reentrant windings can be either 
multiple or series wound; that is, each spiral can consist either 
of a multiple or of a series winding. Fig. 85 shows a double 
spiral multiple ring winding. Fig. 86 a double spiral multiple 
drum winding, Fig. 87 a double reentrant multiple drum winding. 
As seen in the double spiral or double reentrant multiple wind¬ 
ing, twice as many circuits as poles are in multiple. Thus such 



Fig. 85.—Multiple double spiral ring winding. 


windings are mostly used for large low-voltage machines, but as 
very few large direct-current generators are built nowadays, and 
alternating-current generation with synchronous converters usu¬ 
ally preferred, and as multiple spiral or reentrant windings are 
inconvenient in synchronous converters, their use has greatly 
decreased. 

39 . A distinction is frequently made between lap winding and 
wave winding. These are, however, not different types; but 
the wave winding is merely a constructive modification of the 
series drum winding with single-turn coil, as seen by comparing 
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Pigs. 88 and 89. Fig. 88 shows a part of a series drum winding 
developed. Coils C i and C 2 , having corresponding positions under 
poles of equal polarity, are joined in series. Thus the end con¬ 
nection ah of coil Cl connects by cross connection be and cd to the 


Fig. 88.—Series lap winding. 

end connection de of coil C 2 . If the armature coils consist of a 
single turn only, as in Fig. 86, and thus are open at b and d, the 
end connection and the cross connection can be combined by 
passing from a in coil Ci directly to c and from c directly to e in 


Fig. 89.—^Wave winding. 


coil C 2 ; that is, the circuit abode is replaced by ace. This has 
the effect that the coils are apparently open at one side. 

Such a winding has been called a wave winding. Only series 
windings with a single turn per coil can be arranged as wave 
windings, while windings with several turns per coil must neces- 
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sarily be lap or coil windings. In Fig. 90 is shown a series drum 
winding with 35 coils and commutator segments, and a single 
turn per coil arranged as wave winding. This winding may be 
compared with the 35-coil scries drum winding in Fig. 83. 

40. Drum winding can be divided into full-pitch and frac¬ 
tional-pitch windings. In the full-pitch winding the spread of 
the coil covers the pitch of one pole; that is, each coil covers 



one-sixth of the armature circumference in a six-pole machine, 
etc. In a fractional-pitch winding it covers less or more. 

Series drum windings without croBH~(;onnect(Kl commutator in 
which thus the number of coils is not divisible by the number of 
poles are necessarily always slightly fractional pitch; but gen¬ 
erally the expression ^Tractional-pitch windingis used only for 
windings in which the coil covers one or several teeth less than 
correspond to the pole pitch. Thus the multiple drum winding 
in Fig. 81 would be a fractional-pitch winding if the coils spread 
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over only four or five teeth instead of over six. As five-sixths 
fractional-pitch multiple drum winding it is shown in Pig. 91. 

Fractional-pitch windings have the advantage of shorter 
end connections and less self-inductance in commutation, since 
commutation of corresponding coils under different poles does 
not take place in the same, but in different, slots, and the flux 
of self-inductance in commutation is thus more subdivided. 
Fig. 91 shows the multiple drum winding of Fig. 81 as a frac- 



Fig. 91.—Multiple drum five-sixth fractional pitch winding. 


tional-pitch winding with five teeth spread, or five-sixths pitch. 
During commutation the coils ab c d ef commutate simultane¬ 
ously. In Fig. 81 these coils lie by twos in the same slots, in 
Fig. ^ they lie in separate slots. Thus, in the former case the 
flux of self-inductance interlinked with the commutated coil is 
due to two coils; that is, twice that in the latter case. Frac¬ 
tional-pitch windings, however, have the disadvantage of reduc¬ 
ing the width of the neutral zone, or zone without generated 
e.m.f. between the poles, in which commutation takes place, 
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since the one side of the coil enters or leaves the field before the 
other. Therefore, in commutating machines it is seldom that 
a pitch is used that falls short of full pitch by more than one 
or two teeth, while in induction and synchronous machines 
occasionally as low a pitch as 50 per cent, is used, and two-thirds 
pitch is frequently employed. 

For special purposes, as in single-phase commutator motors 
fractional-pitch windings are sometimes used. 

41 . Series windings find their foremost application in machines 
with small currents, or small machines in which it is desirable 
to have as few circuits as possible in multiple, and in machines 
in which it is desirable to use only two sets of brushes, as in 
smaller railway motors. In multipolar machines with many sets 
of brushes a series winding is liable to give selective commutation; 
that is, the current does not divide evenly between the sets of 
brushes of equal polarity. 

Multiple windings are used for machines of large currents, thus 
generally for large machines, and in large low-voltage machines 
the still greater subdivision of circuits afforded by the multiple- 
spiral and the multiple-reentrant winding is resorted to. 

To resume, then, armature windings can be subdivided into 

(а) Ring and drum windings. 

(б) Closed-circuit and open-circuit windings. Only the former 

can be used for commutating machines. 

(c) Multiple and series windings. 

(d) Single-spiral, multiple-spiral, and multiple-reentrant wind¬ 

ings. Either of these can be multiple or series windings. 

(e) Full-pitch and fractional-pitch windings. 

III. Generated E.M.FS. 

42 . The formula for the generation of e.m.f. in a direct- 
current machine, as discussed in the preceding, is 

e = 4:fn^j 

wher'e e — generated e.m.f., / = frequency == number qf pairs 
of poles X hundreds of rev. per sec., n = number of turns in 
series between brushes, and = magnetic flux passing through 
the armature per pole, in megalines. 

In ring-wound machines, ^ is one-half the flux per field pole, 
since the flux divides in the armature into two circuits, and each 
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armature turn incloses only half the flux per field pole. In ring- 
wound armatures, however, each armature turn has only one con¬ 
ductor lying on the armature surface, or face conductor, while in a 
drum-wound machine each turn has two face conductors. Thus, 
with the same number of face conductors—that is, the same 
armature surface—the same frequency, and the same flux per 
field pole, the same e.m.f. is generated in the ring-wound as in 
the drum-wound armature. 

The number of turns in series between brushes, n, is one-half 
the total number of armature turns in a series-wound armature, 

- t]he total number of armature turns in a single-spiral multiple- 

wound armature with p poles. It is one-half as many in a double¬ 
spiral or double-reentrant, one-third as many in a triple-spiral 
winding, etc. 

By this formula, from frequency, series turns, and magnetic 
flux the e.m.f. is found, or inversely, from generated e.m.f., fre¬ 
quency, and series turns the magnetic flux per field pole is 
calculated: 


From magnetic flux, and section and lengths of the different 
parts of the magnetic circuit, the densities and the ampere- 
turns required to produce these densities are derived, and as the 
sum of the ampere-turns required by the different parts of the 
magnetic circuit, the total ampere-turns excitation per field pole 
is found, which is required for generating the desired e.m.f. 

Since the formula for the generation of direct-current e.m.f 
is independent of the distribution of the magnetic flux, or its wave 
shape, the total magnetic flux, and thus the ampere-turns re¬ 
quired therefor, are independent also of the distribution of 
magnetic flux at the armature surface. The latter is of impor¬ 
tance, however, regarding armature reaction and commutation. 


IV. Distribution of Magnetic Flux 

43 . The distribution of magnetic fliix in the air gap or at the 
armature surface can be calculated approximately by assuming 
the density at any point of the armature surface as proportional 
to the m.m.f. acting thereon, and inversely proportional to the 
nearest distance from, a field pole. Thus, if Fq = ampere-turns 
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acting upon the air gap between armature and field pole, la = 
length of air gap, from iron to iron, the density under the magnet 
pole, that is, in the range BC of Fig. 90, is 


Bo 


4 ttF 0 

WTa 


At a point having the distance 4 from the end of the field pole 
on the armature surface, the distance from the next field pole 
is k = \/la^ + IJ, and the density thus, approximately. 


B 



Fig. 92. —Distribution of mganetic flux under a single pole. 


» _ ^^^0 _ 

“ 10 + 

Herefrom the distribution of magnetic flux is calculated and 
plotted in Fig. 92, for a single pole BC, along the armature sur¬ 
face A, for the length of air gap la = 1, and such a m.m.f. as to 



Fig. 93.—Distribution of magnetic force and flux at no load. 


give Bo = 8000 under the field pole; that is, for /o = 6400 or 
Ho = 8000. 

Around the surface of’ the direct-current machine armature, 
alternate poles follow each other. Thus the m.m.f. is constant 
only under each field pole, but decreases in the space between 
the field poles, from C to J57 in Fig. 93, from full value at C to 
full value in opposite direction at E. The point D midway 
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between C and E, at which the not.mi. of the field equals zero, 
is called the neutral.'^ The distribution of m.m.f. of field 
excitation is thus given by the line F in Fig. 91. The distribu¬ 
tion of magnetic flux as shown in Fig. 91 by Bo is derived by 
the formula 

_ 4 ttF 

10 h 

where 

h = ViJ+T?- 

This distribution of magnetic flux applies only to the no-load 
condition. Under load, that is, if the armature carries current, 
the distribution of flux is changed by the m.m.f. of the armature 
current, or armature reaction. 



Fig. 94. —Distribution of flux with, current in the armature. 

44 . Assuming the brushes set at the middle points between 
adjacent poles, D and G, Fig. 94, the m.m.f. of the armature is 
maximum at the point connected with the commutator brushes, 
in this case at the points D and G, and gradually decreases from 
full value at D to equal but opposite value at G, as shown by 
the line Fa in Fig. 94, while the line Fo gives the field m.m.f. 
or impressed m.m.f. 

If n = number of turns in series between brushes per pole, 
i = current per turn, the armature reaction is Fa = ni ampere- 
turns. Adding Fa and Fo gives the resultant m.m.f. F, and there¬ 
from the magnetic distribution: 

» _ 

^ ~ 10 li 

The latter is shown as line in Fig. 94. 
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With the brushes set midway between adjacent field poles, 
the armature m.m.f. is additive on one side and subtractive on 
the other side of the center of the field pole. Thus the magnetic 
intensity is increased on one side and decreased on the other. 
The total m.m.f., however, and thus, neglecting saturation, the 
total flux entering the armature, are not changed. Thus, arma¬ 
ture reaction, with the brushes midway between adjacent field 
poles, acts distorting upon the field, but neither magnetizes nor 
demagnetizes, if the field is below saturation. 

The distortion of the magnetic field takes place by the arma¬ 
ture ampere-turns beneath the pole, or from B to C. Thus, if 
r = pole arc, that is, the angle covered by pole face (two poles 
or one complete period being denoted by 360 degrees), the dis- 

rFa 

torting ampere-turns of the armature reaction arc 

3 T 

As seen, in the assumed instance. Fig. 94, where Fa = 

the mnn.f. at the two opposite pole corners, and thus the mag¬ 
netic densities, stand in the proportion 1 to 3. As seen, the 
generated e.m.f. is not changed by the armature reaction, with 
the brushes set midway between the field poles, except by the 
small amount corresponding to the flux entering beyond D and 
Gj that is, shifted beyond the position of brushes. At D, how¬ 
ever, the flux still enters the armature, depending in intensity 
upon the armature reaction; and thus with considerable arma¬ 
ture reaction the brushes when set at this point are liable to 
spark by short-circuiting an active e.m.f. Therefore, under load, 
the brushes are shifted toward the following pole, that is, toward 
the direction in which the zero point of magnetic flux has been 
shifted by the armature reaction. 

46 . In Fig. 95, the brushes are assumed as shifted to the cor¬ 
ner of the next pole, E respectively 5. In consequence thereof, 
the subtractive range of the armature m.m.f. is larger than the 
additive, and the resultant m.m.f. F = Fo + is decreased; 
that is, with shifted brushes the armature reaction demagnet¬ 
izes the field. The demagnetizing armature ampere-turns are 
GB 

PM = That is, if ri = angle of shift of brushes or angle 

of lead (= GB in Fig. 95), assuming the pitch of two poles = 360 
degrees, the demagnetizing component of armature reaction is 

’ the distorting component is where r = pole arc. 
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Thus, with shifted brushes the field excitation has to be in¬ 
creased under load to maintain the same total resultant m.m.f., 
that is, the same total flux and generated e.m.f. Hence, in 

2 r-JF F 

Fig. 95 the field excitation Fq has been assumed by ^ 

larger than in the previous figures, and the magnetic distribution 
Bi plotted for these values. 



Fig. 95.—Distribution of flux with current in the armature and brushes 
shifted from the magnetic neutral. 

V. Effect of Saturation on Magnetic Distribution 

46 . The preceding discussion of Figs. 92 to 95 omits the effect 
of saturation. That is, the assumption is made that the mag¬ 
netic materials near the air gap, as pole face and armature teeth, 
are so far below saturation that at the demagnetized pole corner 
•the magnetic density decreases, at the strengthened pole corner 
increases, proportionally to the m.m.f. 

The distribution of m.m.f. obviously is not affected by satu¬ 
ration, but the distribution of magnetic flux is greatly changed 
thereby. To investigate the effect of saturation, in Figs. 96 to 
99 the assumption has been made that the air gap is reduced to 
one-half its previous value, la — 0.5, thus consuming only one- 
half as many ampere-turns, and the other half of the ampere- 
turns are consumed by saturation of the armature teeth. The 
length of armature teeth is assumed as, 3.2, and the space filled 
by the teeth is assumed as consisting of one-third of iron and 
two-thirds of non-magnetic material (armature slots, ventilating 
ducts, insulation between laminations, etc.). 
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In Figs. 96, 97, 98, 99, curves are plotted corresponding to 
those in Figs. 92, 93, 94, and 95. As seen, the spread of mag¬ 
netic flux at the pole corners is greatly increased, but farther 
away from the field poles the magnetic distribution is not 
changed. 

47. The magnetizing, or rather demagnetizing, effect of the 
load with shifted brushes is not changed. The distorting effect 


Bo 



Fig. 96.—Flux distribution under a single pole. 

of the load is, however, very greatly decreased,^ to a small per¬ 
centage of its previous value, and the magnetic field under the 
field pole is very nearly uniform under load. 

The reason is: Even a very large increase of m.m.f. does not 
much increase the density, the ampere-turns being consumed by 
saturation of the iron, and even with a large decrease of m.m.f. 
the density is not decreased much, since with a small decrease 



Fig. 97.—Distribution of flux and m.m.f. at no load. 


of density the ampere-turns consumed by the saturation of the 
iron become available for the air gap. 

Thus, while in Fig. 95 the densities at the center and the two • 
pole corners of the field pole are 8000, 12,000, and 4000, with the 
saturated structure in Fig. 99 they are 8000, 9040, and 6550. 

At or near the theoretical neutral, however, the saturation has 
no effect. 

That is, saturation of the armature teeth affords a" means of 


I 


■ 
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reducing the distortion of the magnetic field, or the shifting of 
flux at the pole corners, and is thus advantageous for machines 
which shall operate over a wide range of load with fixed position 
of brushes, if the brushes are shifted near to the next following 
pole corner. 



Fig. 98.—Distribution of flux and m.m.f. at load, with Brushes at neutiral. 

It offers no direct advantage, however, for machines com¬ 
mutating with the brushes midway between the field poles, as 
converters. 

An effect similar to saturation in the armature teeth is produced 


Fo 



Fig. 99. Distribution of flux and m.m.f. at load, with brushes shifted, "to 

next pole corner. 

by saturation of the field pole face, or more particularly, satmra- 
tion of the pole corners of the field. 

VI. Effect of Commutating Poles 

48. With the commutator brushes of a generator set midway 
between the field poles, as in Fig. 94, the m.m.f. of armature reac- 
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tion produces a magnetic field at the brushes. The e.m.f. gener¬ 
ated by the rotation of the armature through this field opposes 
the reversal of the current in the short-circuited armature coil 
under the brush, and thus impairs commutation. If therefore 
the commutation constants of the machines are not abnormally 
good—high field strength, low armature reaction, low self-in¬ 
ductance and frequency of commutation—the machine does not 
commutate satisfactorily under load, with the brushes midway 
between the field poles, and the brushes have to be shifted to the 
edge of the next field poles, as shown in Fig. 95, until the fringe 
of the magnetic flux of the field poles reverses the armature reac¬ 
tion and so generates an e.m.f. in the armature coil, which re¬ 
verses the current and thus acts as commutating flux. The 
commutating e.m.f. and therefore the commutating flux should 
be proportional to the current which is to be reversed, that is, 
to the load. The magnetic flux of the field pole of a shunt or 
compound machine, however, decreases with increasing load at 
the pole corners toward which the brushes are shifted, by the 
demagnetizing action of the armature reaction, and the shift of 
brushes therefore has to be increased with the load, from nothing 
at no load. At overload, the pole corners toward which the 
brushes are shifted may become so far weakened that even 
under the pole not sufficient reversing e.m.f. is generated, and 
satisfactory commutation ceases, that is, the sparking limit is 
reached. 

In general, however, varying the brush shift with the load is 
not permissible, and with rapidly fluctuating load not feasible, 
and therefore the brushes arc set permanently at a mean shift. 
In this case, however, instead of increasing proportionally with 
the load, the commutating field is maximum at no load, and 
gradually decreases with increase of load, and is correct only 
at one particular load. At constant shift of the brushes, the 
commutation of the constant potential machine, direct-current 
generator or motor, is best at a certain load, and usually becomes 
poorer at lighter or heavier loads, and ultimately becomes bad 
by inductive sparks due to insufficient commutating flux. In 
machines in which very good commutating constants cannot be 
secured, as in large high-speed machines (steam turbine driven 
direct-current generators), this may lead to bad sparking or even 
flashing over at sudden overloads as well as when throwing off 
full load. 
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49. This has led to the development of the commutating 'pole^ 
also called interpoUj that is, a narrow magnetic pole located 
between the main poles at the point of the armature surface, 
at which commutation occurs, and excited so as to produce a 
commutating flux proportional to the load, and thus giving the 
required commutating field at all loads. Such machines then 
give no inductive sparking, but regarding commutation are 
limited iii overload capacity only by the current density under 
the brush. 

Such commutating poles are excited by series coils, that is, 
coils connected in series with the armature and having a number 
of effective turns higher than the number of effective series turns 
per armature pole, so that at the position of the brushes the 



Fig. 100.—Magnetic force distribution with commutating pole. 


m.m.f. of the commutating pole overpowers and reverses the 
m.m.f. of the armature, and produces a commutating m.m.f. 
equal to the product of the armature current and difference of 
commutating turns and armature turns, and thereby produces 
a commutating flux proportional to the load, as long as the mag¬ 
netic flux in the commutating poles does not reach too high 
magnetic saturation. 

In Fig. 100 is shown the distribution of m.m.f. around the cir¬ 
cumference of the armature, and in Fig. 101 the distribution of 
magnetic flux calculated in the manner as described in para¬ 
graphs 46 and 47. M represents* the main poles, C the com¬ 
mutating poles. A main field excitation Fo is assumed of 10,000 
ampere-turns per pole, and an armature reaction Fa of 6000 
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ampere-turns per pole. Choosing then 8000 ampere-turns per 
commutating pole F', leaves 2000 ampere-turns as resultant com¬ 
mutating m.m.f. at full load, half as much at half load, etc. The 
resultant m.rn.f. of the main field Fo, the armature Fa, and the 
commutating pole is represented in Fig. 100 by F 2 , and the 
flux produced by it is shown in Fig. 101. As seen, with the com¬ 
mutator brushes midway between the field poles, that is, in the 
center of the commutating x)olc, a commutating flux proportional 
to the armature current enters the armature at the brush B 
and B'j and is cut by the revolving armature during commutation. 

The use of the commutating pole or interpole thus permits 
controlling the commutation, with fixed brush position midway 
between the field poles, and commutating poles therefore are 



Fig. 101.—Magnetic flux distribution with commutating pole. 


extensively used in larger machines, especially of the high-speed 
type. 

The commutating pole makes the commutation independent 
of the main field strength, and therefore permits the machines 
to operate with equally good commutation over a wide voltage 
range, and at low voltage, that is, low field strength, as required 
for instance in boosters, etc. 

50. With multiple-wound armatures, at least one commutat¬ 
ing pole for every pair of main poles is required, while with a 
series-wound armature a single commutating pole would be 
sufficient for all the sets of armature brushes, if of sufficient 
strength. In general, however, as many commutating poles as 
main poles are used. 

With the position of the brushes at the neutral, as is the case 
when using commutating poles, the armature reaction has no 
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demagnetizing component, and the only drop of voltage at load 
is that due to the armature resistance drop and the distortion of 
the main field, which at saturation produces a decrease of the 
total flux, as shown in Fig. 98. 

As is seen in Fig. 101, the magnetic flux of the commutating 
pole is not symmetrical, but the spread of flux is greater at the 
side of the main pole of the same polarity. As result thereof, the 
total magnetic flux is slightly increased by the commutating 
poles; that is, the two halves of the commutating flux on the 
two sides of the brush do not quite neutralize, and the com¬ 
mutating flux thus exerts a slight compounding action, that is, 
tends to raise the voltage. This can be still further increased 
by shifting the brushes slightly back and thus giving a magnet¬ 
izing component of armature reaction. This can be done with¬ 
out affecting commutation as long as the brushes still remain 
under the commutating pole. In this manner a compounding 
or even a slight over-compounding can be produced without a 
series winding on the main fi.eld poles, or, inversely, by shifting 
the brushes slightly forward, a demagnetizing component of 
armature reaction can be introduced. Furthermore, the current 
induced in the short-circuited armature coil by the commutating 
field is magnetizing, that induced by the magnetic field of arma¬ 
ture reaction, demagnetizing. 

In operating machines with commutating poles in multiple, 
care therefore must be taken not to have the compounding action 
of the commutating poles interfere with the distribution of load; 
for this purpose an equalizer connection may be used between 
the commutating pole windings of the different machines, and 
the commutating windings treated in the same way as series 
coils on the main poles, that is, equalized between the different 
machines to insure division of load. 

61. The advantage of the commutating pole over the shift 
of brushes to the edge of the next field pole, in constant poten¬ 
tial machines—shunt or compound wound—^thus is that the 
commutating flux of the former has the right intensity ac all 
loads, while that of the latter is right only at one particular load, 
too high below, too low above that load. In series-wound 
machines, that is, machines in which the main field is excited in 
series with the armature, and thus varies in strength with the 
armature current, armature reaction and field excitation are 
always proportional to each other, and the distribution of mag- 






D. C. COMMUTATING MACHINES 


189 


netic flux at the armature circumference therefore always has 
the same shape, and its intensity is proportional to the current, 
except as far as saturation limits it. As the result thereof, 
shifting the brushes to the edge of the field poles, as in Fig. 95, 
brings them in a field which is proportional to the armature cur¬ 
rent and thus has the proper intensity as a commutating field. 
Therefore with series-wound machines commutating poles are 
not necessary for good commutation, but the shifting of the 
brushes gives the same result. However, in cases where the direc¬ 
tion of rotation frequently reverses, as in railway motors, the 
direction of the shift of brushes has to be reversed with the re¬ 
versal of rotation. In railway motors this cannot be done with¬ 
out objectionable complication, therefore the brushes have to be 
set midway, and the use of the magnetic flux at the edge of the 
next pole, as commutating flux, is not feasible. In this case a 
commutating pole is used, to give, without mechanical shifting 
of the brushes, the same effect which a brush shift would give. 
Therefore in railway motors, especially when wound for high 
voltage, as 1200 to 2400 volts, a commutating pole is sometimes 
used. This commutating pole, having a series winding just 
like the main pole, changes proportionally with the main pole. 
When reversing the direction of rotation, however, the armature 
and the commutating poles are reversed, while the main poles 
remain unchanged, or the main poles are reversed, while the arma¬ 
ture and the commutating poles remain unchanged; that is, 
the separate commutating pole becomes necessary because 
during the reversal of rotation it has to be treated differently 
from the main pole. 

62. The commutating pole counteracts the armature reaction 
only at the place of commutation, but not elsewhere, and the 
field distribution resulting from the armature reaction thus is not 
eliminated by the commutating pole, except locally. Thus in 
machines having very low field excitation, and relatively high 
armature reaction, as alternating-current commutating machines, 
adjustable speed motors of wide speed range at the high-speed 
position, boosters near zero voltage, etc., the load losses resulting 
from excessive field distortion, the tendency to instability of 
speed,.and the liability of flashing at the commutator at sudden 
changes of load are not eliminated by the commutating pole, 
but a more complete neutralization of the armature reaction is 
necessary. 
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Such is given by a compensating winding. This is a dis¬ 
tributed winding, located in the field pole faces closely adjacent 
to the armature, as shown in Fig. 102. It is connected in series 
but opposition to the armature winding, and of the same number 
of effective turns as the armature. By such a compensating 
winding, the armature reaction is completely eliminated, and with 
it magnetic distortion, load losses, etc. 

By giving the compensating winding some more ampere-turns 
than the armature, over-compensation is produced, giving a mag¬ 
netic cross flux under load, opposite to that of armature reaction, 
that is, a commutating flux. Very commonly in such com¬ 
pensated machines merely the 



Fig. 102.—Compensated com¬ 
mutating machine with fractional 
pitch armature winding. 


ampere-turns of the compensat¬ 
ing winding in the slots at the 
commutating zone are increased, 
so that the compensating wind¬ 
ing all around the arinature ex¬ 
actly neutralizes the armature 
reaction, except at the commu¬ 
tating zone, where it over-com- 
pensates and thus gives a local 
commutating flux. Such ma¬ 
chines, when properly designed, 
are characterized by absence of 
load losses, stability at all speeds, 


instant recovery at sudden load 


changes, and absence of sparking at commutator even at mo¬ 


mentary overloads of several hundred per cent. 


Vn. Effect of Slots on Magnetic Flux 

53. With slotted armatures the pole face density opposite the 
armature slots is less than that opposite the armature teeth, due 
to the greater distance of the air path in the former case. Thus, 
with the passage of the armature slots across the field pole a 
local pulsation of the magnetic flux in the pole face is produced, 
which, while harmless with laminated field pole faces, generates 
eddy currents in solid pole pieces. The frequency of this pul¬ 
sation is extremely high, and thus the energy loss due to eddy 
currents in the pole faces may be considerable, even with pul¬ 
sations of small amplitude. If = peripheral speed of the armar 
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ture in centimeters per second, Ip = pitch of armature slot (that 
is, width of one slot and one tooth at armature surface), the 

s 

frequency is /i = y™. Or, if / = frequency of machine, n = 

number of armature slots per pair of poles, fi = nf. 

For instance, / = 33.3, n — 51, thus/i = 1700. 


Under the assumption, width 
of slots equals width of teeth 
= 2 X width of air gap, the dis¬ 
tribution of magnetic flux at the 
pole face is plotted in Fig. 103. 

The drop of density opposite 
each slot consists of two curved 
branches equal to those in Fig. 
92, that is, calculated by 



The average flux is 7525; that h 
surface away by slots of a width 



Fig. 103.—Effect of slots on flux 
distribution. 


3, by cutting half the armature 
equal to twice the length of air 


gap, the total fl.ux under the field pole is reduced only in the 


proportion 8000 to 7525, or about 6 per cent. 

The flux B pulsating between 8000 and 5700 is equivalent to 
a uniform flux Bi = 7525 superposed with an alternating flux 



Fig. 104.—Effect of slots on flux distribution. 


jBo, shown in Fig. 104, with a maximum of 475 and a minimum 
of 1825. This alternating flux Bo can, as regards production of 
eddy currents, be replaced by the equivalent sine wave Boo, that 
is, a sine wave having the same effective value (or square root of 
mean square). The effective value is 718. 

The pulsation of magnetic flux farther in the interior of the 
field-pole face can be approximated by drawing curves equi- 
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distant from Ba. Thus the curves Bo-i, Bi, Bi.s, B^, Sj.b, and B 3 
are drawn equidistant from Bo in the relative distances 0.5, 1, 
1.5, 2, 2.5, and 3 (where Zo = 1 is the length of air gap). They 
give the effective values: 

Bo Bo.s Bi Bi,i Bi Bi.i B 3 

718 373 184 119 91 69 67 

That is, the pulsation of magnetic flux rapidly disappears 
toward the interior of the magnet pole, and still more rapidly 
the energy loss by eddy currents, which is proportional to the 
square of the magnetic density. 

64 . In calculating the effect of eddy currents, the magnetizing 
effect of eddy currents may be neglected (which tends to reduce 
the pulsation of magnetism); this gives the upper limit of loss 

Let B = effective density of the alternating magnetic flux, 

S = peripheral speed of armature in centimeters per 
second, and 

I = length of pole face along armature. 

The e.m.f. generated in the pole face is then 
e = SIB X 10-«, 

and the current in a strip of thickness Al and 1 cm. width, 
eAl SlBAllO-^ SBAllO-^ 

= 7 ? = — 71 — = —^—’ 

where 

p = resistivity of the material. 

Thus the effect of eddy currents in this strip is 

^ SHB^Al 10-^^ 

Ap = eAz = -; 

P 

or per cubic centimeter, 

10-16 

p - - 

P 

that is, proportional to the square of the effective value of mag¬ 
netic p^sation, the square of peripheral speed, and inversely 
proportional to the resistivity. 

Thus, assuming for instance, 

S = 2000, 

p = 20 X 10““®, for cast steel, 

P = 100 X lO”®, for cast iron, 
we have in the above example. 
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At distance 
from polo 
face 

B 

V 

Cast steel 

Cast iron 

0 

718 

10.3 

2.06 

la 

T 

373 

2.78 

0.56 

la 

184 

0.677 

0.135 

3 la 

119 

0.283 

0.057 

2 la 

91 

0.166 

0.033 

5 la 
"2 

69 

0.095 

0.019 

3 la 

57 

0.065 

0.013 


VIII. Armature Reaction 

66. At no load, that is, with no current in the armature cir¬ 
cuit, the magnetic field of the commutating machine is sym¬ 
metrical with regard to the field poles. 

Thus the density at the armature surface is zero at the point 
or in the range midway between adjacent field poles. This 
point, or range, is called the “neutraP' point or ^^neutraP' range 
of the commutating machine. 

Under load the armature current represents a m.m.f. acting in 
the direction from commutator brush to commutator brush of 
opposite polarity, that is, in quadrature with the field m.m.f. if 
the brushes stand midway between the field poles; or shifted 
against the quadrature position by the same angle by which the 
commutator brushes are shifted, which angle is called the angle 
of lead. 

li n = turns in series between brushes per pole, and i = cur¬ 
rent per turn, the m.m.f. of the armature is Fa = ni per pole. 
Or, if no = total number of turns on the armature, Uc = number 
of turns or circuits in multiple, 2 np = number of poles, and io 
= total armature current, the m.m.f. of the armature per pole is 

Fa = • This m.m.f. is called the armature reaction of the 

2 Tlpfle 

continuous-current machine. 

Since the armature turns are distributed over the total pitch 
of pole, that is, a space of the armature surface representing 
180 deg., the resultant armature reaction is found by multiplying 
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+ 90 2 

Fa with the average cos _ qq ~ 

p - ^ 

X TT 

When comparing the armature reaction of commutating ma¬ 
chines with other types of machines, as synchronous machines 

2 F 

etc., the resultant armature reaction Fa. = —~ has to be used. 

T 

In discussing commutating machines proper, however, the value 
Fa = ni is usually considered as the armature reaction. 

66. The armature reaction of the commutating machine has a 
distorting and a magnetizing or demagnetizing action upon the 
magnetic field. The armature ampere-turns beneath the field 
poles have a distorting action as discussed under Magnetic Dis¬ 
tribution^' in the preceding paragraphs. The armature ampere- 
turns between the field poles have no effect upon the resultant 
field if the brushes stand at the neutral; but if the brushes are 
shifted, the armature ampere-turns inclosed by twice the angle 
of lead of the brushes have a demagnetizing action. 

Thus, if r = pole arc as fraction of pole pitch, ri = shift of 
brushes as fraction of pole pitch. Fa the m.m.f. of armature 
reaction, and Fq the m.m.f. of field excitation per pole, the demag¬ 
netizing component of armature reaction is riFa, the distorting 
component of armature reaction is rFa, and the magnetic density 
at the strengthened pole corner thus corresponds to the m.m.f. 

rFa rFa 

Fo + at the weakened field corner to the m.m.f. Fo — “ 2 ^* 

IX. Saturation Curves 

67 . As saturation curve or magnetic characteristic of the com¬ 
mutating machine is understood the curve giving the generated 
voltage, or terminal voltage at open circuit and normal speed, 
as function of the ampere-turns per pole field excitation. 

Such curves are of the shape shown in Fig. 105 as A. Owing 
to the remanent magnetism or hysteresis of the iron part of the 
magnetic circuit, the saturation curve taken with decreasing 
field excitation usually does not coincide with that taken with 
increasing field excitation, but is higher, and by gradually first 
increasing the field excitation from zero to maximum and then 
decreasing again, the looped curve in Fig. 106 is derived, giving 
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as average saturation curve the curve shown in Fig. 105 as A 
and as central curve in Fig. 106. 

Direct-current generators are usually operated at a point of 
the saturation curve above the bend, that is, at a point where the 
terminal voltage increases considerably less than proportionally 
to the field excitation. This is necessary in self-exciting direct- 
current generators to secure stability. 

The ratio 

increase of field excita tio n corres pond ing i ncrease of voltag e 
total field excitation * total voltage 

XL. X • 

that IS, —i-> 

r a e 



Fig. 105.—Saturation characteristics. 

is called saturation factor s, and is plotted in Fig. 105. It is the 
ratio of a small percentage increase in field excitation to a corre¬ 
sponding percentage increase in voltage thereby produced. The 

quantity 1 — - is called the percentage saturation of the ma- 

s 

chine, as it shows the approach of the machine field to mag¬ 
netic saturation. 

68 . Of considerable importance also are curves giving the 
terminal voltage as function of the field excitation at load. 
Such curves are called lead saturation curveSj and can be constant 
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current load saturation curve, that is, terminal voltage as func¬ 
tion of field ampere-turns at constant full-load current through 
the armature, and constant resistance load saturation curve, that 
is, terminal voltage as function of field ampere-turns if the 
machine circuit is closed through a constant resistance giving 
full-load current at full-load terminal voltage. 

A constant current load saturation curve is shown as B, and 
a constant resistance load saturation curve as C in Fig. 105. 



X. Compounding 

69 . In the direct-current generator the field excitation re¬ 
quired to maintain constant terminal voltage has to be increased 
with the load. A curve giving the field excitation in ampere- 
turns per pole, as function of the load in amperes, at constant 
terminal voltage, is called the compounding curve of the machine. 
The increase of field excitation required with load is due to: 

1. The internal resistance of the machine, which consumes 
e.m.f. proportional to the current, so that the generated e.m.f., 
and thus the field m.m.f. corresponding thereto, has to be greater 
under load. If p = resistance drop in the machine as fraction 
%r 

of terminal voltage, == —^ the generated e.m.f. at load has to be 
e 

e (1 -f- p), and if Fo= no-load field excitation, and s = satu- 
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ration coefficient, the field excitation required to produce the 
e.m.f. 6 (1 + p) is Fo (1 + sy)] thus an additional excitation of 
spFo is required at load, due to the armature resistance. 

2. The demagnetizing effect of the ampere-turns armature 
reaction of the angle of shift of brushes ri requires an increase 
of field excitation by riFa- (Section VII.) 

3. The distorting effect of armature reaction does not change 
the total m.m.f. producing the magnetic flux. If, however, mag¬ 
netic saturation is reached or approached in a part of the mag¬ 
netic circuit adjoining the air gap, the increase of magnetic 
density at the strengthened pole corner is less than the decrease 
at the weakened pole corner, and thus the total magnetic flux 
with the same total m.m.f. is reduced, and to produce the same 
total magnetic flux an increased total m.m.f., that is, increase of 
field excitation, is required. This increase depends upon the 
saturation of the magnetic circuit adjacent to the armature 
conductors. 

4. The magnetic stray field of the machine, that is, that part 
of the magnetic flux which passes from field pole to field pole with¬ 
out entering the armature, usually increases with the load. This 
stray field is proportional to the difference of magnetic potential 
between field poles; that is, at no load it is proportional to the 
ampere-turns m.m.f. consumed in air gap, armature teeth, and 
armature core. Under load, with the same generated e.m.f., 
that is, the same magnetic flux passing through the armature 
core, the difference of magnetic potential between adjacent field 
poles is increased by the counter m.m.f. of the armature and by 
saturation. Since this magnetic stray flux passes through field 
poles and yoke, the magnetic density therein is increased and the 
field excitation correspondingly, especially if the magnetic den¬ 
sity in field poles and yoke is near saturation. This increase of 
field strength required by the increase of density in the external 
magnetic circuit, due to the increase of magnetic stray field, 
depends upon the shape of the magnetic circuit, the armature 
reaction, and the saturation of the external magnetic circuit. 

Curves giving, with the amperes oufput as abscissas, the 
ampere-turns per pole field excitation required to increase the 
voltage proportionally to the current are called over-compounding 
curves. In the increase of field excitation required for over¬ 
compounding, the effects of magnetic saturation are still more 
marked. 

13 
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XI. Characteristic Curves 

60. The field characteristic or regulation curve, that is, curve- 
giving the terminal voltage as function of the current output at 
constant field excitation, is of less importance in commutating 
machines than in synchronous machines, since commutating 
machines are usually not operated with separate and constant 
excitation, and the use of the series field affords a convenient 
means of changing the field excitation proportionally to the load. 
The curve giving the terminal voltage as function of current out¬ 
put, in a compound-wound machine, at constant resistance in the 
shunt field, and constant adjustment of the series field, is, how¬ 
ever, of importance as regulation curve of the direct-current 
generator. This curve would be a straight line except for the 
effect of saturation, etc., as discussed above. 

XII. Efficiency and Losses 

61, The losses in a commutating machine which .have to be 
considered when deriving the efficiency by adding the individual 
losses are: 

1. Loss in the resistance of the armature, the commutator 
leads, brush contacts and brushes, in the shunt field and the series 
field with their rheostats. 

2. Hysteresis and eddy currents in the iron at a voltage equal 
to the terminal voltage, plus resistance drop in a generator, or 
minus resistance drop in a motor. 

3. Eddy currents in the armature conductors when large and 
not protected, and in pole faces when solid and the air gap 
is small. 

4. Friction of bearings, of brushes on the commutator, and 
windage. 

5. Load losses, due to the increase of hysteresis and of eddy 
currents under load, caused by the change of the magnetic dis¬ 
tribution, as local increase of magnetic density and of stray field. 

The friction of the brushes and the loss in the contact resist¬ 
ance of the brushes are frequently quite considerable, especially 
with low-voltage machines. 

Constant or approximately constant losses are: friction of 
bearings and of commutator brushes, and windage; hysteresis 
and eddy current losses; and shunt field excitation. Losses 
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increasing with the load, and proportional or approximately 
proportional to the square of the current: armature resistance 
losses; series field resistance losses; brush contact resistance 
losses; and the so-called ^doad losses.’^ 

XIII. Commiitation 

62. The most important problem connected with commutating 
machines is that of commutation. 

Fig, 107 represents diagrammatically a commutating machine. 



Fig. 107.“—Diagram for the study of comrautation. 


The e.m.f, generated in an armature coil A is zero with this coil 
at or near the position of the commutator brush Bi. It rises 
and reaches a maxinium about midway between two adjacent 
sets of brushes, Bi and JSs, at <J, and then decreases again, 
reaching zero at or about jBs, and then repeats the same change 
in opposite direction. The current in armature coil A, however, 
is donstant during the motion of the coil from Bi to B%. While 
the coil A passes the brush B 2 , however, the current in the coil 
A reverses, and then remains constant again in opposite direc- 
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tion during the motion from to B 3 . Thus, while the armature 
coils of a commutating machine are the seat of a system of poly¬ 
phase e.m.fs. having as many phases as coils, the current in these 
coils is constant, reversing successively. 

63 . The reversal of current in coil A takes place while the 
gap G between the two adjacent commutator segments between 
which the coil A is connected passes the brnshi J 52 . Thus, if 

= width of brushes, S = peripheral speed of commutator per 
second in the same measure in which Iw is given, as in inches per 

second if L is given in inches, U = ^ is the time during which 

the current in A reverses. Thus, considering the reversal as a 

1 s 

single alternation, U is a half period, and thus /o = ^ is 

the frequency of commutation; hence, if L = inductance of the 
armature coil A, the e.mi. generated in the armature coil during 
commutation is eo = 27rfoLio, where io = current reversed, and 
the energy which has to be dissipated during commutation is io^L. 

The frequency of commutation is very much higher than the 
frequency of synchronous machines, and averages from 300 to 
1000 cycles per second, or more. 

64 . In reality, however, the changes of current during com¬ 
mutation are not sinusoidal, but a complex exponential func¬ 
tion, and the resistance of the commutated circuit enters the 
problem as an important factor. In the moment when the gap 
G of the armature coil A reaches the brush ^ 2 , thp coil A is short- 
circuited by the brush, and the current io in the coil begins to 
die out, or rather to change at a rate depending upon the internal 
resistance and the inductance of the coil A and the e.m.f. gener¬ 
ated in the coil by the magnetic flux of armature reaction and by 
the field magnetic flux. The higher the internal resistance the 
faster is the change of current, and the higher the inductance 
the slower the current changes. Thus two cases have to be dis¬ 
tinguished. 

1. No magnetic flux enters the armature at the position of 
the brushes, that is, no e.m.f. is generated in the armature coil 
under commutation, except that of its own self-inductance. In 
this case the commutation is entirely determined by the induc¬ 
tance and resistance of the armature coil Ay and is called rc- 
sistance commutation. 

2 . Commutation takes place in an active magnetic field; that 
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is, in the armature during commutation an e.m.f. is generated 
by its rotation through a magnetic field. This magnetic field 
may be the magnetic field of armature reaction, or the reverse 
magnetic field of a commutating pole, or the fringe of the main 
field of the machine, into which the brushes are shifted. In 
this case the commutation depends upon the inductance and the 
resistance of the armature coil and the e.m.f. generated therein 
by the main magnetic field, and if this magnetic field is a com¬ 
mutating field, is called voltage commutation. 

In either case the resistance of the brushes and their contact 
may either be negligible, as usually the case with copper brushes, 
or it may be of the same or a higher magnitude than the internal 
resistance of the armature coil A. The latter is usually the case 
with carbon or graphite brushes. 

In the former case the resistance of the short-circuit of arma¬ 
ture coil A under commutation is approximately constant; in 
the latter case it varies from infinity in the moment of beginning 
commutation down to minimum, and then up again to infinity at 
the end of commutation. 

65 . (a) Negligible resistance of brush and brush contact. 

This is more or less approximately the case with copper brushes. 


Let 


io = current, 

L = inductance, 
r = resistance of arnn^ature coil, 


io = ^ = time of commutation. 


and — 6 = e.m.f. generated in the armature coil by its rotation 
through the magnetic field, where e is negative for the magnetic 
field of armature reaction and positive for the commutating field. 

Denoting the current in the coil A at time t after beginninir 
of commutation by i, the e.m.f. of self-inductance is 


Thus the total e.m.f. acting in coil A, 


- e + ei = 


and the current is 

- 6 + Cl 



e Ldi ^ 
r r dt 


r 
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Transposing, this expression becomes 


rdt di 



the integral of which is 

- ^ = log, (^ + i) - logf C, 

where loge c = integration constant. 

Since at f = 0, i we have 

log, c = log + io), 

therefore 

C = 0 + *o), and i = (^ + io)e'i' - 

and, at the end of commutation, or, t = U, 

fe ^ to e 

= \" + ^ 

For perfect commutation, 

ioj 

that is, the current at the end of commutation must have reversed 
and reached its full value in opposite direction. 

Substituting in this last equation the value ii from the pre¬ 
ceding equation, and transforming, we have 

e 


e , . 


taking the logarithms of both terms. 


r 

= log. 




M 


and, solving the exponential equation for c, we obtain 


1 + € 


— — <0 
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It is evident that the inequality e > ht must be true, otherwise 
perfect commutation is not possible. 


If 


we have 


<? = 0 , 

- ^ / 
% = L 


that is, the current never reverses, but merely dies out more or 
less, and in the moment when the gap G of the armature coil 
leaves the brush B the current therein has to rise suddenly to 
full intensity in opposite direction. This being impossible, due 
to the inductance of the coil, the current forms an arc from the 
brush across the commutator surface for a length of time depend¬ 
ing upon the inductance of the armature coil. 

Therefore, with low-resistance brushes, resistance commutation 
is not permissible except with machines of extremely low arma- 



Ti(j. 108.—Brush commutating coil A. 


turc inductance, that is, armature inductance so low that the 

• 2T 

magnetic energy which appears as spark” in this case, is 
harmless. 

Voltage commtitation is feasible with low-resistance brushes, 
but requires a commutating c.m.f. e proportional to current ^o; 
that is, requires shifting of brushes proportionally to the load, or 
a commutating pole. 

In the preceding, the e.m.f. e has been assumed constant dur¬ 
ing the commutation. In reality it varies somewhat, usually 
increasing with the approach of the commutated coil to a denser 
field. It is not possible to consider this variation in general, and 
e is thus to be considered the average value during commutation. 

66 . (6) High-resistance brush contact. 

Fig. 108 represents a brush B commutating armature coil A. 
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Let Tq = contact resistance of the brush, that is, resistance 
from the brush to the commutator surface over the total bearing 
surface of the brushes. The resistance of the commutated cir¬ 
cuit is thus internal resistance of the armature coil r plus the 
resistance from C to B plus the resistance from B to D. 

Thus, if ^0 = time of commutation, at the time i after the be¬ 
ginning of the commutation, the resistance from C to jB is " 

_1 <* _ n 1 . T\ *_ ^0^0 ,1 ,, , , 1 . , I T _ _ 


and from B to D is t- 1 ; thus, the total resistance of the com- 

Cq ^ 


mutated coil is 


R = r 


t t {U - t)' 


If id — current in coil A before commutation, the total cur¬ 
rent into the armature from brush Bis 2 ^o. Thus, if i — current 
in commutated coil, the current from B to D = u A- i, the cur¬ 
rent from jB to (7 = ^0 — 

Hence, the difference of potential from D to C is 


V - KH - 0- 


The e.m.f. acting in coil A is 


^ dt ' 


and herefrom the difference of potential from Z) to C is 


T, di 

^ ^ di 


_ , _ i ^ ^ . 


or, transposing, 

Ldi 
dt + 


+ e + «V -|- 


kroio (2 1 - U) 


t (to — t) 


t {to - t) 


T,~ + o + i (t A _ ] I * ~ 

^ ^ V + t (io- 0/ + fito -t) - 


The further solution of this general problem becomes difficult, 
but even without integrating this differential equation a number 
of important conclusions can be derived. 

Obviously the commutation is correct and thus snarkless if 





T 


1 


I 


I 


I • 


I 


I 
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the current entering over the brush shifts from segment to seg¬ 
ment in direct proportion to the motion of the gap between ad¬ 
jacent segments across the brush, that is, if the current density 
is uniform all over the contact surface of the brush. This means 
that the current i in the short-circuited coil varies from + ^o to 
— ^o as a linear function of the time. In this case it can be rep¬ 
resented by 

. . U- 2 t 

* “ u ’ 

thus, 

di _ 2 ip 

dt J^o ' 

Substituting this value in the general differential equation 
gives, after some transformation, 

^0 ”f* ^ (i^o — 2 () — 2Ij = Oy 



which gives at the beginning of commutation, ^ = 0, 



at the end of commutation, t = toj 



that is, even with high-resistance brushes, for perfect com¬ 
mutation, voltage commutation is necessary, and the e.m.f. e 
itnpressed upon the commutated coil must increase during com¬ 
mutation from Cl to 62 , by the above equation. This e.m.f. is 
proportional to the current io, but is independent of the brush 
resistance ro. , 

Eesistance Commutation 

67 . Herefrom it follows that resistance commutation cannot 
be perfect, but that at the contact with the segment that leaves 
the brush the current density must be higher than the average. 
Let g = ratio of actual current density at the moment of leaving 
the brush to average current density of brush contact, and con- 
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sidering only the end of commutation, as the most important 
moment, we have 

. . (2g-l)U-2gt 

* to 

For t = to — this gives 

• , „ ■ 

7 , = ^ 2 g j-H, 


while uniform current density would require 

I =Z — 


e 


The general differential equation of resistance commutation^ 
= 0, is 




rp^o^ \ (2 1 


-Jo) 

t) 


= 0 . 


Substituting in this equation the value of i from the foregoing 
equation, expanding and cancelling to — t, we obtain 


2 Toto^ (g — 1) + rtto (2 g — 1) — 2 gri- — 2 <jLt = 0; 

hence, 

- ^0 (2ro^o + rt) 

^ 2 (rp^o^ + rtto — rt'^ — Ltf 

and for t — to, 

r 

= ^o(2> - o + r ) _ 

^ '2{roio-L)~ ^’^Uto-L’ 


that is, g is always > 1. 

The smaller L and the larger rp, the smaller is g; that is, the 
nearer it is to 1, the condition of perfect commutation, and 
the better is the commutation. 

Sparkless commutation is impossible for very large*, values of 
g, that is, when L approaches roto, or when rp is not much larger 

than T-* For this reason, in machines in which L cannot be 
to 

made small, r is sometimes made large by inserting resistors 
in the leads between the armature and the commutator, so-called 
resistance^’ or preventive” leads as used in alternating-current 
commutator motors. 


XIV. Types of Commutating Machines 

68 . By the methods of excitation, commutating machines 

are subdivided into magneto, separately excited, shunt, series, 

1 
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aud compound machines. Magneto machines and separately 
exchted machines are very similar in their characteristics. In 
either, the field excitation is of constant, or approximately 
constant, impressed m.m.f. Magneto machines, however, are 
little used, except for very small sizes. 

By the direction of energy transformation, commutating ma¬ 
chines are subdivided into generators and motors. 

Of foremost importance in discussing the different types of 
machines is the saturation curve or magnetic characteristic; 
that is, a curve relating terminal voltage at constant speed to 
arnper(‘,-turns per pole field excitation, at open circuit. Such 
a curvci is shown as A in Figs. 109 and 110. It has the same 



gcuHJral shape as the magnetic flux density curve, except that the 
knee or bend is less sharp, due to the different parts of the 
magnetic circuit saturation successively. 

Thus, in order to generate voltage ac the field excitation oc 
is required. Subtracting from ac in a generator, Fig. 109, or 
jwlding in a motor, Fig. 110, the value ab = ir, the voltage con¬ 
sumed by the resistance of the armatute, commutator, etc., 
gives the terminal voltage be at current and adding to. oc the 
value ce ^ bd iq — armature reaction, or rather field excita¬ 
tion required to overcome the armature reaction, gives the field 
excitation oe required to produce the terminal voltage de at 
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current L The armature reaction corresponding to current i, 
is calculated as discussed before, and q may be called the coef¬ 
ficient of armature reaction, 

69 . Such a curve, D, shown in Fig. 109 for a generator, and 
in Fig. 110 for a motor, and giving the terminal voltage de at 
current i, corresponding to ^ the field excitation oe, is called a 
load saturation curve. Its points are respectively distant from 
the corresponding points of the no-load saturation curve A a 
constant distance equal to ad, measured parallel thereto. 

Curves D are plotted under the assumption that the armature 
reaction is constant. Frequently, however, at lower voltage the 



armature reaction, or rather the increase of excitation required 
to overcome the armature reaction iq, increases, since with 
voltage commutation at lower voltage, and thus weaker field 
strength, the brushes have to be shifted more to secure spark¬ 
less commutation, and thus the demagnetizing effect of the 
angle of lead increases. At higher voltage iq usually increases 
also, due to increase of magnetic saturation under load, caused 
by the increased stray field. Thus, the load saturation curve 
of the continuous-current generator more or less deviates from 
the theoretical shape D toward a shape shown as G, 
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A. Generators 

Separately Excited and Magneto Generator 

70. In a H(q)arately excited or magneto machine, that is, a 
machine with constant field excitation Fo, a demagnetization 



Fkj. 111.—Separately exeited or magneto-generator demagnetization curve 
and load characteristic with constant shift of brushes. 
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Fkl 112.—Separately excited or magneto-generator demagnetization curve 
and load characteristic with variable shift of brushes. 

curve can be plotted from the magnetization or saturation curve 
A in Fig. 109. At current i, the resultant in.m.f. of the machine 
is Fo — iq, and the generated voltage corresponds thereto by 
the saturation curve A in Fig. 110. Thus, in Fig. Ill a de¬ 
magnetization curve A is plotted with the current ob = i ss 
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abscissas and the generated e.ini. db as ordinates, under the 
assumption of constant coefficient of armature reaction g, that 
is, corresponding to curve D in Fig. 109. This curve becomes 
zero at the current ioj which makes uq = Fq. Subtracting from 
curve A in Fig. Ill the drop of voltage in the armature and 
commutator resistance, ac = gives the'external characteristic 
B of the machine as generator, or the curve relating the terminal 
voltage to the current. 

In Fig. 112 the same curves are shown under the assumption 
that the armature reaction varies with the voltage in the way 
as represented by curve G in Fig. 109. 

In a separately excited or magneto motor at constant speed 
the external characteristic would lie as much above the demag¬ 
netization curve A as it lies below in a generator in Fig. Ill, 
and at constant voltage the speed would vary inversely pro¬ 
portional hereto. 

Shunt Generator 

71. The external or load characteristic of the shunt generator 
is plotted in Fig. 113 with the current as abscissas and the 
terminal voltage as ordinates, as A for constant coefficient of 
armature reaction, and as B for a coefficient of armature reac¬ 
tion varying with the voltage in the way as shown in G^ Fig. 109. 
The construction of these curves is as follows: 

In Fig. 109, og is the straight line giving the field excitation 
oh as function of the terminal voltage hg (the former obviously 
being proportional to the latter in the shunt machine). The 
open-circuit or no-load voltage of the machine is then fcg. 

Drawing gl parallel to da (assuming constant coefficient of 
armature reaction, or parallel to the hypothenuse of the triangle 
ig, ir at voltage og, when assuming variable armature reaction), 
then the current which gives voltage gh is proportional to glj 
that is, i : io = gl : da, where U is the current at the voltage de. 

As seen from Fig. 113, a maximum value of current exists 
which is less if the brushes are shifted than at constant position 
of brushes. 

From the load characteristic of the shunt generator the 
resistance characteristic is plotted in Fig. 114; that is, the de¬ 
pendence of the terminal voltage upon the external resistance 

^ terminal voltage ^ 4 • t-.* ^ ^ ^ x 

Jti =- 7 —Curve A in Fig. 114 corresponds to 
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cellistuut, i’urvi‘ H to varyinii; armature reaction. It is seen 
that at a caaiain <if‘finitc^ re.sistaiuuj the voltage becomes zero, 
and fnr lower resist anct! tlic macdiine cannot generate but loses 
its excitation. 

llie variation o! ihv, terminal voltage of the shunt generator 
with tlie spe(*d at cauisiani fudd r(‘sist,ance is shown in Fig. 115, 
at no load as d, and at (*onstant (oirnuit i as B. ddiese curves 
are cierivcal fnan fhc» pre<a‘ding on(*s. They show that Ixdow a 
ccTfain sf^efah which is much highco' at load than at no load^ the 



Ffo. Iia.—Hhiini giautraier lead characterintic. 

mitchiiie rnnnijt geinnaite. Tim lower part of curves B is unstable 

ami mniiot In* realizixL 

Sir ten (renemtor 

72* In tlie «c*rie« generator the field c»X(dtation is proportional 
tr> the eiirreiii aiifl the siifairiition curves dl in Fig. 116 can thus 
lie plotted with the ciirrcait i as iifiscissaH. Hubtracting ab ^ ir\ 
the resisliiiiee drop, from the voltage, and adding bd « tV/, the 
iirmaitire reiwdiori, gives a load saturation curve or external 
eliarf4id.eri«lii: ti of the stwies generator. The terminal voltages 
is zero at no hind or open cdrciiit, increases with the load, rc^aches 
fi miiximiiiB value at a certain curre.nt, and then decrcjases again 
and rifaches zero at a certain maximum current, the current of 
short circuit. 

Chirvc B is plotted with constant coefficient of armature reac¬ 
tion q. Awiiining the brushes to Imj shifted witJi the load and 
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proportionally to the load, gives curves C, D, and E, which are 
higher at light load, but fall off faster at high load. A still 
further shift of brushes near the maximum current value even 
overturns the curve as shown in F. Curves E and F correspond 
to a very great shift of brushes, and an armature demagnetizing 
effect of the same magnitude as the field excitation, as realized 
in arc-light machines, in which the last part of the curve is used 
to secure inherent regulation for constant current. 

The resistance characteristic, that is, the dependence of the 
curnmt and of the terminal voltage of the series generator upon 



Fi(i. 11 Henries gcjncrator Haturation curve and load characteristic. 


the external resistance, is constructed from Fig. 116 and plotted 
in Fig. 117. 

Bi and Bg in Fig. 117 are terminal volts and amperes corre¬ 
sponding to curve B in Fig. 116, Ei, E 2 , and F 2 volts and amperes 
corresponding to curves E and F in Fig. 116. 

Above a certain external resistance the series generator loses 
its excitation, while the shunt generator loses its excitation 
below a certain external resistance. 

Compound Generator 

73 . The saturation curve or magnetic characteristic A, and 
the load saturation curves D and G of the compound generator, 
are shown in Fig. 118 with the ampere-turns of the shunt field 

14 
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adjtistrci for tln^ saira* V(>llu|>^o ai no load and at full load, under- 
{‘oiniKnuids at highc‘r and over-rompounds at lower voltage, and 
(‘vcni atopcui cdnniit of the* sluint ficdd gives still a voltage op as 
sen’ios g(*in*ra!or. \\ licni shifting tlu^ brush(‘s under load, at lower 
v<>ltage a s(‘C’ond point, ij is rt^acdusl where the machine compounds 
corns’!ly, and Ih’Icjw this point the machine under-compounds 
and loses its excitation wluni tiu^ shunt fi(dd decreases below a 
ccTtain value; that is, it do(‘H not c^xeiU^ itself as series generator. 

B. Motors 
Motor 

74. Three Hpc*ed charaeteristies of the shunt motor at con¬ 
stant impresHf’d e.m.f. c are shown in Fig. IIG as A, F, Qj corre- 
sponding to the* points ri, j>, q of th(^ motor load saturation curve, 
Fig. 110. dlieir di-rivation is as follows: At constant impressed 



Fie. no. ■■'"“‘Hituni iiicifnr «pccd c.urvcH, cfuiHtani iinpresHed e.m.f. 


<nmi. r tlif* fiehl <*xcnfation is couHiani and (a|uals Fo, and at 
current i the generated fMin.f. must he e — tr. The resultant 
field exeilatiim is Fo — iV/, ami t^enn^sponding hereto at constant 
H|K*ed till! geniTided e.mi. tabm from saturation curve A in 
Fig. ilO is 10 . Hinca; it must be e — ir, the speed is changed in 

the proportion 

At a certain voltage the npoml m very nearly constant, the 
demagneti^^ing eff4*c!t of armature redaction counteracting the 
effect of firmiiture resmtiince. At higher voltage the speed falls, 
at lower voltage it rises with inc^reasing current. 

In Fig, 120 is shown the* speed characteristic of the shunt 







I 
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motor as function of the impressed voltage at constant output, 
that iS; constant product, current times generated c.m.f. If 
i = current and P = constant output, the generated e.m.f. 

P 

must be approximately ei = -j, and thus the terminal voltage 

e = + ir. Proportional hereto is the field excitation Fq, 

The resultant m.m.f. of the field is thus P = Po — and corre¬ 
sponding thereto from curve A in Fig. Ill is derived the c.m.f. 
which would be generated at constant speed by the m.m.f. P. 
Since, however, the generated e.m.f. must be the speed is 

changed in the proportion —• 



Fig. 120.--Shiiiit motor speed curve, variable impressed e.m.f. 


The speed rises with increasing and falls with decreasing im- 
pressed e.m.f. Still further decreasing the impressed e.m.f., 
the sp«d reaches a minimum and then increases again, but the 
conditions become unstable. 


Series Motor 


to. Ihe speed characteristic of the series motor is shown in 
^ fhf constant impressed e.m.f. e. A is the saturation 
cuwe of the series machine, with the current as abscissas and at 
constant speed. At current i, the generated e.m.f. must be 


e ir, and the speed is thus times that, for which curve A 
is plotted, where ex = e.m.f. taken from saturation curve A. 
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This speed curve corresponds to a constant position of brushes 
midway between the field poles, as generally used in railway 
motors and other series motors. If the brushes have a constant 
shift or are shifted proportionally to the load, instead of the 
saturation curve A in Fig. 121 a curve is to be used correspond¬ 
ing to the position of brushes, that is, derived by adding to the 
abscissas of A the values iq, the demagnetising effect of arma¬ 
ture reaction. 



The torque of the series motor is shown also in Fig. 121, 
derived as proportional to A X i, that is, current X magnetic 
flux. 

Compound Motors 

76 . Compound motors can be built with cumulative com¬ 
pounding and with differential compounding. 

Cumulative compounding is used to a considerable extent, as 
in elevator motors, etc., to secure economy of current in starting 
and at high loads at the sacrifice of speed regulation; that is, a 
compound motor with cumulative series field stands in its speed 
and torque characteristic intermediate between the shunt motor 
and the series motor. 
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Differential compounding is used to secure constancy of speed 
with varying load, but to a small extent only, since the speed 
regulation of a shunt motor can be made sufficiently close, as was 
shown in the preceding. 

Conclusion 

77 . The preceding discussion of commutating machine types 
can obviously be only very general, showing the main character¬ 
istics of the curves, while the individual curves can be modified 
to a considerable extent by suitable design of the different parts 
of the machine when required to derive certain results, as, for 
instance, to extend the constant-current part of the series gen¬ 
erator; or to derive a wide range of voltage at stability, that is, 
beyond the bend of the saturation curve in the shunt generator; 
or to utilize the range of the shunt generator load characteristic 
at the maximum current point for constant-current regulation; 
or to secure constancy of speed in a shunt motor at varying 
impressed e.m.f., etc. 

The use of the commutating machine as direct-current con¬ 
verter has been omitted from the preceding discussion. By 
means of one or more alternating-current compensators or 
autotransformers, connected to the armature by collector 
rings, the commutating machine can be used to double or halve 
the voltage, or convert from one side of a three-wire system to 
the other side and, in general, to supply a three-wire Edison 
system from a single generator. Since, however, the direct- 
current converter and three-wire generator exhibit many fea¬ 
tures similar to those of the synchronous converter, as regards 
the absence of armature reaction, the reduced armature heat¬ 
ing, etc., they will be discussed as an appendix to the synchro¬ 
nous converter. 

XV. APPENDIX 

ALTERNATING-CURRENT COMMUTATOR MOTOR 

78 . Since in the series motor and in the shunt motor the 
direction of the rotation remains the same at a reversal of the 
impressed voltage, these motors can be operated by an alternat¬ 
ing voltage, as alternating-current motors, .by making such 
changes in the materials, proportioning and design, as the al¬ 
ternating nature of the current* requires. 
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In the alternating-current commutator motor, the field struc¬ 
ture as well as the armature must be laminated, since the mag¬ 
netic flux is alternating. 

The alternation of the field flux induces an e.m.f. of self 
induction in the field winding. In the shunt motor, this causes 
the field exciting current and with it the magnetic field flux to 
lag and thereby to be out of phase with the armature current 
which, to -represent work, must essentially be an energy current, 
and thereby reduces output and efficiency and hence requires 
some method of compensation, as capacity in series with the 
field winding or excitation of the field from a quadrature phase 
of voltage. In the series motor the self-inductance of the field 
causes the main current to lag behind the impressed voltage and 
thereby lowers the power-factor of the motor. Thus, to get 
good power-factor, the field self-inductance must be made low, 
that is, the field as weak and the armature as strong as possible. 
With such a strong armature, and weak field, the commutating 
pole is not suflS.cient to control magnetic distortion by the arma¬ 
ture reaction, and complete compensation by a distributed 
compensating winding, as Fig. 102, page 190, is required. 

79. When in the position of commutation the armature 
coil is short-circuited by the commutator brush, it encloses the 
full field flux and thus for a moment no e.m.f. is induced in the 
armature coil by its rotation through the field flux, and in the 
continuous current machine the coil is without voltage except 
whatever voltage may be intentionally produced by the com¬ 
mutating flux. In the alternating-current motor, however, the 
field flux induces' voltage also in the armature coil by its 
alternation, and this voltage is a maximum in the position of 
commutation, and when short-circuited by the commutator 
l)ru8h tends to produce an excessive current and cause spark¬ 
ing. No position exists on the commutator of the alternating- 
current motor where the armature coil does not contain an 
induced e.m.f., but in the position midway between the brushes 
the e.m.f. induced by the rotation through the magnetic 
field is a maximum; in the position of commutation the e.m.f, 
induced by the alternation of the field flux is a maximum. To 
overcome the destructive sparking caused by the short circuit 
of the latter e.m.f. by the commutator brush is the problem of 
making a successful alternating-current commutator: 

1. Inducing an opposite e.m.f. by a commutating field. As 
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the e.m.f. induced by the alternation of the main field is in 
quadrature with the main field, and the e.m.f. induced by the 
rotation through the commutating field is in phase with it, the 
commutating field must be in quadrature with the main field. 
By properly proportioning this commutating field, as in the 
series repulsion motor, completely sparklcss commutation can 
be produced at speed. However, at standstill and low speeds 
this method fails, as the voltage induced by the rotation through 
the commutating field becomes zero at standstill. 

2. Reducing the short-circuit current by high resistance leads 
between commutator and armature coil. This only mitigates 
the trouble, but due to the voltage drop in the lead resistance 
tends to increase sparking at speed. Also, the excessive con¬ 
centration of heat in the commutating leads in the moment of 
starting tends to destroy them if the motor docs not quickly 
start. 

3. Narrow brushes, to reduce the duration of short circuit. 

4. Low impressed frequency, so as to give low values to 
the induced e.m.f. This is the cause of the desire for abnormally 
low frequencies, as 15 and even 8 cycles, in alternating-current 
railway electrification. 

5. Low magnetic flux per pole. This is the reason why 
alternating-current commutator motors of large power usually 
have such a large number of poles. 

These very severe limitations of the design of alternating-cur¬ 
rent commutating motors are the reason why such motors have 
found only limited application, except in smaller sizes. 

80. Alternating-current motors are usually single-phase, since 
the possibility of commutation control makes the single-phase 
easier than a polyphase design. In the single-phase motor, the 
magnetic field flux is constant in direction, and the direction 
in quadrature to the main field flux thus is available for pro¬ 
ducing a suitable commutating flux. In the polyphase motor, 
however, the magnetic flux rotates, assuming successively all 
directions, and thus no commutating flux can be used. For this 
reason, designs of polyphase commutator motors have been 
made in which the different (2 and 3) phases are kept separate, 
and spaces left between them for accommodating commutating 
fluxes. 

81. Alternating-current commutator motors arc used: 

1. In railroading, for securing the advantage of the higher 
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economy of high voltage alternating-current transmission and 
distribution. For railroading generally the series motor type is 
used, either the plain compensated series motor, or inductive 
modifications thereof, as the repulsion motor etc. In the repul¬ 
sion motor the armature, instead of being connected in series 
with field and compensating winding, is closed on itself and thus 
traversed by a secondary current induced by the compensating 
winding as primary that is, the armature is connected inductively 
in series. 

2. As constant-speed motor where considerable starting 
torque is required, as for elevators, hoists, etc., and in general 
as self-starting single-phase motors. For this purpose, com¬ 
binations of repulsion and induction type or of series and in¬ 
duction type are used. 

3. As adjustable speed, alternating-current motor of single¬ 
phase and of polyphase type. The synchronous motor and 
the induction motor both are constant and fixed speed, the 
former synchronous, the latter near synchronous. Operating 
the induction motor materially below synchronism, by arma¬ 
ture resistance, is inefficient and gives a speed which varies with 
the load. By changing the number of poles, or by concatena¬ 
tion, multi-speed induction motors can be produced. The 
gradual speed adjustment, as given by field control of direct- 
current motors, requires, however, a commutator on the al¬ 
ternating-current motor. If into the secondary of the induction 
motor an e.m.f. is introduced, the speed of the motor can be 
varied by varying the introduced e.m.f.; and lowered, if this 
e.m.f. is in opposition; raised beyond synchronism, if this e.m.f. 
is in the same direction as the e.m.f. induced in the motor 
secondary. As, however, the e.m.f. induced in the ^induction 
motor secondary is of the frequency of slip, the speed controlling 
e.m.f. must either be supplied through the commutator or de¬ 
rived from a low frequency commutating machine as source. 

4. For power-factor compensation. In an inductive circuit, 
the current lags behind the voltage or, what is the same, the 
voltage leads the current, and the power-factor thus can be 
raised by compensation either by introducing a leading current, 
as from condenser or overexcited synchronous motor, or by in¬ 
troducing a lagging voltage. In the commutating machines, 
the voltage induced in the armature by its rotation is in phase 
with the field magnetism, and by lagging the field exciting current, 
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the commutating machines thus can be made to give a lagg. 
voltage, that is, to compensate for low power-factor due to lagg. 
current. Thus, by inserting such a commutating machine ii 
the secondary of an induction machine, the latter can be me 
to give unity power-factor or even leading current. 

Such phase compensation is frequently used in alternatii 
current commutator motors to get good power-factor. Thus 
the series motor, by shunting the field by a non-inductive 
sistance, and thereby lagging the field exciting component 
the current and with it the field flux and the voltage indue 
in the armature by its rotation, behind the main current, t 
series motor can at higher speeds be made to give unity pow^ 
factor. At low speeds, such complete compensation is n 
possible, as the compensating voltage is proportional to t 
speed. 








C. SYNCHRONOUS CONVERTERS 


I. General 

82 . For long-distance transmission, and to a certain extent 
also for distribution, alternating currents, either polyphase or 
single-phase, are extensively used. For many applications, 
however, as especially for electrolytic work, direct currents are 
required, and are usually preferred also for electrical railroading 
and for low-tension distribution on the Edison three-wire system. 
Thus, where power is derived from an alternating system, 
transforming devices are required to convert from alternating 
to direct current. This can be done either by a direct-current 
generator driven by an alternating synchronous or induction 
motor, or by a single machine consuming alternating and pro¬ 
ducing direct current in one and the same armature. Such a 
machine is called a converter, and combines, to a certain extent, 
the features of a direct-current generator and an alternating 
synchronous motor, differing, however, from either in other 
features. 

Since in the converter the alternating and the direct current 
are in the same armature conductors, their e.m.fs. stand in a 
definite relation to each other, which is such that in practically 
all cases step-down transformers are necessary to generate the 
required alternating voltage. 

Comparing thus the converter with the combination of syn¬ 
chronous or induction motor and direct-current generator, the 
converter requires step-down transformers; the synchronous 
motor, if the alternating line voltage is considerably above 
10,000 volts, generally requires step-down transformers also; 
with voltages of 1000 to 10,000 volts, however, usually. the 
synchronous motor and frequently the induction motor can be 
wound directly for the line voltage and stationary transformers 
saved. Thus on the one side we have two machines with or 
sometimes without stationarytransformers, on the other side 
a single machine with transformers. 

Regarding the reliability of operation and first cost, obviously 
a single machine is preferable. 
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Regarding efficiency, it is sufficient to compare the converter 
with the synchronous-motor-direct-current-generator set, sinec^. 
the induction motor is usually less efficient than the syn¬ 
chronous motor. The efficiency of stationary transformers of 
large size varies from 97 per cent, to 98 per cent., with an averaggc^ 
of 97.5 per cent. That of converters or of synchronous motoi*s 
varies between 91 per cent, and 95 per cent., with 93 per cent. a.H 
average, and that of the direct-current generator between 90 pei* 
cent, and 94 per cent., with 92 per cent, as average. Thus thic 
converter with its step-down transformers will give an avera^c^ 
efficiency of 90.7 per cent., a direct-current generator driven by 
synchronous motor with step-down transformers an efficiency 
of 83.4 per cent., without step-down transformers an efficiency of 
85.6 per cent. Hence the converter is more efficient, and there¬ 
fore is almost always preferred. 

Mechanically the converter has the advantage that no transfer 
of mechanical energy takes place, since the torque consumed by 
the generation of the direct current and the torque produced by 
the alternating current are applied at the same armature coii— 
ductors, while in a direct-current generator driven by a syn¬ 
chronous motor the power has to be transmitted mechanically 
through the shaft. 

n. Ratio of e.m.fs. and of Currents 

83 . In its structure the synchronous converter consists of 
a closed-circuit armature, revolving in a direct-current excited 
field, and connected to a segmental commutator as well as to 
collector rings. Structurally it thus differs from a direct- 
current machine by the addition of the collector rings, from 
certain (how very little used) forms of synchronous machines by 
the addition of the segmental commutator. 

In consequence hereof, regarding types of armature windin^B 
and of field windings, etc., the same rule applies to the convertcjr 
as to all commutating machines, except that in the converter the 
total number of armature coils with a series-wound armature, 
and the number of armature coils per pair of poles with a multiple- 
wound armature, must be divisible by the number of phases, 

and that multiple spiral and reentrant windings are difficult to 
apply. 

Regarding the wave shape of the alternating counter-gener— 
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ated e.m.f., similar considerations apply as for a synchronous 
machine with closed-circuit armature; that is, the generated 
e.m.f. usually approximates a sine wave, due to the multi-tooth 
distributed winding. 

Thus, in the following, only those features will be discussed 
in which the synchronous converter differs from the commu¬ 
tating machines and synchronous machines treated in the 
preceding chapters. 

Fig. 122 represents diagrammatically the commutator of a 
direct-current machine with the armature coils A connected to 
adjacent commutator bars. The brushes are B 1 B 2 , and the field 
poles F 1 F 2 . 

If now two oppositely located points of the commutator 
are connected with two collector rings DJO 2 , it is obvious that 



Fig. 122. —Single-phase converter commutator. 

the e.m.f. between these points aia^, and thus between the 
collector rings D 1 D 2 , will be a maximum in the moment when 
the points aia^ coincide with the brushes B 1 B 2 , and is in this 
moment equal to the direct voltage E of this machine. While 
the points aia 2 move away from this position, the difference of 
potential between ai and decreases and becomes zero in the 
moment where aia 2 coincide with the direction of the field poles 
F 1 F 2 . In this moment the difference in potential between ai 
and a 2 reverses and then increases again, reaching equality with 
Ey but in opposite direction, when ai and a 2 coincide with the 
brushes B 2 and Bi; that is, between the collector rings Pi and 
D 2 an alternating voltage is produced whose maximum value 
equals the direct-current electromotive force E, and which makes 
a complete period for every revolution of the machine (in a 
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bipolar converter, or p periods per revolution in a noiachine of 
2 p poles). 

Hence, this alternating e.m.f. is 

e = E sm 2 wftj 

where / = frequency of rotation, °E == e.m.f. between brushes 
of the machine; thus, the effective value of the alternating 
e.m.f. is 

E 

V2 

84 . That is, a direct-current machine produces between 
two collector rings connected with two opposite points of the 

commutator an alternating e.mi. of —^ X the direct-current 

v 2 

# voltage, at a frequency equal to the fre¬ 
quency of rotation. Since every alternating- 
current generator is reversible, such a direct- 
curtent machine with two collector rings, 
when supplied with an alternating e.m.f. of 

X the direct-current voltage at the fre¬ 
quency of rotation, will run as synchronous 
motor, or if at the same time generating 
direct current, as synchronous converter. 
converter^JmmutatOT. Since, neglecting losses and phase dis~ 
placement, the output of the direct-current 
side must be equal to the input of the alternating-current side, 

1 

and the alternating voltage in the single-phase converter is 

X E, the alternating current must be = V2 X /, where / = 
direct-current output. 

If now the commutator is connected to a further pair of col¬ 
lector rings, D 3 D 4 (Fig- 123), at the points az and 04 midway be¬ 
tween ai and a^, it is obvious that between Dz and D 4 an alter¬ 
nating voltage of the same frequency and intensity will be 
produced as between jDi and i> 2 , but in quadrature therewith, 
since at the moment where az and a 4 coincide with the brushes 
B 1 B 2 and thus receive the maximum difference of potential, ai 
and a 2 are at zero points of potential. 

Thus connecting four equidistant points ai, azf a 4 of the 
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direct-current generator to four collector rings Di, D^, Da, Di, 
gives a four-phase converter of the e.m.f. 

El = ^ per phase. 

\/2 

The current per phase is (neglecting losses and phase displace¬ 
ment) 



since the alternating power, 2 EJi, must equal the direct-current 
power, El. 

Connecting three equidistant points of the commutator to 
three collector rings as in Fig. 124 gives a three-phase converter. 

85 . In Fig. 125 the three c.m.fs. between the three collector 
rings and the neutral point of the three-phase system (or Y 
voltages) are represented by the vectors OEi, OEa, OEa, thus 



the e.m.f. between the collector rings or the delta voltages by 
vectors EiEa, EaEa, and EaEi. The e.m.f. OEi is, however, 
nothing but half the e.m.f. Ei in Fig. 122, of the single-phase 


converter, that is, 


2*V2 


Hence the Y voltage, or voltage 


between collector ring and neutral point or center of the three- 
phase voltage triangle, is 

El - = 0.354 E. 

2V2 


and thus the delta voltage is 

E' = El V3 * = 0.612 E. 

2 v2 
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Since the total three-phase power Z IlEi equals the total 
continuous-current power IE, it is 


IE 2 V2 
3 El 3 


0.943 7. 


In general, in an n-phase converter, or converter in which 
n equidistant points of the commutator (in a bipolar machine, 
or n equidistant points per pair of poles in a multipolar machine 
with multiple-wound, armature) are connected to n collector 
rings, the voltage between any collector ring and the common 
neutral, or star voltage, is 


El 


E . 
2 V2' 


consequently the voltage between two adjacent collector rings, 
or ring voltage, is 

E sin “ 

E' =2 Bi sin I = — 
n V2 

since^is the angular displacement between two adjacent col¬ 
lector rings. Herefrom the current per line, or star current, is 
found as 

^ 2V2I 

J-i — —~— > 


and the current from line to line, or from collector ring to ad¬ 
jacent collector ring, or ring current, is 

j, V2I 

, T 

n sin “ 
n 

86 . As seen in the preceding, in the single-phase converter 
consisting of a closed-circuit armature tapped at two equi¬ 
distant points to the two collector rings, the alternating voltage 

is times the direct-current voltage, and the alternating cur¬ 
rent \/2 times the direct current. While such an arrangement of 
the single-phase converter is the simplest, requiring only two 
collector rings, it is undesirable, especially for larger machines, 
on account of the great total and especially local Ih heating in 
the armature conductors, as will be shown in the following, and 
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due to the waste of e.m.f., since in the circuit from collector 
ring to collector ring the e.m.fs. generated in the coils next to 
the leads arc ‘wholl 7 or almost wholly opposite to each other. 

The arrangement which I have called the two-circuit single- 
'phase convertety and which is diagrammatically shown in Fig. 
126, is therefore prefcnuble. The step-down transformer T 
contains two independent secondary coils A and B, of which 
one, A, feeds into the armature over conductor rings DiDz and 
leads aia^j the other, over collector rings 2)304 and leads 
so that the two eirciiits Uiaz and ^ 3 ^X 4 are in phase with each 
other, and each spreads over 120 deg. arc instead of 180 deg. 
arc as in the single-circuit single-phaso converter. 



In consequence thereof, in the two-circuit single-phase con¬ 
verter the alternating counter-generated e.m.f. bears to the con¬ 
tinuous-current e.m.f. the same relation as in the three-phase 
converter, that is, 

E,, = == 0.612 E, 

2 V2 

and from the equality of alternating- and direct-current power, 

2 hEl = njy 

it follows that each of the two single-phase supply currents is 
r » j = 0.817 r. 

Vz 

It is seen that in this arrangement one-third of the armature, 

from Cl to ai and from a% to at, carries the direct current only, 

the other two-thirds, from ai to aj andfromojto a*,the differential 

current. 

<s 
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A six-phase converter is usually fed from a three-phase system 
by three transformers or one three-phase transformer. These 
transformers can either have each one secondary coil only of 

E , 

twice the star or Y voltage, = which connects with its two 

terminals two collector rings leading to two opposite points of 
the armature, or each of the step-down transformers contains 
two independent secondary coils, and each of the two sets of 
secondary coils is connected in three-phase delta or F, but the 
one set of coils reversed with regard to each other, thus giving 
two three-phase systems which join to a six-phase system. 

The different transformer connections then are distinguished 
as diametrical,^^ '^double delta’^ and ^'double 

For further arrangements of six-phase transformation, see 
Theory and Calculation of Alternating-current Phenomena,^^ 
fourth edition, Chapter XXXVI. 

The table below gives, with the direct-current voltage and 
direct current as unit, the alternating voltages and currents of 
the different converters. 



Direct 

current 

Single-circuit 

single-phase 

Two-circuit 

single-phase 

Three-phase 

Four-phase 

Six-phase 

Twelve-phase 


a 

3 

-ta 

A 

Volts between collector 
ring and neutral point. 


1 

2 V 2 

-0.3S4 

1 

2\/2 

»0.354 

1 

2\/2 
= 0.354 

1 

2\/2 

-0.354 

1 

2\/2 

-0.354 

1 

2\/2 

-0.354 

1 

2 V 2 

-0.364 

Volts between adjacent 
collector rings. 

1.0 

1 

v/2 

-0.707 

2\/2 

»0.612 

Vf 

2v'2 

-0.612 

F 2 -O -5 

1 

2 v/2 

-0.364 

0.183 

. T 

sin.- 

n 

Vi 

Amperes per line. 

Amperes between ad¬ 
jacent lines. 

1.0 

_1 

1 B 

V2 

V3 

-0.817 

Vs 

-0.817| 

2 -v/2 

3 

= 0.943 

2v/2 

3v/3 

-0.545 

1 

^/2 

-0.707 

^-0.5 

V2 

3 

-0.472 

3 

-0.472 

0.236 

0.455 

_ 

2\/2 

n 

IV2 

, IT 

sin— 

n 


These currents give only the power component of alternating 
current corresponding to the direct-current output. Added 
thereto is the current required to supply the losses in the machine, 
that is, to rotate it, and the wattless component if a phase dis¬ 
placement is produced in the converter. 
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III. Variation of the Ratio of Electromotive Forces 

87. The preceding ratios of e.m.fs. apply strictly only to the 
generated e.m.fs. and that under the assumption of a sine wave 
of alternating generated e.m.f. 

The latter is usually a sufficiently close approximation, since 
the armature of the converter is a multi-tooth structure, that is, 
contains a distributed winding. 

The ratio between the difference of potential at the commu¬ 
tator brushes and that at the collector rings of the converter 
usually differs somewhat from the theoretical ratio, due to the 
e.m.f. consumed in the converter armature, and in machines 
converting from alternating to continuous current, also due to 
the shape of the impressed wave. 

When converting from alternating to direct current, under 
load the difference of potential at the commutator brushes is 
less than the generated direct e.m.f., and the counter-generated 
alternating e.m.f. less than the impressed, due to the voltage 
consumed by th^ armature resistance. 

If the current in the converter is in phase with the impressed 
e.m.f., armature self-inductance has little effect, but reduces the 
counter-generated alternating e.m.f. below the impressed with 
a lagging and raises it with a leading current, in the same way as 
in a synchronous motor. 

Thus in general the ratio of voltages varies somewhat with the 
load and with the phase relation, and with constant impressed 
alternating e.m.f. the difference of potential at the commutator 
brushes decreases with increasing load, decreases with decreasing 
excitation (lag), and increases with increasing excitation (lead). 

When converting from direct to alternating current the reverse 
is the case. 

The direct-current voltage stands in definite proportion only 
to the maximum value of the alternating voltage (being equal- 
to twice the maximum star voltage), but to the effective value 
(or value read by voltmeter) only in so far as the latter depends 

upon the former, being = maximum value with a sine wave. 

Thus with an impressed wave of e.m.f. giving a different ratio 
of maximum to effective value, the ratio between direct and 
alternating voltage is changed in the same proportion as the ratio 
of maximum to effective; thus, for instance, with a flat-topped 

















232 ELEMENTS OF ELECTRICAL ENGINEERING 

wave of impressed e.m.f., the maximum value of alternating 
impressed e.m.f., and thus the direct voltage depending there¬ 
upon, are lower than with a sine wave of the same effective 
value, while with a peaked wave of impressed e.m.f. they are 
higher, by as much as 10 per cent, in extreme cases. 

In determining the wave shape of impressed e.m.f. at the con¬ 
verter terminals, not only the wave of generator e.m.f., but also 
that of the converter counter e.m.f., may be instrumental. Thus, 
with a converter connected directly to a generating system of very 
large capacity, the impressed e.m.f. wave will be practically 
identical with the generator wave, while at the terminals of a 
converter connected to the generator over long lines with re¬ 
active coils or inductive regulators interposed, the wave of im¬ 
pressed e.m.f. may be so far modified by that of the counter e.m.f. 
of the converter as to resemble the latter much more than the 
generator wave, and thereby the ratio of conversion may be quite 
different from that corresponding to the generator wave. 

Furthermore, for instance, in three-phase converters fed by 
ring or delta connected transformers, the star e.m.f. at the con¬ 
verter terminals, which determines the direct voltage, may 
differ from the star e.m.f. impressed by the generator, by con¬ 
taining different third and ninth harmonics, which cancel when 
compounding the star voltages to the delta voltage, and give 
identical delta voltages, as required. 

Hence, the ratios of e.m.fs. given in Section II have to be 
corrected by the drop of voltage in the armature, and have to 
be multiplied by a factor which is y/2 times the ratio of effective 
to maximum value of impressed wave of star e.m.f. (\/2 being 
the ratio of maximum to effective of the sine wave on which the 
ratios in Section II were based), that is, by a 'Term factor^' 
of the e.m.f. wave. 

With an impressed wave differing from the sine shape, there is a 
current of higher frequency, but generally of negligible mag¬ 
nitude, through the converter armature, due to the difference 
between impressed and counter e.m.f. wave. 

IV. Armature Current and Heating 

88 . The current in the armature conductors of a converter 
is the difference between the alternating-current input and the 
direct-current output. 
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In Fig. 127, ai, a 2 are two adjacent leads connected with the 
collector rings Di, D 2 in an n-phase converter. The alternating 
e.m.f- between ai and a 2 , and thus the power component of the 
alternating current in the armature section between ai and 
will reach a maximum when this section is midway between the 
brushes Bi and J52; as shown in 
Fig. 127. 

The direct current in every 
armature coil reverses at the mo¬ 
ment when the (;oil passers under 
brush Bi or and is thus a rec¬ 
tangular alternating current as 
shown in Fig. 128 as L At the 
moment when the power com¬ 
ponent of the alternating current 
is a maximum, an armature coil armature heating in synchronous 

d midway between two adjacent 

alternating leads Ci and is midway between the brushes 
Bi and B^r as in Fig. 127, and is thus in the middle of its rectan¬ 
gular continuous-current wav(h and consequently in this coil 
the power component of the alternating current and the rectan¬ 
gular direct current are in phase with each other, but opposite, as 



Fi<i. 128.—Direct current and alternating current in armature coil d, 

Fig. 127. 



Fig. 127.—'Diagram for study of 



Fig. 129.—Resultant current in coil d, Fig. 127. 


shown in Fig. 128 as 1% and I, and the actual current is their 
difference, as shown in Fig. 129. 

In successive armature coils the direct current reverses suc¬ 
cessively; that is, the rectangular currents in Buccessive arma- 


















234 ELEMENTS OF ELECTRICAL ENGINEERING 



Fig. 130.—Alternating current and direct current in coil between d and Oi or 

02, Fig. 127. 



Fig. 131.—Resultant of currents given in Fig. 130. 












SYNCHRONOUS CONVERTERS 


235 


ture coils are successively displaced in phase from each other; 
and since the alternating current is the same in the whole section 
U 2 , and in phase with the rectangular current in the coil d, 
it becomes more and more out of phase with the rectangular 
current when passing from coil d toward ai or a 2 , as shown in 
Figs. 130 to 133, until the maximum phase displacement between 
alternating and rectangular current is reached at the alternating 

TT 

leads ai and and is equal to -* 

89. Thus, ii E = direct voltage, and I = direct current, in 
an armature coil displaced by angle r from the position d, mid¬ 
way between two adjacent leads of the n-phase converter, the 

direct current is ^ for the half period from 0 to tt, and the alter¬ 
nating current is 

\/2 r sin (0 — r), 

where 

j, rV2 

n sin ™ 
n 

is the effective value of the alternating current. Thus, the actual 
current in this armature coil is 

to = \/2 V sin (0 — r) — 

I f 4 sin (0 — t) 

- 2 . TT ^ 

\ nsm- 
[ n 

In a double-current generator, instead of the minus sign, a 
plus sign would connect the alternating and the direct current 
in the parenthesis. 

The effective value of the resultant converter current thus is: 



Since ^ is the current in the armature coil of a direct-current 
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generator of the same output, we have 


sin^ - 


16 cos r 


the ratio of the power loss in the armature coil resistance of the 
converter to that of the direct-current generator of the same 
output, and thus the ratio of coil heating. 

This ratio is a maximum at the position of the alternating 


leads, 'T = and is 


V? sin^ ■ 


TT 

16 cos - 
_ n 

T 

rnr sin “ 
n 


It is a minimum for a coil midway between adjacent alter¬ 
nating leads, r = 0, and is 

8 8 
To = -- + 1- 


Integrating over r from 0 (coil d) to that is, over the whole 

71 

phase or section ai a 2 , we have 




the ratio of the total power loss in the armature resistance of 
an n-phase converter to that of the same machine as direct- 
current generator at the same output, or the relative armature 
heating. 

Thus, to get the same loss in the armature conductors, and 
consequently the same heating of the armature, the current in 
the converter, and thus its output, can be increased in the pro- 
1 

portion over that of the direct-current generator. 

The calculation for the two-circuit single-phase converter is 
somewhat different, since in this in one-third of the armature 
the Pr loss is that of the direct-current output, and only in the 

other two-thirds—or an arc ^—is there alternating current. 
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Thus in an armature coil displaced by angle r from the center of 
this latter section the resultant current is 

io = V2 r sin (0 — t) — | 


I\ 4 

“ 2 [Vs 

giving the effective value 


sin (0 — r) — 1 




thus, the relative heating is 

/Io\2 11 II 

with the minimum value at r = 0, it is 

11 16 


and with the maximum value at r = ^ it is 

^ “ x V3 "" 

the average current heating in two-thirds of the armature is 

-f-i-1.236; 

in the remaining third of the armature, Fa = 1, thus the average 


and therefore the rating is 


2ri + Fa 
3 

1.151, 


= = 0.93. 


By substituting for n, in the general equations of ciu-rent heat¬ 
ing and rating based thereon, numerical values, we get the 
following table: 
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Type 

Direct-current 

generator 

Single-circuit 

single-phase 

Two-circuit 

single-phase 

Three-phase 

Four-phase 

Six-phase 

Twelve-phase 

0 ) 

.a 

a 

8 

n . 


2 

2 

3 

4 

6 

12 



To. 

1.00 

0.45 

0.70 

0.225 

0.20 

0.19 

0.187 

1 


Tm . 

1.00 

3.00 

2.18 

1.20 

0.73 

0.42 

0.24 


0.187 

r. 

1.00 

1.37 

1.157 

0.555 

0.37 

0.26 

0.20 

1 


Rating (by 










mean arm. 










heating) 

1.00 

0.85 

0.93 

1.34 

1.64 

1.96 

2.24 


2.31 


As seen, in the two-circuit single-phase converter the arma¬ 
ture heating is less, and more uniformly distributed, than in the 
single-circuit single-phase converter. 

90. A very great gain is made in the output by changing 
from three-phase to six-phase, but relatively little by still 
further increasing the number of phases. 

In these values, the small power component of current supply¬ 
ing the losses in the converter has been neglected. 

These values apply only to the case where the alternating 
current is in phase with the supply voltage, that is, for unity 
power-factor of supply. If, however, the current lags, or leads, 
by the time angle 6, then the alternating current and direct 
current are not in opposition in the armature coil d midway 
between adjacent leads. Fig. 127, and the resultant current is 
a minimum and of the shape shown in Fig. 128, at a point 
of the armature winding displaced from mid position d by angle 
r = 6, At the leads the displacement between alternating cur- 

rent and direct current then is not but - + 0 at the one, 

n 

“ — ^ at the other lead, and thus at the other side of the same 

lead. The resultant current is thus increased at the one, de¬ 
creased at the other lead, and the heating changed accordingly. 
For instance, in a quarter-phase converter at zero phase dis¬ 
placement, the resultant current at the lead would be as shown in 

Fig. 134, ~ = 45 deg., while at 30 deg. lag the resultant currents 

in the two coils adjacent to the commutator lead are displaced 
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TT TT 

respectively by- + 6 = 75 deg. and by - — ^ = 15 deg., and so 

of very different shape, as shown by Figs. 135 and 136, giving 
very different local heating. Phase displacement thus increases 
the heating at the one, decreases it at the other side of each 
commutator lead. 

Let again, 

I = direct current per commutator brush. 

The effective value of the alternating power current in the 
armature winding, or ring current, corresponding thereto, is 

r, W2 


Let pF = total power current, allowing for the losses of power 
in the converter; = reactive current in the converter, assumed 

as positive when lagging, as negative when leading, and sF = 
total current, where s = is the ratio of total current to 

the load current, that is, power current corresponding to the 

direct-current output, and ^ = tan 6 is the time lag of the 

supply current; p is a quantity slightly larger than 1, by the 
losses in the converter, or slightly smaller than 1 in an inverted 
converter. 

The actual current in an armature coil displaced in position 
by angle r from the middle position d between the adjacent 
collector leads, then, is 

io = V2 r {v sin (/3 - r) - g cos (/3 - t ) } - ^ 


2 1 n sin 


[p sin (/? — r) — g cos 


and, therefore, its effective value is 


g(p2 -f- q^) 16 (p COST + g sinr) 


-I li . _A!L_ 
“2 r+ , . 

a/ sm^ 

\ n 


16 s cos (t 
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Fig. 134,—Quarter-pliase converter unity power-factor, armature current 
at collector lead. 



Fig. 135.—Quarter-phase converter phase displacement 30 degrees, arma¬ 
ture current at collector lead. 



Fig. 136.—Quarter-phase converter phase displacement 30 degrees, arma¬ 
ture current at collector lead. 
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and herefrom the relative heating in an armature coil displaced 
by angle r from the middle between adjacent commutator leads: 

8 5^ 10 5 cos (t — 6), 


— 1 4“ 


sin^ ■ 


this gives at the leads, or for r = H— 


1 I 


16 s cos 


16 s cos 


-j 

. TT 

3in ~ 
n 


TT TT 

Averaging from — — to + —gives the mean current-heatii^ of 
the converter armature. 


= 1 + 


sin^ 


J +r. 

\rdr 

-« 

Ss[Bm(l + e) + dn(l-e)] 


16 s cos 6 


= 1 + " 


S + q^) 16 p 


sin^ ■ 


91 . This gives for 


Three-phase, n = 3: 

Y, == 1 + 1.185 - 1.955 s cos (r - 6), 

7 ^ = 1 + 1.185 §2 - 1.955 s cos (60 ± 6), 
r = 1 + 1.185^2 - 1.620 p. 

Quarter-phase, n = 4: 

= 1 + — 1.795 s cos (r — 6), 

7 ^ = l-f 52 - 1.795 s cos (45 ± <9), 
r == 1 + 52 - 1.620 p. 
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Six-phase, n = 6: 

= 1 + 0.889 ~ 1.695 s cos (r - 6), 

Jm =- 1 + 0.889 5 ^ - 1.695 5 cos (30 + 6), 

r = 1 + 0.889 §2 - 1.62 p, 

<» -phase, n = 00 ; 


= = r = 1 + 0.810 §2 - 1.62 5 cos e 

= 1 + 0.810 - 1.62 p. 


Choosing p = 1.04, that is, assuming 4 per cent, loss in friction 
and windage, core loss and field excitation—the ih loss of the 
armature is not included in p, as it is represented by a drop of 
direct-current voltage below that corresponding to the alternat¬ 
ing voltage, and not by an increase of the alternating current 
over that corresponding to the direct current—we get, for dif¬ 
ferent phase angles from 6 = 0 deg. to I? = 60 deg., the values 
given below: 


cos 6 

q — s sin 6 
react, cur. 
power cur. 
tan 6 


6 = 0 10 20 30 40 50 60 

= 1.04 1.056 1.108 1.20 1.36 1.62 2.08 

= 0 0.184 0.379 0.60 0.876 1.24 1.80 

= 0 0.176 0.364 0.577 0.839 1.192 1.732 


Three-phase; 

Tm = 1 j 26 8.16 

Tm ' = j ■ 1.00 0.80 0.68 0.70 0.99 2.06 

r = 0.60 0.64 0.77 1.02 1.51 2.43 4.45 

Quarter-phase: 

Tm = I Q 1.02 1.39 1.88 2.64 3.87 6.30 

7m' = J ■ 0.55 0.43 0.38 0.42 0.73 1.71 

r =— 0.40 0.43 0.54 0.75 1.16 1.94 3.64 

Six-phase: 

'>'» = 1 0.44 0-88 1.27 1.86 2.85 . 4.85 

7m'- J 0.31 0.24 0.25 0.38 0.75 1.79 

r = 0.28 0.31 0.41 0.60 0.97 1.65 3.17 

00 -phase: 

7m = 7m' = r = 0.20 0.22 0.32 0.49 0.82 1.45 2.82 


92. The values are shown graphically in Figs. 137 and 138 
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with tan 


reactive current 


as abscissas, and 7 ^ as ordinates 


energy current 
in Fig. 137, r as ordinates in Fig. 138. 

As seen, with increasing phase displacement, irrespectively 
whether lag or lead, the average as well as the maximum arma¬ 
ture heating very greatly increases. This shows the necessity 
of keeping the power-factor near unity at full load and overload, 
and when applied to phase control of the voltage by converter, 
means that the shunt field of the converter should be adjusted so 
as to give a considerable lagging current as no load, so that the 



Fig. 137.—Maximum J^r heating in converter armature coil expressed in per 
cent, of direct-current generator Pr heating. 


current comes into phase with the voltage at about full load. 
It therefore is very objectionable in this case to adjust the con¬ 
verter for minimum current at no load, as occasionally done by 
ignorant engineers, since such wrong adjustment would give con¬ 
siderable leading current at load, and therewith unnecessary 
armature heating. 

It must be considered, however, that aboye values are referred 
to the direct-current output, and with increase of phase angle 
the alternating-current input, at the same output, increases. 
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and the heating increases with the square of the current. Thus 
at 60 deg. lag or lead, the power-factor is 0.5, and the alternating- 
current input thus twice as great as at unity power-factor, corre¬ 
sponding to four times the heating. It is interesting therefore 
to refer the armature heating to the alternating-current input, 
that is, compare the heating of the converter with that of a 
synchronous motor of the same alternating-current input. This 
is given by 




Fig. 138.—Average /V heating in converter armature expressed in per cent, 
of direct-current generator Pr heating. 

and, for p = 1.04, gives the following values: 

^ = 0 10 20 30 40 50 60 

tan^ = 0 0.176 0.364 0.577 0.839 1.192 14.32 

Three-phase: 

ri= 0.555 0.57 0.63 0.71 0.82 0.93 1.03 

Quarter-phase: 

T, - 


0.37 0.385 0.44 0.52 0.63 0.74 0.84 
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Six-phase: 

Ti = 

0.26 0.28 

0.335 

0.42 

0.52 

0.63 

0.73 

00 -phase: 

Ti = 

0.185 0.197 

0.26 

0.34 

0.44 

0.55 

0.65 


It is seen that, compared with the total alternating-current 
input, the armature heating increases much less with increasing 
phase displacement, and is almost always much lower than the 
heating of the same machine at the same input and phase angle, 
when running a synchronous motor, as shown in Fig. 139. 



Fig. 139.—Average /V heating in. converter armature expressed in. per 
cent, of synchronous motor Pr heating at the same power-factor. 

V. Armature Reaction 

93. The armature reaction of the polyphase converter is the 
resultant of the armature reactions of the machine as direct- 
current generator and as synchronous motor. If the com¬ 
mutator brushes are set at right angles to the field poles or 
without lead or lag, as is usually done in converters, the direct- 
current armature reaction consists in a polarization in quadra¬ 
ture behind the field magnetism. The armature reaction due 
to the power component of the alternating current in a synchro¬ 
nous motor consists of a polarization in quadrature ahead of 
the field magnetism, which is opposite to the armature reaction 
as direct-current generator. 

Let m = total number of turns on the bipolar armature or per 
pair of poles of an n-phase converter, I == direct current, then the 

77Z 

number of turns in series between the brushes = , hence the 

7f%I 

total armature ampere-turns, or polarization, == -tt* Since, how- 
16 ^ 
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ever, these ampere-turns are not unidirectional, but distributed 
over the whole surface of the armature, their resultant is 


avg. cos 


and, since 


we have F = 


avg. cos 


direct-current polarization of the converter 


(or direct-current generator) armature. 

* 

In an n-phase converter the number of turns per phase = “• 

The current per phase, or current between two adjacent leads 
(ring current), is 


hence, the ampere-turn per phase, 


V'2 ml 
sin 


These ampere-turns are distributed over - of the circumference 
of the armature, and their resultant is thus 


and, since 


we have 


ml' 

Fi =-avg. cos 

TV 


avg. cos 


n . TV 
== - sm 
TV n 


\/2 ml 


= resultant polarization, 


in effective ampere-turns of one phase of the converter. 

The resultant m.m.f. of n equal m.m.fs. of effective value of 
Fi, thus maximum value of Fi acting under equal angles 
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and displaced in phase from each other by i of a period, or 
phase angle —, is found thus: 

Let Fi = F 1^/2 sin (d — = one of the m.m.fs. of phase 

2 iir 

angle B = -, where ^ = 0, 1, 2 . . . n — 1, acting in the direc- 

7]/ 

tion r = that is, the zero point of one of the m.m.fs. Fi is 
n 

taken as zero point of time 6, and the direction of this m.m.f. 
as zero point of direction r. 

The resultant m.m.f. in any direction r is thus 


1 

n 

= Fi'\^2 sin (^B cos 


2 


2 sin(^S + T - + sin (6 - t) 


2 


sin ^6 


- j + « sin (d — t) 


and, since 


we have 


2sin(0 + r-^^)= 0, 


„ nFiV2 . , 

p = —_— am {e - r); 

that is, the resultant m.mi. in any direction r has the phase 

B = Tj 

and the intensity, 

p' = 


thus revolves in space with uniform velocity and constant in¬ 
tensity, in synchronism with the frequency of the alternating 
current. 
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Since in the converter, 

Tin 

we have 

r = 

TT 

the resultant m.mi. of the power component of the alternating 
current in the n~phase converter. 

This m.m.f. revolves synchronously in the armature of the 
converter; and since the armature rotates at synchronism, the 
resultant m.m.f. stands still in space, or, with regard to the field 
poles, in opposition to the direct-current polarization. Since 
it is equal thereto, it follows that the resultant armature reac¬ 
tions of the direct current and of the corresponding power 
component of the alternating current in the synchronous con¬ 
verter are equal and opposite, thus neutralize each other, and 
the resultant armature polarization equals zero. The same is 
obviously the case in an inverted converter, that is, a machine 
changing from direct to alternating current. 

94 . The conditions in a single-phase converter are different, 
however. At the moment when the alternating current = 0, 
the full direct-current reaction exists. At the moment when 
the alternating current is a maximum, the reaction is the differ¬ 
ence between that of the alternating and of the direct current; 
and since the maximum alternating current in the single-phase 
converter equals twice the direct current, at this moment the 
resultant armature reaction is equal but opposite to the direct- 
current reaction. 

Hence, the armature reaction oscillates with twice the fre¬ 
quency of the alternating current, and with full intensity, and 
since it is in quadrature with the field excitation, tends to shift 
the magnetic flux rapidly across the field poles, and thereby 
tends to cause sparking and power losses. This oscillating 
reaction is, however, reduced by the damping effect of the mag¬ 
netic field structure. It is somewhat less in the two-circuit 
single-phase converter. 

Since in consequence hereof the commutation of the single¬ 
phase converter is not as good as that of the polyphase con¬ 
verter, in the former usually voltage commutation has to be 
resorted to; that is, a commutating pole used, or the brushes 
shifted from the position midway between the field poles; and 
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in the latter case the continuous-current ampere-turns inclosed 
by twice the angle of lead of the brushes act as a demagnetizing 
armature reaction, and require a corresponding increase of the 
field excitation under load. 

While the absence of armature reaction eliminates the need of 
a commutating pole to counteract the sparking due to the re¬ 
verse field of armature reaction, nevertheless, commutating 
poles are very often used in converters, to control the high self- 
induction of commutation, which economical design requires in 
such machines. Such commutating poles contain only the am¬ 
pere turn required to produce the commutating flux, thus less 
than in generators. 

95. Since the resultant main armature reactions neutralize 
each other in the polyphase converter, there remain only— 

1. The armature reaction due to the small power component 
of current required to rotate the machine, that is, to cover the 
internal losses of power, which is in quadrature with the field 
excitation or distorting, but of negligible magnitude. 

2. The armature reaction due to the wattless component of 
alternating current where such exists. 

3. An effect of oscillating nature, which may be called a 
higher harmonic of armature reaction. 

The direct current, as rectangular alternating current in the 
armature, changes in phase from coil to coil, while the alternating 
current is the same in a whole section of the armature between 
adjacent leads. 

Thus while the resultant reactions neutralize, a local effect 
remains which in its relation to the magnetic field oscillates 
with a period equal to the time of motion of the armature through 
the angle between adjacent alternating leads; that is, double 
frequency in a single-phase converter (in which it is equal in 
magnitude to the direct-current reaction, and is the oscillating 
armature reaction discussed above), sextuple frequency in a 
three-phase converter, and quadruple frequency in a four- 
phase converter. 

The amplitude of this oscillation in a polyphase converter is 
small, and its influence upon the magnetic field is usually neg¬ 
ligible, due to the damping effect of the field spools, which act 
like a short-circuited winding for an oscillation of magnetism. 

A polyphase converter on unbalanced circuit can be con¬ 
sidered as a combination of a balanced polyphase and a single¬ 
phase converter; and since even single-phase converters operate 
quite satisfactorily, the effect of unbalanced circuits on the 
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polyphase converter is comparatively small, within reasonable 
limits. 

Since the armature reaction of the direct current and of the 
alternating current in the converter neutralize each other, no 
change of field excitation is required in the converter with changes 
of load. 

Furthermore, while in a direct-current generator the arma¬ 
ture reaction at given field strength is limited by the distortion 
of the field caused thereby, this limitation does not exist in a 
converter; and a much greater armature reaction can be safely 
used in converters than in direct-current generators, the dis¬ 
tortion being absent in the former. 

The practical limit of overload capacity of a converter is usu¬ 
ally far higher than in a direct-current generator, since the arma¬ 
ture heating is relatively small, and since the distortion of field, 
which causes sparking on the commutator under overloads in a 
direct-current generator, is absent in a converter. 

The theoretical limit of overload—that is, the overload at 
which the converter as synchronous motor drops out of step 
and comes to a standstill—^is usually far beyond reach at steady 
frequency and constant impressed alternating voltage, while on 
an alternating circuit of pulsating frequency or drooping voltage 
it obviously depends upon the amplitude and period of the 
pulsation of frequency or on the drop of voltage. 

VI. Reactive Currents and Compounding 

96. Since the polarization due to the power component of 
the alternating current as synchronous motor is in quadrature 
ahead of the field magnetization, the polarization or magnetizing 
effect of the lagging component, of alternating current is in 
phase, that of the leading component of alternating current in 
oppositon to the field magnetization; that is, in the converter 
no magnetic distortion exists, and no armature reaction at all 
if the current is in phase with the impressed e.m.f., while the 
armature reaction is demagnetizing with a leading and mag¬ 
netizing with a lagging current. 

Thus if the alternating current is lagging, the field excitation 
at the same impressed e.m.f. has to be lower, and if the alter¬ 
nating current is leading, the field excitation has to be higher, 
than required with the alternating current in phase with the 
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e.mi. Inversely, by raising the field excitation a leading 
current, or by lowering it a lagging current, can be produced in 
a converter (and in a synchronous motor). 

Since the alternating current can be made magnetizing or 
demagnetizing according to the field excitation, at constant 
impressed alternating voltage, the field excitation of the con¬ 
verter can be varied through a wide range without noticeably 
affecting the voltage at the commutator brushes; and in con¬ 
verters of high armature reaction and relatively weak field, full 
load and overload can be carried by the machine without any 
field excitation whatever, that is, by exciting the field by armature 
reaction by the lagging alternating current. Such converters 
without field excitation, or reaction converters, must always run 
with more or less lagging current, that is, give the same reaction 
on the line as induction motors, which, as known, are far more 
objectionable than synchronous motors in their reaction on the 
alternating system, and therefore they are no longer used. 

Conversely, however, at constant impressed alternating vol¬ 
tage the direct-current voltage of a converter cannot be varied 
by varying the field excitation (except by the very small amount 
due to the change of the ratio of conversion), but a change of 
field excitation merely produces wattless currents, lagging or 
magnetizing with a decrease, leading or demagnetizing with an 
increase of field excitation. Thus to vary the continuous- 
current voltage of a converter usually the impressed alternating 
voltage has to be varied. This can be done either by potential 
regulator or compensator, that is, transformers of variable ratio 
of transformation, or by a synchronous machine *of the same 
number of poles as the converter, on the same shaft and con¬ 
nected in series (^'synchronous booster^') or by the effect of watt¬ 
less currents on self-inductance. The latter method is especially 
suited for converters, due to their ability of producing wattless 
currents by change of field excitation. 

The e.m.f. of self-inductance lags 90 deg. behind the current; 
thus, if the current is lagging 90 deg. behind the impressed e.m.f., 
the e.m.f. of self-inductance is 180 deg. behind, or in opposition 
to, the impressed e.m.f., and thus reduces it. If the current is 
90 deg. ahead of the e.m.f., the e.m.f. of self-inductance is in 
phase with the impressed e.m.f., thus adds itself thereto and 
raises it. Therefore, if self-inductance is inserted into the lines 
between converter and constant-potential generator, and a watt-r 
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less lagging current is produced by the converter by a decrease 
of its field excitation, the e.m.f. of self-inductance of this lagging 
current in the line lowers the alternating impressed voltage at 
the converter and thus its direct-current voltage; and if a watt¬ 
less leading current is produced by the converter by an increase 
of its field excitation, the e.m.f. of self-inductance of this leading 
current raises the impressed alternating voltage at the converter 
and thus its direct-current voltage. 

97 . In this manner, by self-inductance in the lines leading to 
the converter, its voltage can be varied by a change of field 
excitation, or conversely its voltage maintained constant -at 
constant generator voltage or even constant generator excita¬ 
tion, with increasing load and thus increasing resistance drop 
in the line; or the voltage can even be increased with increasing 
load, that is, the system over-compounded. 

The change of field excitation of the converter with changes 
of load can be made automatic by the combination of shunt and 
series field, and in this manner a converter can be compounded 
or even over-compounded similarly to a direct-current generator. 
While the effect is the same, the action, however, is different; 
and the compounding takes place not in the machine as with a 
direct-current generator, but in the alternating lines leading to 
the machine, in which self-inductance becomes essential. 

As the reactance of the transmission line is rarely sufficient 
to give phase control over a wide range without excessive reac¬ 
tive currents, it is customary, especially at 25 cycles, to insert 
reactive coils into the leads between the converter and its step- 
down transformers, in those cases in which automatic phase 
control by converter series fields is desired, as in power trans¬ 
mission for suburban and interurban railways, etc., or to specially 
design the step-down transformers for high internal reactance. 
Usually these reactive coils are designed to give at full-load 
current a reactance voltage equal to about 15 per cent, of the 
converter supply voltage, and therefore capable of taking care 
of about 10 per cent, line drop at good power-factors. 

VII. Variable Ratio Converters (“Split Pole’^ Converters) 

98 . With a sine wave of alternating voltage, and the com¬ 
mutator brushes set at the magnetic neutral, that is, at right 
angles to the resultant magnetic flux, the direct voltage of a 
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converter is constant at constant impressed alternating voltage. 
It equals the maximum value of the alternating voltage between 
two diametrically opposite points of the commutator, or “dia¬ 
metrical voltage/' and the diametrical voltage is twice the voltage 
between altc^rnating lead and neutral, or star or Y voltage of 
the polyphase system. 

A change of the direct voltage, at constant impressed alter¬ 
nating voltages, can be produced— 

Either by changing- the position angle between the commu¬ 
tator brushc's and the resultant magnetic flux, so that the direct 
voltage between the brushes is not the maximum diametrical 
alternating voltage but only a part thereof, 

Or by changing the maximum diametrical alternating voltage, 
at constant effc^c^tive impressed voltage, by wave-shape distortion 
by the supc^rposition of higher harmonics. 

In the former only a reduction of the direct voltage 

below the normal value can be produced, while in the latter 
case an increases as well as a reduction can be produced, an 
increase if the higher harmonicjs arc in phase, and a reduction 
if the higher harmonics arc in opposition to the fundamental 
wave of the diametrical or Y voltage. 

Both mcithods are combined in the so-called “ Regulating Pole 
Converter'^ or “Split Pole (Jonverter,'' which is used to supply, 
from constant alternating voltage supply, direct voltage varying 
sometimes over a range of ± 20 per cent. 

In this type of <K>nverier, the field pole is divided into sections, 
usually two, a smaller one, the regulating pole, and a larger one, 
the main pole. By varying the excitation of the regulating pole 
from maximum in one direction, to maximum in the opposite 
direction, the dinsetion of the resultant magnetic field flux, and 
the effective wi<lth of the field pole, and with the latter the 
wave shape, are varied. To keep the wave shape variation 
local in the converter, so as not to reflect it into the primary 
supply circuit, the proper transformer connection must be 
used. This is Y primary with preferably A or double delta 
(for three-phase^ and for six-phase) or Y and double Y or dia¬ 
metrical in the secondary. 

VM. Starting 

99. The polyphase converter is self-starting from rest; that 
is, when connected across the polyphase circuit it starts, acceler- 
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ates, and runs up to complete synchronism. The e.m.f. betwecm 
the commutator brushes is alternating in starting, with the fi'o- 
quency of slip below synchronism. Thus a direct-current volt¬ 
meter or incandescent lamps connected across the commutator 
brushes indicate by their beats the approach of the converter to 
synchronism. When starting, the field circuit of the converter 
has to be opened or at least greatly weakened. The startinK 
of the polyphase converter is largely a hysteresis effect and 
entirely so in machines with laminated field poles, while in ma¬ 
chines with solid magnet poles or with a‘short-circuited winding 
(squirrel-cage) in the field poles, secondary currents in the latter 
contribute to the starting torque, but at the same time reduce 
the magnetic starting flux by their demagnetizing effect. Tiie 
torque is produced by the attraction between the alternating 
currents of the successive phases upon the remanent magnetism 
and secondary currents produced by the preceding phase. It 
is necessarily comparatively weak, and from full-load to twic^o 
full-load current at from one-third to one-half of full voltage is 
required to start from rest without load. Usually, low-voltagc 
taps on the transformers are used to give the lower starting 
voltage. 

While an induction motor can never reach exact synchronism, 
but must even at no load slip slightly to produce the friction 
torque, the converter or synchronous motor reaches exact syn¬ 
chronism, due to the difference of the magnetic reluctance in the 
direction of the field poles and in the direction in electrical 
quadrature thereto; that is, the field structure acts like a shuttle 
armature and the polar projections catch with the rotating 
magnet poles in the armature, in a similar way aa an induction 
motor armature with a single short-circuited coil (synchronous 
induction motor, reaction machine) drops into step. Obviously, 
the single-phase converter is not self-starting. 

At the moment of starting, the field circuit of the converter is 
in the position of a secondary to the armature circuit as primary; 
and since in general the number of field turns is very much larger 
than the number of armature turns, excessive e.m.fs. may be 
generated in the field circuit, reaching frequently 4000 to 6000 
volts, which have to be taken care of by some means, as by 
brea,king the field circuit into sections, or protecting against ex¬ 
cessive voltages by a squirrel-cage starting winding in the pole 
faces. As soon as synchronism is reached, which usually takes 
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from a few seconds to a minute or more, and is seen by the ap¬ 
pearance of continuous voltage at the commutator brushes, the 
field circuit is closed and the load put on the converter. Ob¬ 
viously, while starting, the direct-current side of the converter 
must be open-circuited, since the e.m.f. between commutator 
brushes is alternating until synchronism is reached. 

When starting from the alternating side, the converter can 
drop into synchronism at either polarity; but its polarity can be 
reversed by strongly exciting the field in the right direction by 
some outside source, as another converter, etc., or by momen¬ 
tarily opening the circuit and thereby letting the converter slip 
one pole. 

Since when starting from the alternating side the converter 
requires a very large and, at the same time, lagging current, it 
is occasionally preferable to start it from the direct-current side 
as direct-current motor. This can be done when connected to 
storage battery or direct-current generator. When feeding into 
a direct-current system together with other converters or con¬ 
verter stations, all but the first converter can be started from 
the continuous current side by means of rheostats inserted into 
the armature circuit. 

To avoid the necessity of synchronizing the converter, by phase 
lamps, with the alternating system in case of starting by direct 
current (which operation may be difficult where the direct 
voltage fluctuates, owing to heavy fluctuations of load, as rail¬ 
way systems), it is frequently preferable to run the converter 
up to or beyond synchronism by direct current, then cut off 
from the direct current, open the field circuit and connect it to 
the alternating system, thus bringing it into step by alternating 
current. 

If starting from the alternating side is to be avoided, and 
direct current not always available, as when starting the first 
converter, a small induction motor (of less poles than the con¬ 
verter) is used as starting motor. 

Converters usually are started from the alternating side. 

IX. Inverted Converters 

100 . Converters may be used to change either from alter¬ 
nating to direct current or as inverted converters from direct to 
alternating current. While the former use is by far the more 
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frequent, sometimes inverted converters are desirable. Thus in 
low-tension direct-current systems outlying districts have been 
supplied by converting from direct to alternating, transmitting 
as alternating, and then reconverting to direct current. Or in 
a station containing direct-current generators for short-distance 
supply and alternators for long-distance supply, the converter 
may be used as the connecting link to shift the load from the 
direct to the alternating generators, or inversely, and thus be 
operated either way according to the distribution of load on the 
system. Or inverted operation may be used in emergencies to 
produce alternating current. 

When converting from alternating to direct current, the speed 
of the converter is rigidly fixed by the frequency, and cannot be 
varied by its field excitation, the variation of the latter merely 
changing the phase relation of the alternating current. When 
converting, however, from direct to alternating current as the 
only source of alternating current, that is, not running in multiple 
with engine- or turbine-driven alternating-current generators, the 
speed of the converter as direct-current motor depends upon the 
field strength; thus it increases with decreasing and decreases 
with increasing field strength. As alternating-current generator, 
however, the field strength depends upon the intensity and 
phase relation of the alternating current, lagging current reducing 
the field strength and thus increasing speed and frequency, and 
leading current increasing the field strength and thus decreasing 
speed and frequency. 


Thus, if a load of lagging current is put on an inverted con¬ 
verter, as, for instance, by starting an induction motor or another 
converter thereby from the alternating side, the demagnetizing 
effect of the alternating current reduces the field strength and 
causes the converter to increase in speed and frequency. An in¬ 
crease of frequency, however, may increase the lag of the current 
and thus its demagnetizing effect, and thereby still further in¬ 
crease the speed, so that the acceleration may become so rapid as 
to be beyond control by the field rheostat and endanger the 
machine. Hence inverted converters have to be carefully 
watched, especially when starting other converters from them 
positive device is necessary to cut the in- 
entirely as soon as its speed ex- 

sTult T? arrangement is 

P excitation of the inverted converter hv an 
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mechanically driven thereby, since an increase of speed in¬ 
creases the exciter voltage at a still higher rate, and thereby the 
excitation of the converter, and thus tends to check its speed. 

This danger of racing does not exist if the inverted converter 
operates in parallel with alternating generators, provided that 
the latter and their prime movers are of such size that they 
cannot be carried away in speed by the converter. In an in¬ 
verted converter running in parallel with alternators the speed is 
not changed by the field excitation, but a change of the latter 
merely changes the phase relation of the alternating current 
supplied by the converter; that is, the converter receives power 
from the direct-current system, and supplies power into the alter¬ 
nating-current system but at the same time receives wattless 
current from the alternating system, lagging at under-excitation, 
leading at over-excitation, and can in the same way as an ordinary 
converter or synchronous motor be used to compensate for watt¬ 
less currents in other parts of the alternating system, or to regu¬ 
late the voltage by phase control. ‘ 

X. Frequency 

101. While converters can be designed for any frequency, the 
use of high frequency, as 60 cycles, imposes more severe limita¬ 
tions on the design, especially that of the commutator, as to 
make the high-frequency converter inferior to the low-frequency 
or 25-cycle converter. 

The commutator surface moves the distance from brush to 
next brush, or the commutator pitch, during one-half cycle, 
that is, second with a 25-cycle, K 20 second with a 60-cycle 
converter. The peripheral speed of the commutator, however, 
is limited by mechanical, electrical, and thermal considera¬ 
tions—centrifugal forces, loss of power by brush friction, and 
heating caused thereby. The limitation of peripheral speed 1 
limits the commutator pitch. Within this pitch must be in¬ 
cluded as many commutator segments as necessary to take care 
of the voltage from brush to brush, and these segments must have 
a width sufficient for mechanical strength. With the smaller 
pitch required for high frequency, this may become impossible, 
and the limits of conservative design thus may have to be 
exceeded. 

In a converter, due to the absence of armature reaction and 
field distortion, a higher voltage per commutator segment can be 
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allowed than in a direct-current generator. Assuming 17 volts 
as limit of conservative design would give for a 600-volt con¬ 
verter 36 segments from brush to brush. Allowing 0.2 inch 
for segment and insulation, as minimum conservative value, 37 
segments give a pitch of 7.4 inches. Estimating 5000 feet per 
minute as conservative limit of commutator speed gives 83.3 
feet or 1000 inches peripheral speed per second, and with 7.4 
inches pitch this gives 136 half cycles, or 68 cycles, as limit 
of the frequency, permitting conservative commutator design. 

At 60 cycles higher voltage per segment, narrower segments 
and higher commutator speeds thus are necessary than at 25 
cycles, and the 60-cycle converter, though still within conserva¬ 
tive limits, does not permit as conservative commutator design, 
especially at higher voltage, as a low-frequency converter, and 
a lower self-inductance of commutation thus must be aimed at 
than permissible in a 25-cycle converter, the more so as the fre¬ 
quency of commutation (half the number of commutator seg¬ 
ments per pole times frequency of rotation) necessarily is higher 
in the 60-cycle converter. 

Somewhat similar considerations also apply to the armature 
construction: the peripheral speed of the armature, even if chosen 
higher for the 60-cycle converter, limits the pitch per pole at the 
armature circumference, and thereby the ampere conductors 
per pole and thus the armature reaction, the more so as shallower 
slots are necessary. The 60-cycle converter cannot be built with 
anything like the same armature reaction as is feasible at lower 
frequency. On the armature reaction, however, very largely 
depends the stability of a synchronous motor or converter, and 
machines of low armature reaction tend far more to surging 
and pulsation of current and voltage than machines of high 
armature reaction. 

The 60-cycle converter therefore cannot be made quite as 
stable and capable of taking care, of violent fluctuations of load 
and of excessive overloads as 25-cycle converters can, and in 
this respect the lower-frequency machine is preferable, though 
under reasonably favorable conditions regarding variations of 
load, variations of supply voltage, and overload 60-cycle con¬ 
verters give excellent service. 

It is this inherent inferiority of the 60-cycle converter which 
has largely been instrumental in introducing 25 cycles as the 
frequency of electric power generation and distribution. 
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At 25 cycles, converters are used on railway load—the most 
fluctuating and therefore most severe service—built for 1200 
volts, and even still much higher voltages are available. 


XL Double-current Generators 

102. Similar in appearance to the converter, which changes 
from alternating to direct current, and to the inverted converter, 
which changes from direct to alternating current, is the double¬ 
current generator; that is, a machine driven by mechanical power 
and producing direct current as well as alternating current from 
the samc^ armature, which is connected to commutator and col¬ 
lector rings in the same way as in the converter. Obviously the 
use of the double-current generator is limited to those sizes and 
speeds at which a good direct-current generator can be built with 
the same number of poles as a good alternator, that is, low- 
frequency machines of large output and relatively high speed; 
while high-frequency low-spc^ed double-current generators arci 
undesirable. 

The (^HHcmtial diffc^rence between double-current generator and 
converter is, however, that in the former the direct current and 
the alternating (current are not in opposition as in the latter, but 
in the same direction, and the resultant armature polarization 
thus the sum of the armature polarization of the direct current 
and of the xdtemating current. 

Since at the same output and the same field strength the arma¬ 
ture polarization of the direct current and that of the alternating 
current are the same, it follows that the resultant armature polari¬ 
zation of the double-current generator is proportional to the load 
regarcllesB of thc^ proportion in which this load is distributed 
between the alternating- and direct-current sides. The heating of 
the armature due to its resistance depends upon the sum of the 
two currents, that is, upon the total load on the machine. Hence, 
the output of the double-current generator is limited by the 
current hc^ating of the armature and by the fiedd distortion duo 
to the armature reaction, in the same way as in a direct-current 
generator or alternator, and is consequently much less than that 
of a converter. 

In double-current gcncratore, owing to the existence of arma¬ 
ture reaction and consequent field distortion, the commutator 
brushes are more or less shifted against the neutral, and the 
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direction of the continuous-current armature polarization is thus 
shifted against the neutral by the same angle as the brushes. 
The direction of the alternating-current armature polarization, 
however, is shifted against the neutral by the angle of phase 
displacement of the alternating current. In consequence thereof, 
the reactions upon the field of the two parts of the armature polari¬ 
zation, that due to the continuous current and that due to the 
alternating current, are usually different. The reaction on the 
field of the direct-current load can be overcome by a series field. 
The reaction on the field of the alternating-current load when 
feeding converters can be compensated for by a change of phase 
relation, by means of a series field on the converter, with self¬ 
inductance in the alternating lines, or reactive coils at the 
converters. 

Thus, a double-current generator feeding on the alternating 
side converters can be considered as a direct-current generator in 
which a part of the commutator, with a corresponding part of the 
series field, is separated from the generator and located at a 
distance, connected by alternating leads to the generator. Ob¬ 
viously, automatic compounding of a double-current generator is 
feasible only if the phase relation of the alternating current 
changes from lag at no load to lead at load, in the same way as 
produced by a compounded converter. Otherwise, rheostatic 
control of the generator is necessary. This is, for instance, the 
case if the voltage of the double-current generator has to be varied 
to suit the conditions of its direct-current load, and the voltage 
of the converter at the end of the alternating lines varied to suit 
the conditions of load at the receiving end, independent of the 
voltage at the double-current generator, by means of alternating 
potential regulators or compensators. 

Compared with the direct-current generator, the field of the 
double-current generator must be such as to give a much greater 
stability of voltage, owing to the strong demagnetizing effect 
which may be exerted by lagging currents on the alternating side, 
and may cause the machine to lose its excitation altogether. 
For this reason it is frequently preferable to excite double-current 
generators separately. With the general adoption of large 
three-phase steam-turbine units for electric power generation, the 
use of inverted converter and double-current generator has greatly 
decreased. 
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XII. Conclusion 

103 . Of the types of machines, converter, inverted converter, 
and double-current generator, sundry combinations can be de- 
devised with each other and with synchronous motors, alternators, 
direct-current motors and generators. Thus, for instance, a 
converter can be used to supply a certain amount of mechanical 
power as synchronous motor. In this case the alternating 
current is increased beyond the value corresponding to the direct 
current by the amount of current giving the mechanical power, 
and the armature reactions do not neutralize each other, but 
the reaction of the alternating current exceeds that of the direct 
current by the amount corresponding to the mechanical load. 
In the same way the current heating of the armature is in¬ 
creased. An inverted converter can also be used to supply 
some mechanical power. Either arrangement, however, while 
quite feasible, has the disadvantage of interfering with auto¬ 
matic control of voltage by compounding. 

Double-current generators can be used to supply more power 
into the alternating circuit than is given by their prime mover, 
by receiving power from the direct-current side. In this case a 
part of the alternating power is generated from mechanical power, 
and the other converted from direct-current power, and the 
machine combines the features of an alternator with those of an 
inverted converter. Conversely, when supplying direct-current 
power and receiving mechanical power from the prime mover and 
electric power from the alternating system, the double-current 
generator combines the features of a direct-current generator and 
a converter. In either case the armature reaction, etc., are 
the sum of those corresponding to the two types of machines 
combined. 

104 . A combination of the converter with the direct-current 
generator is represented by the so-called motor converter which 
consists of the concatenation of a commutating machine with an 
induction machine. 

If the secondary of an induction machine is connected to a 
second induction or synchronous machine on the same shaft, and 
of the same number of poles, the combination runs at half 
synchronous speed, and the first induction machine as frequency 
converter supplies half of its power as electric power of half 
frequency to the second machine, and changes the other half 

17 
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as motor into mechanical power, driving the second machine as 
generator. (Or, if the two machines have different number of 
poles, or are connected to run at different speeds, the division of 
power is at a different but constant ratio). Using thus a double- 
current generator as second machine, it receives half of its 
power mechanically, by the induction machine as motor, and the 
other half electrically, by the induction machine as fnHjuenc.y 
converter. Such a machine, then, is intermediate betwe<ui a 
converter and a direct-current generator, having an armature 
reaction equal to half that of a direct-current generator. 

Such motor converters have been recommended for high-fre¬ 
quency systems, as their commutating component is of half 
frequency, and thus affords a better commutator d(\sign than a 
high-frequency converter. They are necessarily mucdi largc^r 
than standard converters, but are smaller than motor gonc»rator 
sets, as half the power is converted in either machirK!. One 
advantage of this type of machine for phase control is that, it 
requires no additional reactive coils, as the induction inacthiiH! 
affords sufficient reactance. 

The use of the converter to change from alternating to alter¬ 
nating of a different phase, as, for instance, when using a quarter- 
phase converter to receive power by one pair of its collcador 
rings from a single-phase circuit and supplying from its other 
pair of collector rings the other phase of a quartcir-phase system, 
or a three-phase converter on a single-phase system supplying 
the third wire of a three-phase system from its third collector 
ring, is outside the scope of this treatise, and is, morcK)ver, of 
very little importance, since induction or synchronous motors 
are superior in this respect. 


Appenodc 

Xni. Direct-curfent Converter 

105. If n equidistant pairs of diametrically opposite points of 
a commutating machine armature are connected to the ends of 
n compensators or autotransformers, that is, electric circuits 
interlinked with a magnetic circuit, and the centers of those auto- 
transfqrmers connected with each other to a neutral point as shown 
diagrammatically in Fig. 140 for n = 3, this neutral is equidis¬ 
tant in potential from the two sets of commutator brushes, and 
such a machine can be used as continuous current converter, to 
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transform in the ratio of potentials 1 :2 or 2 :1 or 1 : 1 , in the 
lattca’ case transforming power from one side of a three-wire 
systcan to th(^ othc^r side. 

Obviously (uther the n autotransformers can be stationary and 
connected to the armature by 2 n collector rings, or the auto- 
transform(*rs rotated with the armature and their common neutral 
connc^ctcnl to the external circuit by one collector ring. 

Th(‘. distribution of potential and of current in such a direct- 
current converter is shown in Fig. 141 for n = 2 , that is, two 
autotransformers in cpiadrature. 

With the voltage 2 e between the outside conductors of the 



Fki. 140.—Diagram of dircct-cuirrent converter. 


system, the voltage between the neutral and outside conductor 
is ± that on cmch of the 2 n autotransformer sections is 

e mn(B — 6^0 — , /c = 0 , 1 , 2 . . . 2 n — I, 

Neglecting losses in the converter and the autotransformer, the 
currentH in the two sets of commutator brushes are equal and of 
the same direction, that is, both outgoing or both incoming, and 
opi^Hitc to t!ie current in the neutral; that is, two equal currents i 
enter the commutator brushes and issue as current 2 i from the 
neutral, or inversely. 

From the law of conservation of energy it follows that the cur¬ 
rent 2 i entering from the neutral divides in 2 n equal and constant 
^ i 

branch(;H of direct current, -, in the 2 n autotransformer sections, 

n 

and hence enters the armature, to issue as current i from each of 
the commutator brushes. 
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In reality the current in each autotransformer section is 

" “ + ^*0 \/2 cos (^6 — do — — + y 

where ^o is the exciting current of the magnetic circuit of the auto¬ 
transformer, and a the angle of hysteretic advance of phase. 
At the commutator the current on the motor side is larger than 
the current on the generator side, by the amount required to 
cover the losses of power in converter and autotransformer. 

In Fig. 141 the positive side of the system is generator, the 
negative side motor. This machine can be considered as receiv¬ 
ing the current i at the voltage e from the negative side of the 
system, and transforming it into current ^ at voltage e on the 



Fig. 141.—Distribution e.m.f. and current in direct-current converter. 


positive side of the system, or it can be considered as receiving 
current i at voltage 2 e from the system, and transforming it 
into current 2 i at the voltage e on the positive side of the system, 
or of receiving current 2 i at voltage e from the negative side, and 
returning current i at voltage 2e. In either case the direct- 
current converter produces a difference of power of 2 ie between 
the two sides of the three-wire system. 

The armature reaction of the currents from the generator side 
of the converter is equal but opposite to the armature reaction^ 
of the corresponding currents entering the motor side, and the 
motor and generator armature reactions thus neutralize each 
other, as in the synchronous converter; that is, the resultant 
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armaturo reaction of the continuous-current converter is prac- 
tic‘ally zero, or the only remaining armature reaction is that 
(!orn^spou(ling to the relatively small current required to rotate 
th(^ ma.(‘hine, that is, to supply the internal losses in the same. 
Th(* armature reaction of the current supplying the electric 
powcu’ transformed into mechanical power obviously also remains, 
if th(^ mac^hine is used simultaneously as motor, as for driving a 
ho(>st(U' connec.ted into the systcun to produce a difference between 
tlie voltages of the two sides, or the armature reaction of the 
curnmt.s generated from mechanical power if the machine is 
driviui as generator. 




VuK 142.—D(a'(^l(>pment of a clirwt-curreni (converter. 


108. Whil« the currents in th(i armature coils are more or less 
sine waves in the alternator, rectangular reversed currents in 
the (lir(!ct-(nirr(!nt generator or motor, and distorted triple-fre- 
(jiuinc.y curr<!nts in the synchronous converter, the currents in the 
armature coils of the direct-current converter are approximately 
triangular double-frequency waves. 

L(?t J‘’ig. 142 represent a development of a direct-current con- 
verttsr with brushes Hi and and C one autotransformer re¬ 
ceiving current 2 i from the neutral. Consider first an armature 
coil (i\ adjacent and behind (in the direction of rotation) anauto- 
transform<ir lead 61 . In the moment when autotransformer leads 
hi ba coincide with the brushes Bi Ih the current i directly enters 
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the brushes and coil ai is without current. In the next moment 
(Fig. 142^) the total current i from hi passes coil ai to brush Bi^ 
while there is yet practically no current from hi over coils a' 
a", etc., to brush But with the forward motion of the arma¬ 
ture less and less of the current from hi passes through ai 
etc., to brush Bi and more over a' a", etc., to brush ^ 2 , until in 
the position of ai midway between hi and ^2 (Fig. 142B), one-half 
of the current from hi passes ai ^ 2 , etc., to Bi, the other half a' 
a", etc., to 52. With the further rotation the current in ai 
grows less and becomes zero when hi coincides with 52, or half 
a cycle after its coincidence with 5i. That is, the current in 




Fig. 143.—Current in the various coils of a direct-current converter. 


coil ai approximately has the triangular form shown as ii in Fig. 
143, changing twice per period from 0 to i. It is shown negative, 
since it is against the direction of rotation of the armature. In 
the same way we see that the current in the coil a', adjacent 
ahead of the lead hi, has a shape shown as F in Fig. 143. The 
current in coil <xo midway between two commutator leads has the 
form zo, and in general the current in any armature coil dis¬ 
tant by angle r from the midway position ao, has the form 
4, Fig. 143. 

All the currents become zero at the moment when the autotrans¬ 
former leads hi h^ coincide with the brushes 5i 52, and change 
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by t at the moment when their respective coils pass a commu¬ 
tator brush. Thus the lines A and A'- in Fig. 144 with zero 
values at Bi B 2 , the position of brushes, represent the currents in 
the individual armature coils. The current changes from A to 
A' at the moment 6 = r when the respective armature coil 
passes the brush, twice per period. Due to the inductance of 
the armature coils, which opposes'the change of current, the 
current waves are not perfectly triangular, but differ somewhat 
therefrom. 

With n autotransformers, each autotransformer lead carries the 

<2, 

current —, which passes through the armature coils as triangular 

Tb 

% 

current, changing by — in the moment the armature coil passes 

Th 

a commutator brush. This current passes the zero value in the 
moment the autotransformer lead coincides with a brush. Thus, 



Pig. 144.—Current in individual coils of a direct-current converter with one 

compensator. 

the differents current of n autotransformers which are superposed 
in an armature coil a* have the shape shown in Fig. 199 for w = 3. 
That is, each autotransformer gives a set of slanting lines 
AxA'i, A^\, AiA'i, and all the branch currents ii, ii, iz, super¬ 
posed, ^ve a resultant current 4, which changes by i in the 
moment the coil passes the brush. 4 varies between the extreme 

values I (2 p - 1) and | (2p -f 1), if the armature coil is dis¬ 
placed from the midway position between two adj acent autotrans¬ 
former leads by angle r, and P = ~ • P varies between — ^ 

and+^. 

. . 

Thus the current in an armature coil in position P = “ 
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be denoted in the range from p to 1 p, or t to r + r, by 
4 = I (2x - 1), 

where 


^ TT 



The effective value of this current is 



= I + 4pl 


Since in the same machine as direct-current generator • at 
voltage 2 e and current i, the current per armature coil is the 
ratio of current is 
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and thus the relative Hr loss or the heat developed in the armature 
coil, 

7 = /A = M + 


with a minimum, 
and a maximum, 


2^ 


p = 0, yo = 

_ 1 1 _ 3 + Ji* 

3 3 • 


The mean heating or Pr of the armature is found by integrating 
over 7 from 




2n 


top = + 


JL 

2n^ 


as 


r = 




ydp 

JL 

2n 


1 1+n^ 


This gives the following table, for the direct-current converter, 
of minimum current heating, 70 , in the coil midway between 


DIEECT-CURRENT CONVERTER IV RATING 


No. of compensators, n = 
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2 

3 

4 

n 
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Minimum current heating 
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Maximum current heating, 
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Mean current heating. 
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1 

1.225 

1.549 
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adjacent commutator leads, maximum current heating, ixi 
the coil adjacent to the commutator lead, mean current heatixi^> 
r, and rating as based on mean current heating in the armature, 

1 . 

Vr‘ 

As seen, the output of the direct-current converter is greater 
than that of the same machine as generator. Using more tha^ir 
three autotransformers offers very little advantage, and the dif¬ 
ference between three and two autotransformers is comparatively" 
small, also, but the difference between two and one autotransfor¬ 
mer, especially regarding the local armature heating, is considera¬ 
ble, so that for most practical purposes a two-autotransformer 
converter would be preferable. 

The number of autotransformers used in the direct-current 
converter has a similar effect regarding current distribution, 
heating, etc., as the number of phases in the synchronons 
converter. 

Obviously these relative outputs given in above table refer to 
the armature heating only. Regarding commutation, the total 
current at the brushes is the same in the converter as in ttie 
generator, the only advantage of the former being the better 
commutation due to the absence of armature reaction. 

The limit of output set by armature reaction and correspond¬ 
ing field excitation in a motor or generator obviously does not 
exist at all in a converter. It follows herefrom that a direct- 
current motor or generator does not give the most advantageous 
direct-current converter, but .that in the direct-current converter 
just as in the synchronous converter, it is preferable to propor¬ 
tion the parts differently in accordance with above discussion, 
as, for instance, to use less conductor section, a greater number of 
conductors in series per pole, etc. 


XIV. Three-wire Generator and Converter 

107. A machine based upon the principle of the direct-current 
converter is frequently used to supply a three-wire direct-current 
distribution system (Edison system). This machine may be a, 
single generator or synchronous converter, which is designed for 
the voltage between the outside conductors of the circuit (ttio 
positive and the negative conductor), 220 to 280 volts, while the 
middle conductor of the system, or neutral conductor, is con- 
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nected to the generator by auto transformer and collector rings, 
or, in the case of a synchronous converter, is connected to the 
neutral of the step-up transformers, and the latter thus used 
as autotransformers. 



Fig. 146’—Three-wire laachine with single autotransformer. 

A three-wire generator thus is a combination of a direct- 
current generator and a direct-current converter, and a three- 
wire converter is a combination of a synchronous converter and 
a direct-current converter. Such a three-wire machine has the 
advantage over two separate machines, connected to the two 



Fig. 147.— Three-wire system with two machines. 

sides of the three-wire direct-current system, of combining two 
smaller machines into one of twice the size, and thus higher 
space- and operation-economy and lower cost, and has the further 
advantage that only half as large current is commutated as by 
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the use of two separate machines; that is, the positive brush 
of the machine on the negative and the negative brush of the 
machine on the positive side of the system are saved, as seen by 
the diagrammatic sketch of the machine in Fig. 146 and the two 
separate two-wire machines in Fig. 147. The use of three-wire 
220-volt machines on three-wire direct-current systems thus has 
practically displaced that of two separate 110-volt machines. 

A. Three-wike Direct-current Generator 

108. In such machines, either only one compensator or auto¬ 
transformer is used for deriving the neutral, as shown diagram- 
matically in Fig. 146, or two autotransformers in quadrature, as 
shown in Fig. 148, but rarely more. 



As the efficiency of conversion of a direct-current converter 
with two autotransformers in quadrature (Fig. 148) is higher than 
that of a direct-current converter with single autotransformer 
(Fig. 146), it is preferable to use two (or even more) autotrans¬ 
formers where a large amount of power is to be converted, that 
is, where a very great unbalancing between the two sides of the 
three-wire system may occur, or one side may be practically 
unloaded while the other is overloaded. Where, however, the 
load is fairly distributed between the two sides of the system, 
that is, the neutral current (which is the difference between the 
currents on the two sides of the system) is small and so only a 
small part of the generator power is converted from one side to 
the other, and the efficiency of this conversion thus of negligible 
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influence on the heating and the output of the machine, a single 
autotransformer is preferable because of its simplicity. In 
three-wire distribution systems the latter is practically always the 
case, that is, the load fairly balanced and the neutral current 
small. 

The size of the autotransformers depends upon the amount of 
unbalanced power, that is, the maximum difference between the 
load on the two sides of the three-wire system, and thus equals 
the product of neutral current io and voltage e between neutral 
and outside conductor; that is, in the three-wire system of vol¬ 
tage e per circuit, voltage 2e between the outside conductors, 
and maximum current i in the outside conductors, the generator 
power rating is 

2 > = 2 €^. 

Let now u == maximum unbalanced current in the neutral— 
usually not exceeding 10 to 20 per cent, of i —and using a single 
autotransformer, connected diametrically across the armature. 
Fig. 146, the maximum of the alternating voltage which'it re¬ 
ceives is 2 e, and its effective voltage therefore e V2. As the 
neutral current io divides when entering the autotransformer, the 

current in the compensating winding is (neglecting the small 

exciting current), and the volt-ampere capacity of the autotrans¬ 
former thus is 

eio 

= VF 

and 

Va _ 1 ia 

V ~ 2V2 i 

= 0.354 

Even with the neutral current equal to the current in the out¬ 
side conductor, or the one side of the system fully loaded, the 
other not loaded, the autotransformer thus would have only 
35.4 per cent, of the volt-ampere capacity of the generator, and 
as an autotransformer of ratio 1 -r- 1 is half the size of a trans¬ 
former of the same volt-ampere capacity, in this case the auto¬ 
transformer has, approximately, the size of a transformer of 
17.7 per cent, of the size of the generator. 

With the maximum unbalancing of 20 per cent., or = 0.2, 

% 
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the autotransformer thus has 7 per cent, of the volt-ampere 
capacity of the generator, or the size of a transformer of only 
3.5 per cent, of the generator capacity, that is, is very small, and 
this method is therefore the most convenient for deriving the 
neutral of a three-wire distribution system. 

When using n autotransformers, obviously each has “ of the 

size which a single autotransformer would have. 

The disadvantage of the three-wire generator over two sepa¬ 
rate generators is that a three-wire generator can only divide 
the voltage in two equal parts, that is, the two sides of the system 
have the same voltage at the generator. The use of two separate 
generators, however, permits the production of a higher voltage 
on one side of the system than on the other, and thus takes care 
of the greater line drop on the more evenly loaded side. Even 
in the case, however, where a voltage difference between the two 
sides of the system is desired for controlling feeder drops, it can 
more economically be given by a separate booster in the neu¬ 
tral, as such a booster would require only a capacity equal to 
the neutral current times half the desired voltage difference 
between the two sides, and with 20 per cent, neutral current and 
10 per cent, voltage difference between the two sides, thus would 
have only 1 per cent, of the size of the generator. 


B. Three-wire Converter 

109. In a converter feeding a three-wire direct-current system 
the neutral can be derived by connection to the transformer 
neutral. Even in this case, however, frequently a separate auto¬ 
transformer is used, connected across a pair of collector rings of 
the converter, since, as seen above, with the moderate unbalanc¬ 
ing usually existing, such a compensator is very small. 

When connecting the direct-current neutral to the transformer 
neutral it is necessary to use such a connection that the trans¬ 
former can operate as autotransformer, that is, that the direct- 
current in each transformer divides into two branches of equal 
m.m.f,, otherwise the direct-current produces a unidirectional 
magnetization in the transformer, which superimposed upon 
the magnetic cycle raises the magnetic induction beyond satura¬ 
tion, and thus causes excessive exciting current and heating^ 
except when very small. 
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For instance, with Y connection of the transformers supplying 
a three-phase converter, Fig. 149, each transformer secondary 
receives one-third of the neutral current, and if this current is not 
very small and comparable with the exciting current of the 
transformer—which can rarely be—the magnetic density in 
the transformer rises beyond saturation by this unidirectional 
m.m.f. This connection thus is in general not permissible for 
deriving the neutral. 

In a quarter-phase converter, as shown in Fig. 150, the trans¬ 
former neutral can be used as direct-current neutral, since 
in each transformer the direct current divides into two equal 
branches, which magnetize in opposite direction, and so neu¬ 
tralize. 

The T connection, Fig. 151, can be used for three-phase con¬ 
verters with the neutral derived from a point at one-third the 
height of the teaser transformer, as seen in Fig. 151. 

Delta connection on three-phase, and double delta on six-phase 
converters cannot be used, as it has no neutral, but in this case a 
separate compensator is required. 

The diagrammatical connections of transformers can, however, 
be used on six-phase converters, and the connection shown in 
Fig. 152, which has two coils on each transformer, connected to 
different phases, on three-phase converters. 






















D. ALTERNATING-CURRENT TRANSFORMER 


I. General 

110. The alternating-current transformer consists of a magnetic 
circuit interlinked with two electric circuits, the primary, which 
receives power, and the secondary, which gives out power. 

Since the same magnetic flux interlinks primary and second¬ 
ary turns, the same voltage is induced in every turn of the 
electric circuits, and the e.m.fs. induced in the primary and 
in the secondary winding therefore have the ratio of turns: 

This ratio is called the ratio of transformation. 

The ratio of transformation of a transformer is the ratio of turns 
of primary and secondary windings. 

In addition to the induced e.m.fs. e\ and e' 2 , resistance r and 
reactance x consume voltage in primary and secondary wind¬ 
ings. The voltage consumed by the resistance represents waste of 
power; the voltage consumed by reactance is wattless, but causes 
lag of current, that is, lowers the power factor; while the in¬ 
duced voltages give the power transfer from primary to sec¬ 
ondary. Efficiency therefore requires to make the former vol¬ 
tages as small as possible, and the induced voltages as near to 
the terminal voltages as possible. Therefore, in first approxi¬ 
mation, the ratio of the terminal voltages ei and 62 is the ratio 
of transformation: 

ex ^ 

62 

As, approximately, the power output of the secondary equals the 
power input into the primary, it is: 

C2'^*2 “ Cii\ 

hence, 

h = 1 , 

^2 U- 
277 
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that is, the transformer changes from Yoltage ei and current 
ii to voltage 62 = and current = ciu 

In general either of the two transformer circuits may be used 
as primary or as secondary, and by their use transformers thus 
are distinguished as step-down transformers, if the primary 
voltage is higher than the secondary, and step-up transformers, 
if the secondary voltage is higher. Instead of the expression 

primary’' and ''secondary,” constructively it therefore is 
preferable to speak of "high voltage winding”and low voltage 
winding.” 

Ill, The foremost use of the transformer therefore is for 
changing of the voltage: 

From the medium high primary distribution voltage (2300) 
to the low secondary consumer voltage ( 110 , 220 ). 

From the high transmission (30 to 150 kilovolts) to the primary 
distribution voltage (2300) or the voltage required by syn¬ 
chronous motor, synchronous converter, etc. 

From the low or medium high generator voltage to the high 
transmission voltage. 

Other occasional uses of transformers are; 

To electrically tie systems together, so as to permit exchange 
of power between them, and synchronous operation. In this 
case, depending on the distribution of the load in the system, 
either transformer winding may he primary or secondary. 

To break up electrically a very large system, so that a ground 
in one part does not ground the entire system. In this case, 
the transformer ratio usually is 1 1 . 

In all these cases, the transformers are "constant potential 
transformers,” that is, primary and thus secondary voltage are 
constant or approximately so. 

Transformers supplied with constant current in the primary 
give practically constant current in the secondary, at a primary 
voltage varying with the secondary voltage- Such transformers 
are used in constant-current circuits, for supplying meters in 
high voltage circuits, etc. 

Further uses of transformers are for operating instruments, 
switches, etc., in high voltage systems. In this case, the trans¬ 
formers may be potential transformers—connected across the 
constant voltage circuit, or current transformers—connected 
in series into the circuit, for the supply of meters, the operar 
tion of overload circuit breakers, etc. 
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Where not expressly stated otherwise, in general a constant 
potential transformer is understood. 

II. Excitation 

112. The primary current ii is not strictly proportional 
to the secondary current, u by the ratio of transformation, 



Fig. 153.—Excitation and core loss of transformer. 

and does not become zero at no load or open circuit, but a small 
and lagging current io remains at no load, which is called the 
exciting current. It produces the magnetic flux and supplies 
the losses in the iron, so-called ^^core loss.’' Its reactive com¬ 
ponent, im, is called the magnetizing current, and is usually 
greatly distorted in wave shape, while the energy component, 
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ihj does not much differ from a sine wave, and is the hysteresis 
energy current: 

I Q ^ 

Under load, the primary current then consists of two com¬ 
ponents: the load current I'2 which is the transformed second¬ 
ary current I '2 = ~j and the exciting, current Jo. The total 

ai 

primary current thus is: 

Jl = J ^2 Jo == “ + 

• • • d 

In general, Jo rarely exceeds 5 per cent, of the full-load primary 
current. 

Core loss and exciting current, with its two components, are 
determined by measuring volts, amperes and watts input into 
the primary of the transformer at open secondary. It is ob¬ 
vious that either of the transformer coils can for this purpose be 
used as primary, and usually the low voltage coil is employed 
as more convenient. 

Such excitation and core-loss curves are given in Fig. 153,^^ 
with the impressed volts as abscissae, and the total exciting 
current, and core loss as ordinates. 

The exciting current is usually not proportional to the voltage, 
due to the use of a closed magnetic circuit, and for the same 
reason, the power-factor of the exciting current is fairly high, 
from 40 to 60 per cent., except at high voltages, where magnetic 
saturation causes an abnormal increase of the magnetizing 
current. 

The power-factor is shown on Fig. 153. 

in. Losses and Efficiency 

113. The losses in the transformer are ^ 

(a) The core loss, comprising the loss by hysteresis and 
eddy currents in the iron. This depends on the maximum 
magnetic flux, and thus on the induced voltage: 

e'l = 2 7r/ni 10”s 

and as the induced voltage is practically equal to the impressed 
voltage eij at constant impressed voltage, the core loss is practi¬ 
cally constant, and is often assumed as constant, that is, the 
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core loss is a constant or no-load loss, and is supplied by the 
exciting current zo. 

(6) The ih losses in the primary and secondary coils. These 
are load losses, increasing with the square of the load. 

(c) Spurious load losses, as eddy currents in the conductors 
and other metal parts. • With proper design these should be 
negligible. 

(d) In very high voltage transformers, electrostatic losses 
in the insulation appear. These usually are small in large well- 
designed transformers. 

In large transformers, the total loss may be less than 1 
per cent., and so also the core loss, resulting in efficiencies of 
over 98 per cent. 

‘ As instance are shown, in Figs. 154 and 155, the loss curves 
and the efficiency curves of two transformers, of the respective 
constants, at full load of 20 kw. 



I. Low core-loss type, 
Fig. 154 

II. Low i^r loss type, 
Fig. 155 

Exciting current. 

4 per cent. 

1 per cent. 

1 per cent. 

1 per cent. 

4 per cent. 

0 .5 per cent. 

0 .5 per cent. 

2 per cent. 

Primary resistance loss. 

Secondary resistance loss.... 
Core loss. 



For convenience, exciting current and losses are frequently 
given in per cent, of the full-load output of the transformer. 

The curves correspond to non-inductive load. The core loss 
comprises hysteresis, which varies with the 1.6 power of the 
induced voltage and eddies proportional to the square of induced 
voltage. Hence, within the narrow range of variation of the 
induced voltage between no load and full load of a constant poten¬ 
tial transformer, the core loss can be approximated as propor¬ 
tional to the 1.7 power of the induced voltage. The induced 
voltage at non-inductive load equals impressed voltage minus 
primary ir, when neglecting the inductive drop, which is permis¬ 
sible at non-inductive load. As the induced voltage thus de¬ 
creases proportional to primary ^r, the core loss decreases pro¬ 
portional to 1.7 times the primary ir. Thus, with the primary 
ih equal to 1 per cent, at full load, the induced voltage has 
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decreased 1 per cent, and the core loss 1.7 per cent, at full load, 
and correspondingly at other loads. 

As seen, I and II have the same full-load efficiency, but II is 
more efficient at overload, I at partial load. 



114. In transformers for lighting and general distribution 
(usually with 2300 volt primary and 2 X 115 volt secondary) 
the transformer is generally heavily loaded only for a short time 
during the day, partly loaded for a moderate time, and prac¬ 
tically unloaded for most of the time. Thus load curves of such 
a transformer would be: 
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Fig. 156.—Efficiency and losses of low loss transformer. 
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I his gives for the two types of transformers: 


A. Lighting and Power 


'rituo 

Load 

=* Per cent. 

Time X 
load 

I 

II 

Losses 

Time X 
losses 

Losses 

Time X 
losses 

2 hr. 

IM 

125 

250 

4.10 

8.20 

3.54 

7.08 

2 hr. 

K 

75 

150 

2.11 

4.22 

2.55 

5.10 

G hr. 


50 

300 

1.50 

9.00 

2.25 

13.50 

14 hr. 

i 

}4o 

5 

70 

1.00 

14.00 

2.00 

28.00 



S = 

770 


35.42 


53.68 


Input 805.42 823.68 

Per cent, loss 4.41 6.51 

Per cent, efficiency 95.59 93.49 


B. Lighting Only 


'I’iiao 

Load 

«» Percent. 

Time X 
load 

I 

n 

Losses 

Time X 
losses 

Losses 

Time X 
losses 

2 hr. 

IK 

125 

250 

4.10 

8.20 

3.54 

7.08 

2 hr. 

K 

75 

150 

2.11 

4.22 

2.55 

5.10 

20 hr. 

Mo 

5 

ICO 

1,00 

20.00 

2.00 

40.00 




500 


* 32.42 


52.18 


Input 532.42 552.18 

Per cent, loss 6.11 9.45 

Per cent, efficiency 93.89 90.55 


As seen, while I and II have the same full-load efficiency, 
97.1 per cent., I, the low core-loss type, gives a much higher 
all-day efficiency, the more so the shorter the time of heavy load, 
that is, is far preferable for general distribution, as ^4ighting 

transformer.” 

Inversely, in large power transformers in transmission systems, 
the high partial load efficiency of the low core-loss type is of less 
importance, as such transformers are usually not run at partial 
load, but with a decrease of load on the system, transformers and 
generators are cut out and the remaining ones kept loaded. Of 
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importance, however, is low ^ V loss. Under emergency conditions 
requiring overloading of some transformer, the increased loss 
is all in the copper, and the less therefore the ^V, the less is 
the danger of destruction by overheating in a case of a temporary 
overload. Thus the low i^r loss type of transformer is preferable 
for large power units. ^ 

IV. Regulation 

116. As primary and secondary winding of the transformer can¬ 
not occupy the same space, and in addition some insulation— 
more or less depending on the voltage—must be between them, 
there is thus a space between primary and secondary through 
which the primary current can send magnetic flux which does 
not interlink with the secondary winding, but is a self-induc¬ 
tive or leakage 'flux and in the same manner the secondary 
current sends self-inductive or leakage flux through the space 
between primary and secondary winding. These fluxes give 
rise to the self-inductive or leakage reactances xi and X 2 of the 
transformer. 

Or in other words, two paths exist for magnetic flux in the 
transformer: the path surrounding primary and secondary coils, 
through which flows the mutual magnetic flux of the transformer, 
which is the useful flux, that is, the flux which transfers the power 
from primary to secondary circuit; and the space between pri¬ 
mary and secondary winding through which the self-inductive 
or leakage flux passes, that is, the flux interlinked with one wind¬ 
ing only, but not the other one. The latter flux thus does not 
transmit power, but consumes reactive voltage and thereby pro¬ 
duces a voltage drop and a lag of the current behind the voltage, 
that is, is in general objectionable. 

The mutual magnetic flux passes through a closed magnetic 
circuit, with the (vector) difference between primary and second¬ 
ary current, that is, the exciting current lo = Ji — -f as m.m.f. 

The self-inductive flux passes through an open magnetic circuit 
of high reluctance, the narrow space between primary and 
secondary windings, but it is due to the full m.m.f. of primary 
or secondary current and, therefore, in spite of the high reluctance 
of the leakage flux path due to the high m.m.f. (20 times as 
great as that of the mutual flux at 5 per cent, exciting current), 
this flux and the reactance voltages caused by it are appreci- 
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able, usually between 2 per cent, and 8 per cent, in modern 
transformers. 

The distribution of the leakage flux between primary and 
secondary winding, that is, between primary reactance Xi and 
secondary X 2 , is to some extent arbitrary (see discussion in 
“Theory and Calculation of Electric Circuits’0; and the methods 
of test give only the sum of the primary and the secondary re¬ 
actance, the latter reduced to the primary by the ratio of trans¬ 
formation: Xi + aH 2 - 

116. The total reactance of primary and secondary, and also 



Fig. 156.—^Impedance and short circuit losses of transformer. 

the total (effective) resistance of primary and secondary winding 
are measured by impressing voltage on the primary coil, with the 
secondary winding short-circuited, and measuring volts, amperes 
and watts. 

In this test the voltage usually is impressed upon the high 
voltage winding, as the impedance voltage is only a small part 
of the operating voltage of the transformer. 

Such “impedance curves^’ and “short-circuit loss curves’^ 
for the transformers in Figs. 154 and 155 are shown in Fig. 156. 
If the short-circuit loss is greater than the sum of primary and 
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secondary i^r losses, the difference represents load losses caused 
by eddy currents in the conductors, etc. 

The reactance of the transformer is often given as percentage. 
Six per cent, reactance thus means that the primary ix, as per 
cent, of the primary impressed voltage, plus the secondary ix 
as per cent, of the secondary voltage, is 6 per cent. Or: 

hXi + ai2X2 ^ 

--Q Q0 

Cl 

Especially since Xi and X 2 cannot be separated experimentally, 
but the impedance test gives the sum of primary reactance Xi, 
and secondary reactance X 2 reduced to the primary by the ratio 
of transformation a, that is a^X 2 : 

Xi + a^X2 

this is permissible. 

The foremost effects of the . leakage reactance of the trans¬ 
former are, to affect the voltage regulation, and to determine the 
short-circuit current and the mechanical forces resulting from it. 

117. The exciting current, being a small and practically con¬ 
stant component of the primary current, does not affect the regu¬ 
lation of the transformer appreciably, and thus can be neglected 
in the calculation of the regulation curve. If this is done, the 
secondary quantities can be reduced to the primary by the ratio 
of transformation (or inversely), that is, by • multiplying all 
secondary voltages and dividing all secondary currents by a, and 
multiplying all secondary impedances by or inversely when 
reducing from primary to secondary.^ 

Or, primary and secondary impedances can be given in per 
cent., that is, the primary ir and ix in per cent, of the primary 
voltage, the secondary ir and ix in per cent, of the secondary 
voltage, and in this case, primary and secondary quantities can 
be directly added. This usually is the most convenient way, at 
least for approximate calculation. 

Thus in the transformer shown in Fig. 154, let 

{ = 0.02 be the total reactance (2 per cent.), at full non- 
inductive load. 

^ As the transforjnation ratio of the voltage is a, that of the current is - 

the transformation ratio of the impedances- (resistance and reactance), is 

^ , volts 

a*, as impedance = 
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p == 0.02 is the total resistance, primary and secondary com¬ 
bined. 

At the percentage p of the non-inductive load, the voltage 
consumed by reactance is = 0.02 p and in quadrature with 
the current and thus with the voltage at non-inductive load, 
hence subtracts by \/difference of squares: 

while the voltage consumed by the resistance is pp = 0.02 p 
and in phase with the voltage, hence directly subtracts, leaving: 

Vi -"p'?' - PP == Vr=l)T00^^~- 0.02 p 

as the voltage at percentage p of load, given as per cent, of 
the open-circuit or no-load voltage.* The voltage drop at frac¬ 



tional load p, as fraction of full-load voltage, that is, the regula¬ 
tion of the transformer at non-inductive load, then is 

R = I - Vl - + pp = 1 - Vl - 0.0004p2 + 0.02 p 

or, resolved by the binomial, and dropping the higher terms: 

R = PP + ^ = 0.02 p + 0.0002 p2 

= P(p + lpe) = 0.02 p (1+ 0.01 p) 

As curves I, II, III in Fig. 157 are shown the regulation curves 
of three transformers: 
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I; 2 per ceat. resistance and 2 per cent, reactance. 

II: 1 per cent, resistance and 4 per cent, reactance. 

Ill: 1 per cent, resistance and 8 per cent, reactance. 



Fig. 158.—Vector diagram of transformer regulation. 



Fig. 159.—BeguMion of transformer, moderately inductive load. 


Calculated respectively* by the equations given at end of next 
paragraph. 

118. At inductive load of power-factor cos co, that is, the 
lag of the current behind the voltage by angle co, the regulation 
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curve is derived from the vector diagram Fig. 158. The ir 
voltage is in phase with the current, the ix voltage 90 deg. ahead 
of the current. Resolving both of these voltages into components 
in phase and in quadrature with the terminal voltage, gives 
(Fig. 158): 


16.0 



ir cos 0 ) and ix sin ca in phase with e, 
ix cos 0 ) and —ir sin c«j in quadrature with e. 

The former thus dire ctly subtract, and the latter subtract by 
Vdiifference of squares, thus giving as resultant voltage: 

(^a:cosw — irsinco)^ — {ir cos a? + ix sin 03 ) 
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or, since ir at full load as fraction of e is p, and ix as fraction of 
e is at the fraction p of the load: ir = pp, ix = pj, the re¬ 
sultant voltage is: 

\/i — cos CO ~ p sin co)^ — p (p cos co + $ sin co) 

and the regulation of the transformer, at inductive load of 
angle of lag co, thus is 

= 1 — \/l — (f cos oj -- p sin co)^ + p (p cos co + ^ sin co). 

Resolving again the square root by the binomial, and arrang¬ 
ing, gives, by dropping out terms of higher order: 

— p (p cos CO -h ? sin oj) + Y (? cos CO — p sin co)^ 

In Figs. 159 and 160 are shown, for the angles of lag co == 20° 
(moderately inductive load, 94 per cent, power-factor), and 
CO = 60° (highly inductive load, 50 per cent, power-factor), the 
regulation of the same three transformers as in Fig. 157, cal¬ 
culated respectively from the expression: 

Regulation of Transformers 


Per cent, resistance, p == 0.02 0.01 O.OI 

Per cent, reactance, ^= 0.02 0.04 0.08 

o) of lag: Curve 1 Curve II Curve III 

Fig. 157, 0*^ R = 0.02p O.Olp O.Olp 

(1+0.Olp) (1+0.08p) (1+0.32p) 


Fig. 159, 20° 
Fig. 160, 60° 


0.0368 p 


0.0266P 0.0231 p 0.0368p 

(l+ 0.0027p) (l+ 0.025p) (1+0.07p) 

0.0273p 0.0396p 0.0743 p 

(1 + 0.001 p) (1 + 0.0016p) (1+0.0066 p) 


Non-inductive 


20° lag. 


60° lag. 


I II III I II III I II III 


0.2 

0.40 

0 

20 

0.21 

0 

51 

0 

46 

0 

75 

0 

55 

0 

79 

1 

49 
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119. As seen, at non-inductive load, Fig. 157, the reactance of 
the transformer, even if fairly high, has practically no effect, but 
the resistance controls the regulation. 

At moderately inductive load reactance as well as resistance 
affect the regulation; doubling the reactance while halving the 
resistance, gives practically the same regulation. 



Fig. 161.—High reactance transformer construction. 

At highly inductive load the reactance of the transformer be¬ 
gins to predominate over the resistance in affecting the regulation. 

Thus, where close regulation is required, as in lighting and 
general distribution transformers, low reactance is of impor¬ 
tance. This is given by reducing the section of the leakage path— 
that is, bringing primary and secondary windings as close together 



Fig. 162.—Low reactance transformer construction. 

as possible—and by reducing the m.m.f. which produces the leak¬ 
age flux, by subdividing primary and secondary winding into a 
number of coils and intermixing these coils, so. that the leakage 
flux of each path is due to a small part of the total m.m.f. of 
primary or secondary only, as shown in Figs. 161 and 162. In 
Fig. 162 the m.m.f. of each of the four leakage paths is due to 
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one-fourth of the m.m.f. as in Fig. 161, and the leakage flux 
density thus reduced to one-fourth of what it is in Fig. 161. 
As furthermore the section of each leakage flux in Fig. 162 is 
materially less than in Fig. 161, due to the lesser thickness of 
the coils, it follows that in Fig. 162 the leakage flux interlinked 
with each turn of each winding, and thus the reactance of the 
transformer, is materially less than one-quarter of what it is in 
Fig. 161. 

The regulation of the transformer at anti-inductive load, that 
is, for leading secondary current, obviously is given by the same 
equation as that for lagging current, by merely substituting 
— CO for CO. 


V. Short-circuit Current 

120. If a short circuit occurs at the secondary terminals of a 
transformer, and the power supply at the primary is sufiicient to 
maintain the primary terminal voltage, the primary and second¬ 
ary currents of the transformer are limited by its impedance only. 
Thus, if 

r = /> + 

is the impedance voltage, as fraction of full-load voltage, the short- 
circuit current of the transformer is 

1 ^ _ 1 _ 

r 

of the full-load current, thus usually is very large. In the three 
instances illustrated in Figs. 157, 159 and 160, with 

f = 0.02 + 0.02 j, hence I =0.028 

0.01 + 0.04 j * 0.04 

0.01 + 0.08 j 0.08 

the short-circuit current thus is 36, 25 and 12.5 times full-load 
current, respectively. 

As seen, with the exception of very low reactance transformers, 
it is essentially the reactance which determines the total im¬ 
pedance and thus the short-circuit current. 

121, Primary current and secondary current in the trans¬ 
former, being opposite in phase, repel each other. This repul¬ 
sion is proportional to the product of primary and secondary 
current, thus, since primary and secondary current are (ap- 

19 
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proximately) proportional to each other, the repulsion is pro¬ 
portional to the square of the current. The repulsion is small 
at full load, but in low-reactance transformers, with short-circuit 
currents from forty to fifty times full-load current, the mechanical 
forces have increased 1600 to 2500 fold, and then, with large 
power transformers, reach formidable values, amounting to many 
hundred tons, and then it is economically difl&cult to build trans¬ 
formers with the coils supported so rigidly as to stand such forces. 
Thus far very few generating systems exist of such large size 
as to be capable of maintaining full voltage at the primary ter¬ 
minals of a large transformer at secondary short circuit, but their 
number is increasing, and thus the necessity of limiting the short- 
circuit current of large power transformers to a mechanically 
safe value is becoming increasingly important. This means a 
construction providing for considerable internal reactance. As 
the regulation of large power transformers is of no serious impor¬ 
tance, the desirability of low reactance, which exists in the small 
lighting and general distribution transformers, does not exist in 
large power transformers, and modern practice tends toward the 
use of internal reactance of 4 to 8 per cent., to secure reasonable 
mechanical safety. 

VI. Heating and Ventilation 

122. As the transformer is a stationary apparatus, it does not 
have the advantage of dissipating the heat produced by the 
internal losses, by the natural ventilation of the air currents pro¬ 
duced by the centrifugal forces in rotating apparatus, and it is 
therefore fortunate that the transformer is the most eflS.cient 
apparatus (except perhaps the electrostatic condenser) and thus 
has to dissipate less heat than any other apparatus of the same 
output. Thus in smaller transformers radiation and the natural 
convection from the surface are often sufficient to keep the tem¬ 
perature within safe limits. 

Smaller distribution transformers usually are installed out¬ 
doors, on poles, and then require protection by enclosure in an 
iron case or tank. This still further reduces the heat radiation, 
and therefore such transformer cases are now almost always filled 
with oil, the oil serving to carry the heat from the transformer 
iron and windings to the case. Incidentally, the oil filling also 
protects the transformer from the failure of insulation by con- 
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densation of moisture during the variation of atmospheric tem¬ 
perature and humidity. 

In larger oil-cooled transformers, the tank is made corrugated, 
even with large double corrugations, to give a very large external 
surface to dissipate the heat. 

Much more effectively, however, the heat can be carried 
away by mechanical ventilation, and size and cost of the trans¬ 
former thereby materially reduced. Therefore practically all 
larger transformers have forced ventilation. Various methods 
of forced ventilation are: 

(a) Oil circulation. The warm oil is pumped from the top 
of the transformer tank, through some cooling device. Often 
also a drying device to take out any trace of moisture—and then 
fed back into the bottom of the tank. 

(b) Water circulation. Cooling water is pumped through 
a system of pipes located under the oil at the top of the trans¬ 
former tank. This is the most common design of large trans¬ 
formers. 

(c) Air blast. Coils and iron are subdivided by ventilating 
ducts, and a low-pressure air blast forced through the ventilating 
ducts. This is the cleanest method, as no oil is used. However, 
it is limited to low and moderate voltages—up to about 33,000; 
at higher voltage, the mechanical and chemical action of corona 
appearing at the coils reduces their life, and the oil becomes 
necessary for insulation. 

Numerous modifications of the various types have been 
built and are in use, as water-cooled oil transformers with 
natural circulation of the water through outside radiating 
pipes, etc. 

Vn. Types of Transformers 

123. As the transformer consists of a magnetic circuit inter¬ 
linked with two electric circuits, two constructive arrangements 
are possible: The electric circuits may be inside, and surrounded 
by the magnetic circuit as shell, shell-type transformer; or the 
magnetic circuit may be arranged inside, as core, and sur¬ 
rounded by the electric circuits, core-type transformer. 

In their simplest form, Fig. 163 shows diagrammatically 
the core-type transformer, with the iron Fe as inside circular 
core, built up. of laminations or of iron wire, and the windings 
Cu outside; Fig. 164 shows diagrammatically the shell-type 
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transformer, with the copper windings inside, as Cu, and the 
iron shell Fe wound around it, of iron wire, etc. However, the 
circular form 163 is used to a limited extent only, in small trans¬ 
formers, autotransformers and reactances, and the form 164 
practically never used, and in the constructive modification from 
these diagrammatic types, it is often difficult to decide to which 
type to assign the transformer. 



Fig. 163.—Diagram of core type transformer. 



Fig. 16d.—Diagram of shell type transformer. 


The typical shell-type transformer of today is shown in 
section in Fig. 165, with the magnetic circuit Fe, and the high 
voltage windings P and low-voltage windings S intermixed with 
each other. 

Core-type transformers are shown in section in Figs. 166 
and 167, the former with one, the latter with two cores, and 
with two different coil arrangements, the intermixed and the 
concentric. 
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For the transformation of three-phase circuits, three separate 
single-phase transformers may be used, and their primaries and 



Fig. 165.—Shell type transformer. 




Fig. 168.—Shell type three-phase 
transformer diagram. 



I 

I 



transformer diagram. 


secondaries then connected in ring or delta connection or in star 
or Y connection, giving the four arrangements: 

AA, AF, FA, FF. 

Or two transformers may be used, arranged in T connection 
or in open A connection, as further discussed under three-phase 
systems. Or a three-phase transformer may be used. Diagram- 
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matically, the three-phase transformer can be represented by 
Fig. 168, shell type, and Fig. 169, core type. 

124. While in its magnetic and electrical characteristics 
there is no essential difference between the single-phase shell- 
type and the single-phase core-type transformer, there is a 
material difference in the three-phase transformer. In the shell 
type. Fig. 168, a short circuit of one of the three phases does not 
affect the magnetic and thus the electric circuit of the other 
two phases, in the core type Fig. 169, however, a short circuit of 
one of the three phases short circuits the magnetic return of 
the other two phases, and so acts as a partial electrical short 
circuit of these two other phases. 

In shell-type transformers, Fig. 168, a triple harmonic of 
flux can exist, but not in the core type, Fig. 169. In the three- 



phase system, the three voltages, currents, etc., are displaced 
in phase from each other by 120°. Their third harmonics 
therefore are displaced in phase from each other by 3 X 120°, 
that is, by 360°, or in other words, are in phase with each other. 
In Fig. 169, such triple frequency fluxes in the three cores would 
have no magnetic return, except by leakage through the air, 
that is, cannot exist, except in negligible intensity, and there¬ 
fore the core type of three-phase transformer cannot give any 
serious triple frequency voltage. In the shell type Fig. 168, 
however, the three triple frequency fluxes, being in phase with 
each other, produce a triple frequency single-phase flux through a 
closed magnetic circuit. Where the circuit conditions and 
connections are such as to give a triple harmonic—as with YY 
connection—^the shell-tyiDe three-phase transformer may produce 
triple frequency voltages, resulting from the triple frequency 
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flux, and under unfavorable conditions, as when connecting to a 
system of high capacity—w^hich intensifies these voltages— 
this may lead to destructive voltages, and YY connections 
with shell-type three-phase transformers thus lead to serious high 
voltage dangers. 

126. The usual shell-type construction of three-phase trans¬ 
formers is shown in section in Fig. 170, the core type in Fig. 
171. 

In Fig. 170 economy requires that the middle phase is con¬ 
nected in opposite direction to the outside phases, so that the 
iron between the successive phases, at 1, 2 and 2, 3, carries the 
sum of two of the three-phase fluxes, which, as the fluxes are 
120 deg. apart, equals one of the fluxes. If the middle phase 
were not reversed, 1, 2 and 2, 3 would carry the difference of 



Fig. 171. —Core type three-phase transformer. 


two fluxes 120 deg. apart, and this difference is VS times each 
flux, thus would give a much higher loss. 

In Fig. 171 usually the exciting current of the middle phase 
is somewhat less than that of the outside phase, since the magnetic 
reluctance of the middle phase is. slightly lower. 


Vin. Autotransformer 

126. If in a transformer a part of the secondary winding is 
used as primary, .or inversely, the transformer is an autotrans¬ 
former, sometimes also called compensator. 

Thus let in a transformer Fig. 172 primary current, voltage and 
turns be respectively ii, Ci, ni, and secondary current, voltage and 

turns be e^j ^ 2 , thus the ratio of transformation a = —• 

71>2 

Assuming Ui > ^ 2 , theninany naof the ni primary turns, the same 
voltage is induced as in the secondary turns, and we could thus 









300 ELEMENTS OF ELECTRICAL ENGINEERING 


use any primary turns as secondary turns, provided we make 
them of suflS.cient copper section to carry the secondary current. 

The ^2 turns in Fig. 173 thus are in common to primary and 
secondary circuit. As primary and secondary current are (ap¬ 
proximately) opposite in phase, the current in the common turns 
of Fig. 173 is (approximately, that is, neglecting exciting current) 
the difference between secondary and primary current, —-ii, 
thus less than the secondary current ^ 2 , and as the result, the com¬ 
mon turns in Fig. 173 may be made of less copper section than the 
secondary turns in Fig. 172, while the number of primary turns 
is reduced by Thus an autotransformer requires less copper, 
that is, is smaller and cheaper than a transformer of the same 
output. 

127. In the transformer Fig. 172, the size is determined by the 
number of turns and turn sections, that is, by 6 i X ii + 62 X H 



Fig. 172.—Diagram of trans- Fig. 173.—Diagram of auto- 
former. transformer. 


(the turns being proportional to the voltage, the turn section to 
the current, the same magnetic flux assumed). But since 

ei = ae 2 and ii = eiii = 62 ^ 2 , and the size of the transformer 

Of 

Fig. 172 thus is proportional to 2 that is, to 2 P, or twice the 
output. 

In the autotransformer Fig. 173, the ^2 common turns are tra¬ 
versed by the difference of secondary and primary current, at 
secondary voltage, and the size of this common part of the wind¬ 
ing thus is: 62 (^2 — i'd- The remaining part of the winding, 
of ni -- 712 turns, that is, of voltage Ci — 62 , is traversed by the 
primary current ii, hence of size ii (ci — 62 ), and the total size 
of the autotransformer thus is: 

€2 {ii “• ^i) + ii (^1 — 62 ) 
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but, substituting again for n and ei, gives as the size of the auto¬ 
transformer: 

^2 (^2 “1“ — 62) = 2 62^2 

hence, the ratio of size of autotransformer and of transformer 
of the same output, is: 

~ < ^u-fQt^Q>J^sformer ^ _ 1 
transformer a 

If the ratio a = 2, as transforming between 115 and 230 volts, 
7 == "tbat is, the autotransformer has half the size of the trans¬ 
former, or, more correctly stated, the autotransformer is as large 
as a transformer of half the output. 

If the ratio a = 1.1, as raising (or lowering) the voltage 10 
per cent, by autotransformer, this autotransformer has the size 
7 = 0.1 that is, is as small as a transformer of one-tenth the out¬ 
put. 

If the ratio a = 10, as transforming between 2300 and 230, 
7 = 0.9, that is, the autotransformer is only 10 per cent, smaller 
than the transformer. 

The saving in size—and therewith in efSciency and cost—by 
the use of the autotransformer thus is the greater, the lower the 
transformation ratio a, but becomes negligible at high trans¬ 
formation ratios. Thus autotransformers are very economical for 
use in moderate voltage transformation, as a voltage change by 
10 or 20 per cent., or even for doubling the voltage, or dividing 
it in two, but not for high voltage ratios. 

128. The most serious disadvantage of the autotransformer 
obviously is that it electrically interconnects primary and sec¬ 
ondary circuit and thereby puts the voltage of the higher voltage 
circuit onto the lower voltage circuit. Thus, when using auto¬ 
transformers, the insulation of the low voltage circuit and the 
high potential tests of all the apparatus used in the low voltage 
circuit must be those of the high voltage circuit. Furthermore, 
a ground in one of the two circuits of an autotransformer also 
is a ground on the other circuit, while with a transformer, a 
ground on the secondary does not ground the primary, and in¬ 
versely. With low voltages, as 115 230 volt transformation, 

this is usually of no importance. It would be a serious objection 
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when attempting the use of autotransformers between 2300 
and 230 volts. For instance, a ground at the off side of the high- 
voltage winding, at A in Fig. 173, would put the entire secondary 
winding 2300 to 2070 volts above ground, and thus the secondary 
circuit would kill anybody who touches it while standing on the 
ground. 

Any transformer of voltage ei and and currents ii^U can be 
converted into an autotransformer, by connecting primary and 
secondary in series, of voltages 6 i + 62 and and currents ii 
and 12 + And inversely, any autotransformer, by disconnect¬ 
ing the two sections of the coil, would give (provided that the 
insulation is sufficient) a transformer of (ei — 62 ) X ii primary, 
and 62 X (?2 — 'll) secondary circuit. 

The regulation of an autotransformer is better, and the effi¬ 
ciency higher, than that of the same structure as transformer, 
and the per cent, reactance lower, that is the short-circuit current 
higher in the autotransformer than in the same structure as 
transformer. Very often it is difficult to build autotransformers 
with sufficiently high internal reactance, to make them safe 
under momentary short circuit as autotransformers, while they 
may be perfectly safe as transformers, where the reactance is 
higher. This is a serious objection to the use of autotransformers 
in high-power systems. 


IX. Reactors 

(Reactive Coils, Reactances) 

129. The reactor consists of one electric circuit interlinked 
with a magnetic circuit, and its purpose is, not to transform 
power, but to produce wattless or reactive power, that is, lagging 
current, or what amounts to the same, leading voltage. While 
therefore theoretically we cannot speak of an efficiency'^ of a 
reactor, since there is no power output, nevertheless in the in¬ 
dustry the expression “efficiency of a reactive coil" is gener¬ 
ally used, and generally understood, in the conventional definition: 

Efficiency = 1 — ■ .— ■ — • 7 
input 

and the input is given in total volt-amperes, the loss in energy 
volt-amperes, that is, watts. The efficiency then is 1 — power- 
factor. 
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The transformer at open circuit is a reactor, but a very poor 
one, as its power-factor is high, that is, the efficiency low. 

In the transformer, the exciting ampere-turns are the (vector) 
difference between primary and secondary ampere-turns, are 
wasted, and therefore made as low as possible, by using a closed 
magnetic circuit. In the reactor, no secondary circuit exists, 
but the exciting ampere-turns are the purpose of the device, 
thus should be as large as possible. That is, to convert a trans¬ 
former into a reactor, the reluctance of the magnetic circuit 
must be increased so as to make the exciting ampere-turns 
equal to the total full-load ampere-turns of the structure as 
transformer. This is done by inserting an air gap into the 
magnetic circuit. Such a gap may be either a single gap, or a 
number of smaller air gaps, or one or a number of slots cutting 
almost through the magnetic circuit, but leaving narrow bridges, 


Fig. 174,—Bridged air-gap reactor. 

as shown in Fig. 174. This latter offers the advantage of a 
better mechanical structure, less liability to noise and to magnetic 
leakage, but when used in series in high voltage circuits, may 
lead to voltage peaks at the moment of current reversal, which 
may endanger the insulation. The use of a number of small 
air gaps instead of one large one distributes the magnetic leakage 
and thus gives less liability to eddy currents in the conductors. 

130. A transformer of output P = has a size of winding 
space of 6212 + eiii = 2 62 ^ 2 , that is (with the air gap inserted 
into the magnetic circuit), gives a reactor of the capacity ei = 2 P. 
That is, a reactor has the size of a transformer of half its output. 

Reactors are frequently used in series to apparatus, and the vol¬ 
tage consumed by the reactance then varies with the current, and 
is, due to the air gap, proportional to the current up to the value 
where the iron part of the reactance begins to saturate, as shown 
by the characteristic curve of a reactance, Fig. 175^ the ^Wolt- 
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ampere characteristic/^ Then the voltage increases less than 
proportional to the current, or inversely, the current increases 
out of proportion to the voltage, that is, the reactance decreases 
and wave-shape distortion occurs. Reactances thus must be 
designed'so that at the highest currents (or voltages), at which 
they may be called upon to develop their reactance, their magnetic 
circuit is still below saturation. 

Industrially, reactors are often denoted in per cent. Thus for 



Fig. 175.—Volt-ampere characteristic of reactor. 


phase control in synchronous converter circuits, 15 per cent, re¬ 
actances are used. This means, at full-load current, the voltage 
consumed by these reactances is 15 per cent, of the circuit voltage. 

131. With the increasing size and increasing voltage of modern 
central stations and the use of high-speed turbo-alternators ca¬ 
pable of momentarily giving very high short-circuit currents, the 
amount of power, which can be developed momentarily by a short 
circuit in the system near the generating station, has reached such 
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destructive values, that a limitation of this power has become 
necessary, and as economy of operation forbids sectionalizing the 
system into a number of smaller units, this has led to the exten¬ 
sive use of power-limiting reactances, in the generator leads, in 
the bus bars, tie feeders and even the power feeders. Such re¬ 
actances are used of 2 * to 8 per cent., and in bus bars even up to 
25 per cent., and in case of a local short circuit, limit the current 
which can flow. Thus a 4 per cent, reactance would at a short 

circuit iust beyond the reactance limit the current to ^---- = 

^ 4 per cent. 

25 times the normal, etc. But to do so, the reactance must still 
be there at twenty-five times its rated current, that is, when ab¬ 
sorbing full circuit voltage instead of its normal 4 per cent, 
thereof. If then iron is used in the magnetic circuit of such a 
reactance, the density must be so low, that at twenty-five times 
this density (or at 12.5 times with an 8 per cent, reactance, etc.), 
it does not yet saturate. When limited to such very low mag¬ 
netic densities in the iron, the mass of iron becomes so enormous, 
that it becomes more economical to use an air circuit throughout. 

Reactances, which must retain their reactance, that is, must 
not saturate at many times their normal current, such as power 
limiting reactances, thus are built without iron in the magnetic 
circuit. 






E. INDUCTION MACHINES 


I. General 

132. The direction of rotation of a direct-current motor, 
whether shunt- or series-wound, is independent of the direction of 
the current supplied thereto; that is, when reversing the current 
in a direct-current motor the direction of rotation remains the 
same. Thus theoretically any continuous-current motor should 
operate also with alternating currents. Obviously in this case 
not only the armature but also the magnetic field of the motor 
must be thoroughly laminated to exclude eddy currents, and care 
taken that the currents in the field and armature circuits reverse 
simultaneously. Obviously the simplest way of fulfilling the 
latter condition is to connect the field and armature circuits in 
series as alternating-current series motor. Such motors are used 
to a considerable extent, but, like'the shunt motor, have the dis¬ 
advantage of a commutator carrying alternating currents. 

The shunt motor on an alternating-current circuit has the 
objection that in the armature winding the current should be 
power current, thus in phase with the e.m.f., while in the field 
winding the current is lagging nearly 90 deg., as magnetizing 
current. Thus field and armature would be out of phase with 
each other. To overcome this objection either there is inserted 
in series with the field circuit a condenser of such capacity as to 
bring the current back into phase with the voltage, or the field 
may be .excited from a separate e.m.f. differing 90 deg. in phase 
from that supplied to the armature. The former arrange¬ 
ment has the disadvantage of requiring almost perfect con¬ 
stancy of frequency, and therefore is not practicable. In the 
latter arrangement the armature winding of the motor is fed by 
one, the field winding by the other phase of a quarter-phase sys¬ 
tem, and thus the current in the armature brought approximately 
into phase with the magnetic flux of the field. 

Such an arrangement obviously loads the two phases of the 
system unsymmetrically, the one with the armature power 
current, the other with the lagging field current. To balance 
the system two such motors may be used simultaneously and 
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combined in one structure, the one receiving power current from 
the first, magnetizing current from the second phase, the second 
motor receiving magnetizing current from the first and power 
current from the second phase. 

The objection that the use of the commutator is complicated 
and greatly limits the design to avoid serious sparking can be en¬ 
tirely overcome by utilizing the alternating feature of the current ; 
that is, instead of leading the current into the armature by com¬ 
mutator and brushes, producing it therein by electromignetic 
induction, by closing the armature conductors upon themselves 
and surrounding the armature by a primary coil at right angles to 
the field exciting coil. 

Such motors have been built, consisting of two structures each 
containing a magnetizing circuit acted upon by one phase and a 
primary power circuit acting upon a closed-circuit armature as 
secondary and excited by the other phase of a quarter-phase 
system (Stanley motor). 

Going still a step further, the two structures can be com¬ 
bined into one by having each of the two coils fulfill the double 
function of magnetizing the field and producing currents in the 
secondary which arc acted upon by the magnetization produced 
by the other phase. 

Obviously, instead of two phases in quadrature any number of 
phases can be used. 

This leads us by gradual steps of development from the con¬ 
tinuous-current shunt motor to the alternating-current polyphase 
induction motor. 

In its general behavior the alternating-current induction motor 
is therefore analogous to the continuous-current shunt motor. 
Like the shunt motor, it operates at approximately constant mag¬ 
netic density. It runs at fairly constant speed, slowing down 
gradually with increasing load. The main difference is that in 
the induction motor the current in the armature docs not pass 
through a systern of brushes, as in the continuous-current shunt 
motor, but is produced in the armature as the short-circuited 
secondary of a* transformer; and in consequence thereof the 
primary circuit of the" induction motor fulfills the double func¬ 
tion of an exciting circuit corresponding to the field circuit of 
the continuous-current machine and a primary circuit produc¬ 
ing a secondary current in the secondary by electromagnetic 
induction. 
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133. Since in the secondary of the induction motor the cur¬ 
rents are produced by induction from the primary impressed 
currents, the induction motor in its electromagnetic features is 
essentially a transformer; that is, it consists of a magnetic cir¬ 
cuit or magnetic circuits interlinked with two electric circuits 
or sets of circuits, the primary and the secondary circuits. The 
difference between transformer and induction motor is that in 
the former the secondary is fixed regarding the primary, and the 
electric energy in the secondary is made use of, while in the latter 
the secondary is movable regarding the primary, and the me¬ 
chanical force acting between primary and secondary is used. 
In consequence thereof the frequency of the currents in the sec¬ 
ondary of the induction motor differs from, and as a rule is very 
much lower than, that of the currents impressed upon the pri¬ 
mary, and thus the ratio of e.m.fs. generated in primary and in 
secondary is not the ratio of their respective turns, but is the ratio 
of the product of turns and frequency. 

Taking due consideration of this difference of frequency be¬ 
tween primary and secondary, the theoretical investigation of the 
induction motor corresponds to that of the stationary trans¬ 
former. The transformer feature of the induction motor pre¬ 
dominates to such an extent that in theoretical investigation the 
induction motor is best treated as a transformer, and the elec¬ 
trical output of the transformer corresponds to the mechanical 
output of the induction motor. 

The secondary of the motor consists of two or more circuits 
displaced in phase from each other so as to offer a closed sec¬ 
ondary to the primary circuits, irrespective of the relative motion. 
The primary consists of one or several circuits. 

In consequence of the relative motion of the primary and 
secondary, the magnetic circuit of the induction motor must be 
arranged so that the secondary while revolving does not leave the 
magnetic field of force. That means, the magnetic field of force 
must be of constant intensity in all directions, or, in other words, 
the component of magnetic fiux in any direction in space be of 
the same or approximately the same intensity but differing in 
phase. Such a magnetic field can either be considered as the 
superposition of two magnetic fields of equal intensity in quad¬ 
rature in time and space, or it can be represented theoretically 
by a revolving magnetic flux of constant intensity, or rotating 
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field, or simply treated as alternating magnetic flux of the same 
intensity in every direction. 

134. The operation of the induction motor thus can also be 
considered as due to the action of a rotating magnetic field upon 
a system of short-circuited conductors. In the motor field or 
primary, usually the stator, by a system of polyphase impressed 
e.m.fs. or by the combination of a single-phase impressed e.m.f. 
and the reaction of the currents produced in the secondary, a 
rotating magnetic field is produced. This rotating field produces 
currents in the short-circuited armature or secondary winding, 
usually the rotor, and by its action on these currents drags along 
the secondary conductors, and thus speeds up the armature and 
tends to bring it up to synchronism, that is, to the same speed as 
the rotating field, at which speed the secondary currents would 
disappear by the armature conductors moving together with the 
rotating field, and thus cutting no lines of force. The secondary 
therefore slips in speed behind the speed of the rotating field by 
as much as is required to produce the secondary currents and give 
the torque necessary to carry the load. The slip of the induction 
motor thus increases with increase of load, and is approximately 
proportional thereto. Inversely, if the secondary is driven at a 
higher speed than that of the rotating field, the field drags the 
armature conductors back, that is, consumes mechanical torque, 
and the machine then acts as a brake or induction generator. 

In the polyphase induction motor this magnetic field is pro¬ 
duced by a number of electric circuits relatively displaced in 
space, and excited by currents having the same displacement in 
phase as the exciting coils have in space. 

In the single-phase motor one of the two superimposed mag¬ 
netic quadrature fields is excited by the primary electric circuit, 
the other by the secondary currents carried into quadrature 
position by the jptation of the secondary. In either case, at 
or near synchronism the magnetic fields are practically identical. 

The transformer feature being predominant, in theoretical 
investigations of induction motors it is generally preferable to 
start therefrom. 

The characteristics of the transformer are independent of the 
ratio of transformation, other things being equal; that is, dou¬ 
bling the number of turns for instance, and at the same time 
reducing their cross section to one-half, leaves the efficiency, 
regulation, etc., of the tranrformer unchanged. In the same way, 
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in the induction motor it is unessential what the ratio of primary 
to secondary turns is, or, in other words, the secondary circuit 
can be wound for any suitable number of turns, provided the 
same total copper cross section is used. In consequence hereof 
the secondary circuit is mostly wound with one or two bars per 
slot, to get maximum amount of copper, that is, minimum resist¬ 
ance of secondary. 

The general characteristics of the induction motor being inde¬ 
pendent of the ratio of turns, it is for theoretical considera¬ 
tions simpler to assume the secondary motor circuits n^luccHl 
to the same number of turns and phases as the primary, or of the 
ratio of transformation 1 to 1, by multiplying all secondary cur¬ 
rents and dividing all secondary e.m.fs. by the ratio of turns, 
multiplying all secondary impedances and dividing all secondary 
admittances by the square of the ratio of turns, etc. 

Thus in the following under secondary current, c.m.f., imp(v 
dance, etc., shall always be understood their values reduced to 
the primary, or corresponding to a ratio of turns 1 to 1, and tlu^ 
same number of secondary as primary phases, although in prao 
tice a ratio 1 to 1 will hardly ever be used, as not fulfilling thc^ 
condition of uniform effective reluctance desirable in the start¬ 
ing of the induction motor. 

n. Polyphase Induction Motor 

1. Intkoduction 

136. The typical induction motor is the polyphase motor. 
By gradual development from the direct-current shunt motor 
we arrive at the polyphase induction motor. 

The magnetic field of any induction motor, wlicther supplied 
by polyphase, monocyclic, or single-phase e.m.f., is at normal 
condition of operation, that is, near synclironism, a polyphase^ 
field. Thus to a certain extent all induction motors can be 
called polyphase machines. When supplied with a polyphase 
system of e.m.fs. the internal reactions of the induction motor 
are simplest and only those of a transformer with moving sccond- 
ary, while in the single-phase induction motor at the same time 
a phase transformation occurs, the second or magnetizing phase 
being produced from the impressed phase of e.m.f. by the rota¬ 
tion of the motor, which carries the secondary currents into 
quadrature position with the primary current. 
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The polyphase induction motor of the three-phase or quarter- 
phase type is the one most commonly used, while single-phase 
motors have found a more limited application only, and especially 
for smaller powers* 

Thus in the following more particularly the polyphase induc¬ 
tion machine shall be treated, and the single-phase type discussed 
only in so far as it differs from the typical polyphase machine. 

2. Calculation 

136. In the polyphase induction motor. 

Let 

Y = g — jh = primary exciting admittance, or admit¬ 
tance of the primary circuit with open secondary 
circuit; 

that is, 

ge = magnetic power current, 
be — wattless magnetizing current, 

where e = counter-generated e.m.f. of the motor; 

Zo = To + jxo = primary self-inductive impedance, and 
Zi = Ti + j^i = secondary self-inductive impedance, 
reduced to the primary by the ratio of turns.^ 

All these quantities refer to one primary circuit and one corre¬ 
sponding secondary circuit. Thus in a three-phase induction 
motor the total power, etc., is three times that of one circuit, in 
the quarter-phase motor with three-phase armature 13 ^ of the 
three secondary circuits are to be considered as corresponding 
to each of the two primary circuits, etc. 

Let e = primary counter-generated e.m.f., or e.m.f. generated 
in the primary circuit by the flux interlinked with primary and 
secondary (mutual induction); s == slip, with the primary fre¬ 
quency as unit; that is, s = 0 denoting synchronous rotation, 
s = 1 standstill of the motor. 

We then have 

1 — 5 = speed of the motor secondary as fraction of syn- 
chrorious speed, 

sf = frequency of the secondary currents, 

where 

/ = frequency impressed upon the primary; 

^ The self-inductive reactance refers to that flux which surrounds one of 
the electric circuits only, without being interlinked with the other circuits. 
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hence, 

se = e.m.f. generated in the secondary. 

The actual impedance of the secondary circuit at the frequency 
sf is 

= n + ysxi; 

hence, the secondary current is 

ST I 


r __ se _ se __ /_ 

* ^ri + jsxi ^ \ri^ + 


i -3 


S^X\ 


r{^ + 




where 


__ sr^ _ 


a2 = 


the primary exciting current is 

ho =eY = e[g ~ jb], 
and the total primary current is 

n = e[(ai + g) —j (02 + &)] = e (bi — jhi), 


where 


&i — Ui + g, 62 — ^2 + &. 


The e.m.f. consumed in the primary circuit by the impedance 
Zo is IqZq, the counter-generated e.m.f. is e, hence, the primary 
terminal voltage is 


Eo = e + IqZo = e[l + (6i — jb^) (ro +ixo)] == e (ci — jfC 2 ), 
where 

Cl = 1 + Tobi + Xob^ and C 2 = ^062 — Xobi. 
Eliminating complex quantities, we have 


C Vci^ + C2^ 
hence, the counter-generated e.m.f. of motor, 

Eq 


where 


V Ci^ + C2^ 


Eo = impressed e.m.f., absolute value. 

Substituting this value in the equations of Ji, Joo, /o, etc, 

gives the complex expressions of currents and e.m.fs., and elimi¬ 
nating the imaginary quantities we have the primary current, 


Jo = e Vfci^ + b 2 ^j etc. 














INDUCTION MACHINES 


313 


The torque of the polyphase induction motor (or any other 
motor or generator) is proportional to the product of the mutual 
magnetic flux and the component of ampere-turns of the sec¬ 
ondary, which is in phase with the magnetic flux in time, but in 
quadrature therewith in direction or space. Since the generated 
e.m.f. is proportional to the mutual magnetic flux and the num¬ 
ber of turns, but in quadrature thereto in time, the torque of the 
induction motor is proportional also to the product of the gen¬ 
erated e.m.f. and the component of secondary current in quadra¬ 
ture therewith in time and in space. 

Since Ji =6 (ai -- ja‘D is the secondary current corresponding 

to the generated e.m.f. e, the secondary current in the quadrature 
position thereto in space, that is, corresponding to the e.m.f. is 

jli = e {a 2 +jai), 

and aie is the component of this current in quadrature in time 
with the e.m.f. e. 

Thus the torque is proportional to c X or 


D == e^ai 

__ eVjg _ Ephis 

{^Ci + c^') {r^ + 

This value D is in its dimension a power, and it is the power 
which the torque of the motor would develop at synchronous 
speed. 

137. In induction motors, and in general motors which have 
a definite limiting speed, it is preferable to give the torque in the 
form of the power developed at the limiting speed, in this case 
synchronism, as ^'synchronous watts,” since thereby it is made 
independent of the individual conditions of the motor, as its 
number of poles, frequency, etc., and made comparable with the 
power input, etc. It is obvious that when given in synchronous 
watts, the maximum possible value of torque which could be 
reached, if there were no losses in the motor, equals the power 
input. Thus, in an induction motor with 9000 watts power 
input, a torque of 7000 synchronous watts means that % of the 
maximum theoretically possible torque is realized, while the 
statement, "a torque of 30 pounds at 1-foot radius,” would be 
meaningless without knowing the number of poles and the fre¬ 
quency. Thus, the denotation of the torque in synchronous 
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i.s of importance* tc^ find how much torcjuG per watt or per volt- 
umpc'i’c input is givn^n hy the* mot,or. 

Sim‘c I) C'lii is the* powcu* dc^vcdopcel by the motor torque 
i>t syncdmuiism, tin* powc*r d(‘V(*lop(‘(l at thc3 speed of (1 — s) 

X Hynchronismj cir the* art mil powcT output of the motor, is 

P - (1 h) J) 

= r“ai (I - s) 

^ ([ 
ft" + 

The mitpiiiinrludcH fried ion, windage, etc.; thus, the net me- 
chaiiiral out pul is /* ~ friedion, (d.c. Since, however, friction, 
idm, dopmid upon the m(*cdumical c.onHtruciiou of the individual 
inotcer and its use*, it cnannot be* inrduchtd in a general formula. 

intlius the mt*cdianic*al end pul, a.nd IJ the torque developed at 
the armatiin* roudufdors. 

The primtiry current 

/,» ~ r (hi - jh.) 

has file f|iiaflniflire* cnnriponmds cln mid 

Tli«‘ primiiry impreHsed iMU.f. 

Eu e{ci - jct) 

has I he f|iiiidriit tin* f‘omponeuiH eci mid eev 

Since the cornpoiieiitH dn and cTg, and eb>i and eCi, respectively, 
are in i|tiiiiiriitiire with eacdi of Iter, and thus represent no power, 
the poiver inptif of lli«‘ primary cdnmii is 

Ch X rci 4 X CC2, 
or l\.$ - c**(h|fU + 

The %a>tt-iiiri|M‘reK or apparent iiqnit is obviously, 
l*m EiEo 

+C2'^)* 

138 . Thm* ei|tiiitimi« eiiii be greatly simplified by neglecting 
the exfdtiiig cuirri^iil of the motors, and approximate values of 
eiirreiitp power, etc*, derived thereliy, which are Buffi- 

rieiifly arciiriitf* for preliminary investigations of the motor at 
i4pc*eflfi j4iiiirk*iilly below synchronism to make the total motor 
eiirreiil iiirge eompiired with the (ixeiting current. 
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r„ !' j.r , \%liirh run In^ (huu' as firsi approximation, 

i*spt*rially :it lumv vnlnv^uf r, t lu‘S(‘ {‘([nations b(;c,ome 


h 

P 


-rirlrj P r) 
f/'i I rj“ kVj- 


i ,%i ('h“ (/’i **p 


fA 




139. Silirr fh 

lil-i.wvi'iI i\|||,|, /; 


7" + .s’"xr 

’titiiif«n’-|^(*iii‘rat(*(l (MH.f. e (and thus the im- 
tiift'f.H iii !fi(* (‘(plation of currcmt, mapjnetism, 
vtr,^ n diitpit' in tin* (‘(fuations of torque, power input 

and (aifpiif, riini vnif-:<mpf»re input as scpian*, and (uuKicls in the 
(♦f |iowt*r-factor, el,e,, it follows that the 

riirouif, f'-bn, of an induction motor arc propor- 

tifiiiii! 1*1 tlp‘ iiripOA-if'fl tlu* torcpi<‘, power output, power 

iiifitit, ami Vfilt-:iiii|fero input an* proportional to thc^ scpiare of 
fill* fMfii., and tho Icircpic*-and pow(^r etrudcuieies and 

flio |iitwor4arfor ar«* iiidt*pi*fident of tint impr(‘HHed voltage. 

Ill fi-aiity, hotti'Vor, n d«*(T(‘aHe of (‘fruucnHjy and power- 

fartor at !ii|ilti*r impreHS<*d voltag(*H, due to th(i irmreasc^ 

of (■:tu-*'d hy tin* iiKTiuiHing tctmpcratuni of tin*, motor 

iiiifl f|in* ft* ilio afiproaidi to magnetic saturation, and a slight 
(ternaiMf* of rf!if‘iriiry omirH lit l(»W(*r voltuges wlien itududing 
in thr rllifiiUP'V the of power by friction, siiu^e this is inde- 
pemlriit of tlii* ofif|itii mid flitiH at iowitr voltage, that is, lesB(U' 
oiitfiuf, ti lurgi-r porriUitage of flic output, so that the efficiencies 
liiid tbo pfiwer-fartiif rail be eoriHtdered as iridepcuidcmt of th(^ 
iiiifires^et! and the torque and powc^r proportional to the 

only afiiirtixiimitely, but sufficiently cdosc for many 

plirpo.^'r^o 


:i L«ny> A%B Hi'keo C^oevkh 

MO. llif* riileiiliiiioii of the induct ion motor cliarae.teristicH 

f'fiiiveiiieiifly icirrit»tl ciiit in liilmlaicd form by means 
fif iw follows: 

I^tl Z.,. r. jiu lid b Odlj primary Hcaf-inductive im- 

IMslanccu 

Zt fi d i/i - Od f 0*3i iKfcondary self-inductive 

impcHlance naiuccd to pri¬ 
mary. 

Y f “ jh fli)l - Od J primary exciting admit- 

tlillCf!. 

- ! Ill firiffiiify impressed c.rni. 
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It is then, per phase, 
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D = 

e^ai 

" 

P = 

(1 -8) 
D 

Pa=> 

Ea 

p = 

OlCl + 
hid 

Po = 

e^p 

ejf. = 

P 

Po 

app. ejf. = 
P 

Pa 

pow.fac. =» 
Po 
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Diagrammatically it is most instructive in judging about an 
induction motor to plot from the preceding calculation— 

1st. The load curves, that is, with the load or power output as 
abscissas, the values of speed (as a fraction of synchronism), of 
current input, power-factor, efficiency, apparent efficiency, and 
torque. 

2d. The speed curves, that is, with the speed, as a fraction of 
synchronism, as abscissas, the values of torque, current input, 
power-factor, torque efficiency, and apparent torque efficiency. 

The load curves are most instructive for the range of speed 
near synchronism, that is, the normal operating conditions of 
the motor, while the speed curves characterize the behavior of 
the motor at any speed. 
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In Fig. 176 are plotted the load curves, and in Fig 177 the 
speed curves of a typical polyphase induction motor of moderate 
size, having the following constants: Co = HO; Y = 0.01 — 0.1 j] 
Zi = 0.1 + 0.3 j, and Zo = 0.1 + 0.3 j. 

As sample of a poor motor of high resistance and high admit¬ 
tance or exciting current are plotted in Fig. 178 the load curves 
of a motor having the following constants: 6o = 110; Y = 0.04 



— 0.4 j] Zi = 0.3 + 0.3 j, and Zq = 0.3 + 0.3 showing the 
overturn of the power-factor curve frequently met in poor motors. 

141 . The shape of the characteristic motor curves depends 
entirely on the three complex constants, Y, Zi, and JZ’o, but is 
essentially independent of the impressed voltage. 

Thus a change of the admittance Y has no effect on the char¬ 
acteristic curves, provided that the impedances Zi and Zo are 
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impedance cliangen ho tiiat the sum Xi 4- Zo n'mairiR conatant. 
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and thus the motor can be characterized by its total internal 
impedance, that is, 

Z = + ^o; 

or r + jx = {n + ro) + j {xi + Xq). 

Thus the characteristic behavior of the induction motor de¬ 
pends upon two complex imaginary constants, Y and Z, or four 
real constants, g, b, r, x, the same terms which characterize the 
stationary alternating-current transformer on non-inductive load. 

Instead of conductance g, susceptance 6, resistance r, and react¬ 
ance X, as characteristic constants may be chosen: the absolute 
exciting admittance y = the absolute self-inductive 

impedance z — \/r‘^ -)-a;^; the power-factor of admittance = 
g/y, and the power-factor of impedance a = r/z. 

142 . If the admittance y is reduced n-fold and the impedance 
z increased n-fold, with the e.m.f. impressed upon the 

motor, the speed, torque, power input and output, volt-ampere 
input and excitation, power-factor, efficiencies, etc., of the motor, 
that is, all its characteristic features, remain the same, as seen 
from above given equations, and since a change of impressed 
e.m.f. does not change the characteristics, it follows that a change 
of admittance and of impedance does not change the character¬ 
istics of the motor provided the product y = yz remains the same. 

Thus the induction motor is characterized by three constants 
only: 

The product of exciting admittance and self-inductive impe¬ 
dance 7 = yZj which may be called the characteristic constant 
of the motor. 


The power-factor of exciting admittance 
The power-factor of self-inductive impedance a 


y 

r 

z 


All these three quantities are absolute numbers. 

The physical meaning of the characteristic constant or the prod¬ 
uct of the exciting admittance and impedance is the following: 

If Joo = exciting current and ho = starting current, we have, 
approximately, 

■loo 
~ Eo’ 

Eo 
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l4irc|i|p mifliiii flit* iiiirr«%Y riiiigo nf rii|iiirily roiTPi^poncling to 
|I1!}| llir ifjtrffiiii rrjp’fiilirr Ilf flio fflotof, flinl iho 
l4irf|iir raii jiriiili|pr4 in itib m^ny far in <*xoi*h« of tine 

ffifiximtiin torffiip fif lilt* iftfiltir mimt rtinniitg or wliiMi i4tiirting 
Willl rmnllilirr ill l}ii" Brrtifpinry. 
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But even at its best value, the torque efficiency available 
with capacity in the secondary is below that available with 
resistance. 

For further discussion of the polyphase inductance motor, see 
Theory and Calculation of Alternating-current Phenomena.” 

m. Single-phase Induction Motor 

1. Introduction 

146. In • the polyphase motor a number of secondary coils 
displaced in position from each other are acted upon by a num¬ 
ber of primary coils displaced in position and excited by e.m.fs. 
displaced in phase from each other by the same angle as the dis¬ 
placement of position of the coils. 

In the single-phase induction motor a system of secondary 
circuits is acted upon by one primary coil (or system of primary 
coils connected in series or in parallel) excited by a single alter¬ 
nating current. 

A number of secondary circuits displaced in position must be 
used so as to offer to the primary circuit a short-circuited sec¬ 
ondary in any position of the armature. If only one secondary 
coil is used, the motor is a synchronous induction motor and 
belongs to the class of reaction machines. 

A single-phase induction motor will not start from rest, but 
when started in either direction will accelerate with increasing 
torque and approach synchronism. 

When running at or very near synchronism, the magnetic field 
of the single-phase induction motor is practically identical with 
that of a polyphase motor, that is, can be represented by the 
theory of the rotating field. Thus, in a turn wound under angle 
T to the primary winding of the single-phase induction motor, at 
synchronism an e.m.f. is generated equal to that generated in a 
turn of the primary winding, but differing therefrom by angle 
6 = T ixL time phase. 

In a polyphase motor the magnetic flux in any direction is due 
to the resultant m.m.f. of primary and of secondary currents, in 
the same way as in a transformer. . The same is the case in the 
direction of the axis of the exciting coil of the single-phase induc¬ 
tion motor. In the direction at right angles to the axis of the 
exciting coil, however, the magnetic flux is due to the m.m.f. of 
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ihf '^rt*tui*lrirv riiri'fiit primary o.ihJ’. acting in i-his 

'a*ii. 
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tion motor near synchronism is that the secondary armature 
currents lag 90 deg. behind the magnetism, and are carried by 
the synchronous rotation 90 deg. in space before reaching their 
maximum, thus giving the same magnetic effect as a quarter- 
phase e.m.f. impressed upon the primary system in quadrature 
position with the main coil. Hence they can be eliminated by 
impressing a magnetizing quadrature e.m.f. upon an auxiliary 
motor circuit, as is done in the monocyclic motor. 

Below synchronism, the secondary currents are carried less 
than 90 deg., and thus the cross magnetization due to them is 
correspondingly reduced, and becomes zero at standstill. 

The torque is proportional to the power component of the 
armature currents times the intensity of magnetic flux in quad¬ 
rature position thereto. 

In the single-phase induction motor, the armature power 
currents J'l = eai can exist only coaxially with the primary 
coil, since this is the only position in which corresponding pri¬ 
mary currents can exist. The magnetic flux in quadrature posi¬ 
tion is proportional to the component of e carried in quadrature, 
or approximately to (1 — s) e, and the torque is thus 

D = (1 — s) el' = (1 — s) e%i, 

thus decreases much faster with decreasing speed, and becomes 
zero at standstill. The power is then 


P = (1 — sy el' = (1 — s)^ e^ai. 


Since in the single-phase motor only one primary circuit but 
a multiplicity of secondary circuits exist, all secondary circuits 
are to be considered as corresponding to the same primary cir¬ 
cuit, and thus the joint impedance of all secondary circuits must 
be used as the secondary impedance, at least at or near syn¬ 
chronism. Thus, if the armature has a quarter-phase winding 
of impedance Zi per circuit, the resultant secondary impedance is 
21 

if it contains a three-phase winding of impedance Zi per 


circuit, the resultant secondary impedance is 




% 


In consequence hereof the resultant secondary impedance of a 
single-phase motor is less in comparison with the primary im¬ 
pedance than in the polyphase motor. Since the drop of speed 
under load depends upon the secondary resistance, in the single- 
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phase induction motor the drop in speed at load is generally less 
than in the polyphase motor; that is, the single-phase induction 
motor has a greater constancy of speed than the polyphase 
induction motor, but just as the polyphase induction motor, it 
can never reach complete synchronism, but slips below synchro¬ 
nism, approximately in proportion to the speed. 

The further calculation of the single-phase induction motor 
is identical with that of the polyphase induction motor, as given 
in the previous chapter. 

Often no special motors are used for single-phase circuits, 
but polyphase motors adapted thereto. An induction motor 
with only one primary winding could not be started by a phase¬ 
splitting device, and would necessarily be started by external 
means. A polyphase motor, as for instance a three-phase motor 
operating single-phase, by having two of its terminals connected 
to the single-phase mains, is just as satisfactory a single-phase 
motor as one built with only one primary winding. The only 
difference is that in the latter case a part of the circumference 
of the primary structure is left without winding, while in the 
polyphase motor this part contains windings also, which, how¬ 
ever, are not used, or are not effective when running as single¬ 
phase motor, but are necessary when starting by means of 
displaced e.m.fs. Thus, in a three-phase motor operating from 
single-phase mains, in starting, the third terminal is connected 
to a phase-displacing device, giving to the motor the cross mag¬ 
netization in quadrature to the axis of the primary coil, which 
at speed is produced by the rotation of the secondary currents, 
and which is necessary for producing the torque by its action 
upon the secondary power currents. 

Thus the investigation of the single-phase induction motor 
resolves itself into the investigation of the polyphase motor 
operating on single-phase circuits. 

2. Load and Speed Curves 

147 . Comparing thus a three-phase motor of exciting admit¬ 
tance per circuit Y = g — jb and self-inductive impedances 
Zq =: To + jxo and Zi = n + jxi per circuit with the same 
motor operating as single-phase motor from one pair of termi¬ 
nals, the single-phase exciting admittance is F' = 3 F (so as 
to give the same volt-amperes excitation 3 eF), the primary 
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self-inductive impedance is the same, Zo = tq + jxo; the sec¬ 
ondary self-inductive impedance single-phase, however, is only 
Z 

Z\ = since all three secondary circuits correspond to the 
same primary circuit, and thus the total impedance single-phase 
is Z' = Zo + -^3 while that of the three-phase motor is 

Z = Zq Zi. 

Assuming approximately Zo = Zi, we have 

2Z 


Thus, in absolute value, 


y' = 3 ^, 

2 , and 
7' = 27; 


that is, the characteristic constant of a motor running single¬ 
phase is twice what it is running three-phase, or polyphase in 



general; hence, the ratio of exciting current to current at stand¬ 
still, or of waste flux to useful flux, is doubled by changing from 
polyphase to single-phase. 

This explains the inferiority of the single-phase motor com¬ 
pared with the polyphase motor. 

As a rule^ an average polyphase motor makes a poor single¬ 
phase motor, and a good single-phase motor must be an excellent 
polyphase motor. 
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As instances are shown in Figs. 181 and 182 the load curves 
and speed curves of the three-phase motor of which the curves of 
one circuit arc given in Figs. ,176 and 177, having the following 


constants: 


Tlirec-pliase 

eo = 110 Single-phase 

Y = 0.01 -O.li, 

Y = 0.03 - 0.3 j, 

Zo = 0.1 + 0.3 

Zo = 0.1 + 0.3i, 

Zx = 0.1 + 0.3i, 

Zi = 0.033 + O.li, 

Thus, 7 = 6.36. 

Thus, 7 = 12.72. 


It is of interest to compare Fig. 181 with Fig. 176 and to note 
the lesser 'drop of speed (due to the relatively lower secondary 


SLIP, 8® 



Fig. 182.—Three-phase induction motor on single-phase circuit, speed 

curves. 

resistance) and lower power-factor and efficiencies, especially at 
light load. The maximum output is reduced from 3 X 7000 = 
21,000 in the three-phase motor to 9100 watts in the single-phase 
motor. 

Since, however, the internal losses are less in the single-phase 
motor, it can bo operated at from 25 to 30 per cent, higher mag¬ 
netic density than the same motor polyphase, and in this case its 
output is from two-thirds to three-quarters that of the poly¬ 
phase motor. 

148 . The preceding discussion of the single-phase induction 
motor is approximate, and correct only at or near synchronism, 
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where the magnetic field is practically a uniformly rotating field 
of constant intensity, that is, the quadrature flux produced by 
the armature magnetization equal to the main magnetic flux 
produced by the impressed e.m.f. 

If an accurate calculation of the motor at intermediate speed 
and at standstill is required, the changes of effective exciting 
admittance and of secondary impedance, due to the decrease 
of the quadrature flux, have to be considered. 

At synchronism the total exciting admittance gives the m.m.f. 
of main flux and auxiliary flux, while at standstill the quad¬ 
rature flux has disappeared or decreased to that given by the 
starting device, and thus the total exciting admittance has de- 



1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0 


Fig. 183.—Three-phase induction motor on single-phase circuit, torque 

curves. 

creased to one-half of its synchronous value, or one-half plus the 
exciting admittance of the starting flux. 

The effective secondary impedance at synchronism is the joint 
impedance of all secondary circuits; at standstill, however, only 
the joint impedance of the projections of the secondary coils on 
the direction of the main flux, that is, twice as large as at syn¬ 
chronism. In other words, from standstill to synchronism the 
effective secondary impedance gradually decreases to one-half 
its standstill value at synchronism. 

For fuller discussion hereof the reader must be referred to my 
second paper on the Single-phase Induction Motor, Transactions 
A. I. E. E., 1900, page 37. 

The torque in Fig. 182 obviously slopes toward zero at stand- 
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still. The effect of resistance inserted in the secondary of the 
single-phase motor is similar to that in the polyphase motor in 
so far as an increase of resistance lowers the speed at which the 
maximum torque takes place. While, however, in the poly¬ 
phase motor the maximum torque remains the same, and merely 
shifts toward lower speed with the increase of resistance, in the 
single-phase motor the maximum torque decreases proportionally 
to the speed at which the maximum torque point occurs, due to 
the factor (1 — b) entering the equation of the torque, 

D — e^ai (1 — .s*). 

Thus, in Fig. 183 are given the values of torque of the single¬ 
phase motor for the same conditions and the same motor of 
which the speed curves polyphase are given in Fig. 179. 

The maximum value of torque which can be reached at any 
speed lies on the tangent drawn from the origin onto the torque 
curve for ri = 0.1 or short-circuited secondary. At low speeds 
the torque of the single-phase motor is greatly increased by the 
insertion of secondary resistance, just as in the polyphase motor. 

3. Starting Devices of Single-phase Motors 

149 . At standstill, the single-phase induction motor has no 
starting torque, since the line of polarization due to the second¬ 
ary currents coincides with the axis of magnetic flux impressed 
by the primary circuit. Only when revolving is torque pro¬ 
duced, due to the axis of secondary polarization being shifted 
by the rotation, against the axis of magnetism, until at or near 
synchronism it is in quadrature therewith, and the magnetic 
disposition thus the same as that of the polyphase induction 
motor. 

Leaving out of consideration starting by mechanical means 
and starting by converting the motor into a series or shunt 
motor, that is, by passing the alternating current by means of 
commutator and brushes through both elements of the motor, 
the following methods of starting single-phase motors are left: 

1st. Shifting of the axis of armature or secondary polarization 
against the axis of generating magnetism. 

2d. Shifting the axis of magnetism, that is, producing a mag¬ 
netic flux displaced in position from the flux producing the arma¬ 
ture currents. 
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The first method requires a secondary system which is unsym- 
metrical in regard to the primary, and thus, since the secondary 
is movable, requires means of changing the secondary circuit, 
such as commutator brushes short-circuiting secondary coils in 
the position of effective torque, and open-circuiting them in the 
position of opposing torque. 

Thus this method leads to the repulsion motor, which is a 
commutator motor also. 

With the commutatorless induction motor, or motor with 
permanently closed armature circuits, all starting devices con¬ 
sist in establishing an auxiliary magnetic flux in phase with the 
secondary currents in time, and in quadrature with the line of 
secondary polarization in space. They consist in producing a 
component of magnetic flux in quadrature in space with the 
primary magnetic flux producing the secondary currents, and 
in phase with the latter, that is, in time quadrature with the 
primary magnetic flux. 

Thus, if 

T'p = polarization due to the secondary currents, 

~ auxiliary magnetic flux, 
d = phase displacement in time between <!>« and 4>p, 

and 

r = phase displacement in space between 4>a and 
the torque is 

D = Fp^a sin T cos B, 

In general the starting torque, apparent torque efficiency, 
etc., of the single-phase induction motor with any of these de¬ 
vices are given in per cent, of the corresponding values of the 
same motor with polyphase magnetic flux, that is, with a mag¬ 
netic system consisting of two equal magnetic fluxes in quad¬ 
rature in time and space. 

160 . The infinite variety of arrangements proposed for start¬ 
ing single-phase induction motors can be grouped into three 
classes. 

1. Phase-splitting Devices. The primary system is composed 
of two or more circuits displaced from each other in position, and 
combined with impedances of different inductance factors so as 
to produce a phase displacement between them. 

When using two motor circuits, they can either be connected 
in series between the single-phase mains, and shunted with 
impedances of different inductance'factors, as, for instance, a 
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condensan.ee and an inductance, or they can be connected in 
shunt between the single-phase mains but in series with impe¬ 
dances of different inductance factors. Obviously the impe¬ 
dances used for displacing the phase of the exciting coils can 
either be external or internal, as represented by high-resistance 
winding in one coil of the motor, etc. 

In this class belongs the use of the transformer as a phase¬ 
splitting device by inserting a transformer primary in series 
with one motor circuit in the main line and connecting the other 
motor circuit to the secondary of the transformer, or by feeding 
one of the motor circuits directly from the mains and the other 
from the secondary of a transformer connected across the mains 
with its primary. In either case it is, respectively, the internal 
impedance, or internal admittance, of the transformer which is 
combined with one of the motor circuits for displacing its phase, 
and thus this arrangement becomes most effective by using 
transformers of high internal irnpedancic or admittance as con¬ 
stant power transformers or open magnetic circuit transformers. 

2. Inductive Devices. The motor is excited by the combina¬ 
tion of two or more circuits which are in inductive relation to 
each other. This mutual induction between the motor circuits 
can take place either outside of the motor in a separate phase¬ 
splitting device or in the motor proper. 

In the first case the simplest form is the divided circuit whose 
branches are inductively related to each other by passing around 
the same magnetic circuit external to the motor. 

In the second case the simplest form is the combination of a 
primary exciting coil and a short-circuited secondary coil on 
the primary member of the motor, or a secondary coil closed by 
an impedance. 

In this class belong the shading c*,oil rind the acccierating coil. 

3. Monocyclic Starting Devices, An cjssentially wattless e.m.f. 
of displaced phase is produced outside of the motor, and used 
to energize a cross magnetic circuit of the motor, either directly 
by a special teaser coil on the motor, or indirectly by combining 
this wattless e.m.f. with the main e.m.f. and thereby deriving a 
system of e.m.fs. of approximately three-phase or any other 
relation. In this case the primary system of the motor Is 
supplied essentially by a polyphase system of e.m.fs. with a 
single-phase flow of energy, a system which I have called 
^'monocyclic.'" 
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Th(‘. watt.k^ss (iuadrutun* r.riLf. is gffirrally protlarcHi !*y con- 
iieciia^ two iinp(‘(lancc‘s of (liff(‘n‘nl iriclurf:iric‘i‘ farf(n>' in sorif*s 
betwc^cni (h(t singlc‘-”phas«* mains, am! joinin^^ thr c-onnfaiicai 
beiw(Hai i.h(^ two inipc‘cbuH*os to I bo thin! Ii‘niiiiiai ii tliroo- 
phase imbict.ioa niot.or, wbirh is camiipc'lrd with its otlior two 
terminals to t.Iu‘. siagl(*“phas(‘ lim’s, as shown diafiramiiiatirally 
in 1H4, for a condurtam-e a nml an indiadivo Misreplama^-jVi, 
Tins starting <l(wica‘, vvlaai using an imlurtamm ami a romlcm- 
saiKu^ of propcT size*, ean bc‘ inadf‘ to givi* an appariml starting 
tonpie eifieiemey siipcnior tc^ that (4 the pol^’phaso iiidtiefiort 
motor- IFsually a r(‘sista.nc’e and an indiirfam‘e are used, whic-h, 
thougfi not giving tlu^ same* start ing t«a’i|ue eOiriomw as available 
by th(5 UH(‘, of a eondemsam’e, have the advantage of greater 
sirriplic.iiy and eheapne^ss. After starling, tbi' iiiip«»daiiee.H are 
(liHeotuuadcul. 

For a coinpl(d<^ disrussion and Iheoretinil iiiv«ssf igatioii of the 



Fio. 1H4. C'ennertioiis fi»r sPirfiiig sifigle»|iliiiw iiinfur. 


different starting deviec*H, tin* reatler imisi be reterreil to the 
paper on the Hinglc»-pliiise itidiicihiii motor, Aiiiorieiiti Iiistiflife 
of Fleetrical Fingineern' TriiiiHiiefioiiH, February, 

151 . The use of the resistor itaiiioryelir, 
starting device witli three-phiiKi! wouinl imliiciiiiii iiiotor will 
be discusBed somewhat more explicitly an the only iindliod not us¬ 
ing condensers which hm found exieiisivi* cmniiMTriiil 
It gives relatively the bf*8t sfarliiig lorf|iif* iiinl torque eflirhuieies. 

In Fig- 184, if repremaiis ii ihree-pliiisf* iiidiicfion motor of 
which two terminals, I and 2, are comiefieil to siiigle-filiiLHe iiifiiiis 
and the terminal 3 to the eoiimioii roiiiiecfit»ii of a rondiicl- 

ance a^that is, a reHintiince ami an ia|iial i4iiHri*|itiiiice — ja 

^thuH a reactancat + coiinc!ct<*d in M»rieB arrosn f.lie iiiiiiriti. 

Let F = g — j7; = total acliiiilfiiiire of motor between teriiiL 
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nals 1 and 2 while at rest. We then have F = total admit¬ 
tance from terminal 3 to terminals 1 and 2, regardless of whether 
the motor is delta- or F-wound. 

If e = e.m.f. in the single-phase mains and E = difference of 
potential across conductance a of the starting device, then we 
have the current in a as 7i = Ea, 
and the e.m.f. across — ja as e — E; 
thus, the current in — ja is 

I 2 = - ja {e - E), 

and the current in the cross magnetizing motor circuit from 3 to 
1, 2 is 

~ /g = Ea -f ja {e — E). 

The e.m.f. of the cross magnetizing circuit is, as may be seen 
from the diagram of e.m.fs., which form a triangle with 6, E and 
e — as sides, 

E, = E - (e - E) == 2 E - e, 

and since 

/() = H YEo, 

we have 

Ea+ja{e - E) = HY {2E - e). 

This expression solved for ^ becomes 

• " ^ ‘Sa + Zja- SY’ 

which from the foregoing value of Eq gives 

w - _ 1 ) . 

‘6a — 3ja — SY’ 

or, substituting 

Y = g - jb, 

expanding, and multiplying both numerator and denominator by 
(3 a - 8 ff) + j (3 a - 8 b), 

%(g -b) 

gives Eo = ea -- gy +{a - H b)^ .’ 

and the imaginary component thereof, or e.m.f. in quadrature 
to e in time and in space, is 

H .. 

.o' 
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In the same motor on a three-phase circuit this quadrature 
e.m.f. is the altitude of the equilateral triangle with e as sides, 

V3 

lus = — je and since the starting torque of the motor is pro¬ 
portional to this quadrature e.m.f., the relative starting torque 
of the monocyclic starting device, or the ratio of starting torque 
of the motor with monocyclic starting device to that of the 
same motor on three-phase circuit, is 

n' - • - —- 2a - %{,g - h ) _ 

^ eV3 ~ M M by 


A starting device which has been extensively used is the 
condenser in the tertiary circuit. In its usual form it can be 
considered as a modification of the monocyclic starting device, 
by using a condensance as the one impedance and making the 
other impedance infinite, that is, omitting it. It thus comprises 
a three-phase induction motor, in which two terminals arc con¬ 
nected to the single-phase supply and the third terminal and 
one of the main terminals to a condenser. Usually the con¬ 
denser is left in circuit after starting, and made of such size 
that its leading current compensates for the lagging magnetizing 
current of the motor, and the motor thus gives approximately 
unity power-factor. 

For further discussion of this subject the reader is referred to 
the paper on Single-phase Induction Motors,’^ mentioned above, 
and to the “Theory and Calculation of Alternating-current Phe¬ 
nomena^’ and “Theory and Calculation of Electrical Apparatus.” 

4. AcCELBRATIOlSr WITH STARTING DEVICE 

162 . The torque of the single-phase induction motor (without 
a starting device) is proportional to the product of main flux, or 
magnetic flux produced by the primary impressed e.m.f., and 
the speed. Thus it is the same as in the polyphase motor at or 
very near synchronism, but falls off with decreasing speed and 
becomes zero at standstill. 

To produce a starting torque, a device has to be used to impress 
an auxiliary magnetic flux upon the motor, in quadrature with 
the main flux in time and in space, and the starting torque 
is proportional to this auxiliary or quadrature flux. During 
acceleration or at intermediate speed the torque of the motor is 
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ihi- tli«* ujuiii lonfiip, or ioniiu^ produced by the pri- 

iii:o\ 111:011 .‘iud tiir auxiluuy iorcjiK^ produced by the auxil- 
iaf) qii 1* IraHifiM.ff llu.K. In |«;(‘n(‘ra-l, this resultant torque 

i*> lull •ufii !♦! iiKiiii :tiiil auxiliary iorcpie, but often less, due 

th»* iiii* rati iMii Iniwinm the uioi or and the starting device. 

M*r! df'vi»a*s di^pand more or less upon the total 

adiiiiHaiift* uf till* itiMfor and its powen-factor. With increasing 
till* luia! ailmittaiicM^ of the tnotor decreases 
and b • piiwta’-fafiMr iiicTcaM’s^ and an auxiliary torque device 
i-itin*d tln' adinil laiiri’ nf th(‘ motor a,t si,aridstill will not be 
ioiiu*»! fur liif* cliaifitf'd adiiiittancf* at s|)(‘(‘d. 

llif* fiijri’ut.* priHtiifi'd in the setnmdary by the main or pri- 
foair flux an* farrii'd by the rota,tion of the motor more 

c^r Ir-"* iiUm fpiarfi pPHition, atul thus produce the quad- 

nil iin* flux tdvifiif tia* iiiaiii torc|ue as dis(aiss<Hl before. 

I’iii- i|uadr:itnr»* cfaiifiomait of the main flux generates an e.m.f. 
ill iii»‘ f'in'iiil of tim slarting d<‘vice, and thus changes 

tiir dotii!»ufion of' and c.m.fs. in ihci starting device. 

of iln* -4 art iin^ dr vice ilam coniairq besides the motor 
adiiiiiiriiirr aiid miinittmice, an aedive^ counter e.m.f., 

rliunmuu ttith tfir qu'oil. Inversely, the currents produced by 
tfii* roiiiif**r » JO f. ni I be iimtor in the* auxiliary circuit react upon- 
llir r'oiiiiOo- rjiif.. that ii|#on tlif^ (luadniturc component or 
liiaiii l!u\, :uel eliuune if. 

datiia? a*’ei Irralioii we have to <mnsi(ler-- 

1. Hp' lUlrrf f»i flir of folul luotor admittance and its 

pomof-flit for llie devii’e. 

2. 1’lir «!b * t Ml thr rfiiiiitfU* ejii.f. of the motor upon the start- 

iii^ mid Oir effioi of Ili«‘ starthiK device upon the counter 

IMII f. of fimlol, 

|. lot ill liininr atliiiit tiuice imcl its powcu'-factor change 

v«*rv imicli duriai!. aceol*i*ittioii in ntot.orH with short-circuited 
i4ie’o 'i'*iiii|;iiy. Ill fuottors the admittance at 

i« Vi'iy iar^«* and |i«iwer-fitctor low, and with increasing 
lie* adaiitiiiiice ilie^rejeHe^ iimi its power-factor iucrcaBCs 

gr< «ih . li» « illi }<biirt-<-irriat(Hl hiKb-raniMtaiuic Hocjond- 

i,ry til" iMiUim-r at*-., ,h..TfHWH greatly (birinp; awiclcration, 
}iii) if. |nnur-f;irf»(r rhfttiK'*?* aln^ady high atstand- 

Thu* th<' dfvicn will ho afTw.tcid Iohh. Such 

malm,, h.,av.*«T, an- iH.-flici.-nl nt «,K*wl. In inotore with yana- 
Wn wcn.kry r.-i-hm.-n the mltniUaacc and its power-factor 
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can be iiuiintained eenstant dunnii uwvlrniium by liinTfaning 
the resistanec^ of the Hf^rorulary rireuil in e-Hrre>pinifif'iiro with the 
increasing (a)untc‘r cMii.f. Heiiee^ in Mieh ifo^lnrs the >t:irfing 
device is not ilirown <ni! of adjustiiieut by tli*‘ «-li;tiigiiig itdiiiif- 

tancc during ac‘c(‘lcTat ion. 

In tlie i)has(‘~spli!iing devices^ iiiiti more in the induetive 
devices, ilic^ starting tcu’c|iie cieiteiiii.'^ upon the iiiieriial i>r ntfUm* 
adnut4*anc(‘, atul is thus esseiifiall}’ afh’einl by tlii* rhanifi'' of 
admiiiancct during aceclerafioip and by tla* uf a 

counter during aereh'ralion, wliirli throivs the starling 

deviceoutof its proper adjustment, so tlmf in s«uiie cases while n 
eonsiderahht tfjnfuc* t»xists at sfamistill, this loripn* bt^f'tuneH /,ero 
and them n*vc‘rHc*H at some infeniiediate speiab and the ifiolor, 
whiles starting with fair torf|iif% in itof abl«» to run iip f«i sfiei*?! 
with the starting deviee in eiretiif. l-'lsfieeiall^'’ is this the east" 
where capacity is usf*d in t!ie startiitg dt'vire. With tin* iiiomi- 
cyclic starting this effecd is Miiall in any ease and JiiroUif wdimi a 
condenser in uwal in the tertiary eimiit, and thm-efore flie 
latter may advaniagcaawly be li'fl in tfn^ fdreiiit at speed. 

IV. Induction GetmmUyr 

L t ii«i\ 

163 , In the range of slip fnun 11 fti •" 1, thnf frfirii 
synchronism to starid«fili, Umim\ poirer iind poiver 

input of tlie iiuiticfion niaehiiii* iin^ |iot^ifivi% iind flir iiuirfiine 
thus acts as a motor, ns disciiHsi'ii behire. 

Substituting, la)wever, in the efjiiiiiioiH in priragriijili 1 for 
8 valutas > 1, eorrespoiidiiig to luielitvaril rotnlififi oftfii? iiiii- 
chine, the powetr input riaiiiiins posifivi% the lorqiie also reiniiiiiw 
positive, that is, in tin* Hfiiiiediref'tiiui ns for x < i; hiii sinei! the 
speed (1 — a) iMsmineH iif*Kittive or iii the 

power output is negative, Itiiil flii» tiiri|iie iii iip}iiiwle direc¬ 
tion to the Hpeed. In IIiih vtm* the ififiehiiif^ roii.^ijiiirs rleetriiml 
energy in its priniiiry and ineehiiiiicfil tuiergy by ii lorf|iie nppiii- 
ing the rotation, thus acdiiig m lirake. 

The total power, electrical ns widi m irierliftiiicitl, is ciiii- 
sumed by in tenia! Iohscs of I he iiioliir. Hiiii‘i% lifi%vc%a*r, with 
large slip in a low-re«i»tiiiice inofor Ihe tiirifiie ninl power are 
small, the braking power of the imliictififi iijacliiiiii il tiinfkwardl 
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u(‘galivc‘, uad n load cairvi* raii hi* fdotfpd lor tlif* fuiiiia-. 
lion or \vhi(di is vary .Hiaiiljir, l»iil iln* 

part of thc^ iaduclioa motor load riirvr. If for f ho iisodiiui* 

shown as motor in Fig. 17f> givim as Fig. 1^.1, \Uiih* j’lio |Hf> 
givcis i.lu^ (*.oinplc4c‘ spca*d c'urvr id thi- iiiarhiii** front f,,! fu 
« = ~L 

Th(^ goncaaitor pari of ftio riirvo, for < 0, i-* of fho vaini* 
ar.tca* as tlu^ najtor pari, .v > th hat fin* iija\ifiitiiH foripif* jmij 
inaxiiaum output of th(‘ marliino goiifralor iift^ Kii'afor fliaii 

as itKd.or. 

Thus an indurtifut motor wlioit ^pl*«*»lod up alnivo 
aots as a powc*rful hrako In* rofiiniiiig i-rn'ripv into i!io lnio*, and 
the maximum braking olTfirt and .alot I ho iii:i\iij|iiiji flin’frii* 
pow(‘r rcdurmal by f!ic» marhim* will bo giiMtor Ilian tla* maxi¬ 
mum motor torcjuc* f^r output. 

2. C'ONKTANr-HUKUn iMH’O’llciX fl|C A Si \i IllCi i\‘oi "H 
C iK.VniiATolC 

164 . dim rurvf'H in Fig. IHo an* ralriilati**i at roiiMijiiif fro- 
quency and ituirt to vary I ho out put nf flu* iiiarliiip* as 
orator the Bptnal luw to Im tiimaatHisb lids fmiditifiii luay !«• 
realized in aiso of induedion goiiorfilors riiiifiiiiu in |faiiill»4 tttfli 
HyndironouH goncTOtors iinclrr riiiiititioiiH iiln'ri* if i,H lii-Hirablo 
that the former nliould take im ifiiieli bias! av i|v diiving poii'or 
permitn; for innlaftein if flu* iiidueiion grii«T?ifor in lirivim by 
a waiftr power while I he Hynehrofioiik griK'nitor is lirivni by 
a Hteam engine. In tliis tin* mmirnl of wotihl in* 

efrcet(‘.d on the HynefirmnniK geiieriifor. and fho iieliirtifin 
orator lie without Hpeiul-roiitrolliiig d«*viees, ruiiiiing iip lioyttin! 
Hynehronoiw speful m miieh im reffiiinsl to ihi* pfiwrr 

supplicul to it, 

(Jonvewdy, however, if an iii<liirtioji umvhkii* iti drivoii at 
constant speed and eoimertefi to n siiilabli* tirfiiit im Ifiink the 
frequency given by tlif* iiiaeliiiie will ntif be syipdininouK %ril}i 
the speed, or con8t.iiiit at itll Inati^, but iie*Ten.He4^ wdlli iitemising 
load from practically HyiielimiiiMiii nt mi lend, jiipI thiw for the 
induction genc*ra!or at coiisfiint sfu^i^d a l*«i4 eiirvi* mifi be rfiti- 
Btructed as Hhown in Fig. IB?, giving tfu* derrmaHi* tif frequency 
with inereaBing loud in Ifie snine as fhr f.p#*ed of the 

induction motor at coiistniit freffiienry ilerrisusr^^ with I In* Ittiifh 
In the calculation of tficMe iiifliiciion gefienitor eiirvi*^ for wii- 
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stant speed the change of frequency with the load has obviously 
to be considered, that is, in the equations the reactance Xq has 
to be replaced by the reactance a;o (1 — s*), otherwise the equa¬ 
tions remain the same. 



Ficj. 187.—Induction generator load curves. 


3. POWKR-FACTOR OF INDUCTION GENERATOR 

166. The induction generator differs essentially from a syn¬ 
chronous alternator (that is, a machine in which an armature 
revolves relatively through a constant or continuous magnetic 
field) by having a power-factor requiring leading current; that 
is, in the synchronous alternator the phase relation between 
current and terminal voltage depends entirely upon the external 
circuit, and according to the nature of the circuit connected to 
the synchronous alternator the current can lag or lead the ter¬ 
minal voltage or be in phase therewith. In the induction or 
asynchronous generator, however, the current must lead the ter¬ 
minal voltage by the angle corresponding to the load and voltage 
of the machine, or, in other words, the phase relation between 
current and voltage in the external circuit must be such as 
required by the induction generator at that particular load. 

Induction generators can operate only on circuits with lead¬ 
ing current or circuits of negative effective reactance. 
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hi ]'%• K'vi'H f'u' 11“' iuilui'tiuii j-ci). 

iVi-at.(ir ill Fig. 2:50 ;is fuiicfion nf tin- iiuiH'.l;un-f of the fKtcinal 

c.ircuit. z -= as aliscis.'^ns (uiiori' > , tiTiuiiial vultnuc, 

f 

cumnii in (^x^n^nal rirruit), thv Inufliim iniwiT-farinr /. i-nK 0 
recjuinal in tlu^ Icnni, the iinluciaiirf^ fariur q ,^iii uii«I flu* 

fre(|U(nicy. 

H(‘ncn, when ennneetiM! in a rireiiif uf r thifn iiifiin*- 

tion geri(*ratnr eun operate^ naly if thi' poupr-farifir nf its eirrnit 
is p; and if this is the <*iiHe the vultaizi* i> iiidetiiii!f% flint is. tlie 
circuit unstahlc% even negliaiini^ fhi* iiii|a»:'‘dhility uf sis'iiriiifc 
(‘Xacd. capialitv nt the pewer-faelnr ef tlie rxtfi'iinl t’ireiiif with 
that of the indueliuti gcaieratnr. 



Two poHHihilities tlmn with Mitdi iiii iiiiliiefifiii giup^riitor 

(circuit. 

Lst. The power-fac'tor of the externii! rireiiif is rriiii^tnfif niifl 
ind<‘pendc*iiit of the voltage*, m w!i<ai fin* f^xferiin! rirniit roiisislK 
of rewHlanef^Hy induediiiiees, mid rii|«ifiiies. 

In ttiin eane if the power-faetfir of lie* e%teriiid idrioiit in liiglie^ 
than tliat <)f the iiiciitelioii geiienifor, Ihal is, the Iriiiiing riirmit 
lesB, the induction geiMTiitor to rxeitr iiittl ^eiieriitr. If flie 
powerTaertor of flic* f*xteriifil (dmiit ii* hnrer tliiiii tlifii of the 
induction generator, the eXfdies iiiiil its lOiltiigf* rweii until 

by Baturation of itn magnetic cirriiil jiiid the roiisri|iiimt iiiereiw* 
of exciting adinittiine<% that liia-reiiM* of interiiiil p4iwer-fiiet<ifr 
its power-factor has fallen to t!C|iiiiiity wilti tlial of llie rxterrial 
edreuit. 
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2d. The power-factor of the external circuit depends upon the 
voltage impressed upon it. 

This, for instance, is the case if the circuit consists of a syn¬ 
chronous motor or contains synchronous motors or synchronous 
converters.' 

In the synchronous motor the current is in phase with the 
impressed e.m.f. if the impressed e.m.f. equals the counter e.m.f. 
of the motor plus the internal loss of voltage. It is leading if the 
impressed e.m.f. is less, and lagging if the impressed e.m.f. is 
more. Thus when connecting an induction generator with a 
synchronous motor, at constant field excitation of the latter the 



Fig. 190.—Induction generator and synchronous converter, phase control, 
no line impedance. 

voltage of the induction generator rises until it is as much below 
the counter e.m.f. of the synchronous motor as required to give 
the leading current corresponding to the power-factor of the 
generator. Thus a system consisting of a constant-speed induc¬ 
tion generator and a synchronous motor at constant field excita¬ 
tion is absolutely stable. At constant field excitation of the 
synchronous motor, at no load the synchronous motor runs 
practically at synchronism with the induction generator, with a 
terminal voltage slightly below the counter e.m.f. of the syn¬ 
chronous motor. With increase of load the frequency and thus 
the speed of the synchronous motor drops, due to the slip of 
frequency in the induction generator, and the voltage drop&, 
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I, Mt ,M riirri*nf rrqiiin^jl niicl I!h» <lrc*r<‘aHP 

is! ‘'Ml '->1 of friM|U«*ury. 

|l\ oj* :i. lo i*l iufi of Ihi* >yn<‘hr<>a(niH aaitar 

wall r* I. ' «*' ImoI. i‘ o. inii-Jy lilt" voltai'o of thi* ^(*norator <’afi 
111 ' !ii;u!,;? i ^‘*0 “'Ui*, ifn’roaxot I uilfi llio load. 

I\ o a,o inilurlioii or, a HyiH’liroiaaiH 

iiioati* 1 % I I' ii-.*. \iiy ^^llli!ar lo I lio load cairva of nit 

iirl rvi:o!.in/ Irom n y\‘iif’|iroiio!rs goiiia*ator; tliat in, 

a fiiayii* ’’ !tn,ii and a. apoial i^radtinlly d«*c‘roaH*- 

3^ I ‘ ]»*:id ii|i 111 n iiiJi.xiiiiiiiii oufptit |K>int, itt. 

ul.h-h ’L.»” to:ro' dii:if|ily dfiwii, fill* (Mirroiii curvit 

ll|}Vi-:i: I, 1 o*- «lio|i on! tif a|f'|j. 

I la' !ai'v\« 'or. ill fill'- r;ia»' of ftii* H viH’linaioua Htofor 

loon 'tn indvi<"^i*oi |.y-nrnitfa* in loading, wliili* it in lag- 
niny 10 ao in*ln^ noji ifif»ifi li^yiirlinmourtgofiom- 

lor, fo I o r f I. o i? f|* liiayiii'fi/r-’' Up* «\‘iir!iroii«piH iiinohifui 
and "In lodO’^iMii fmodiiipy that I’y thf ayiiohroiioUH 

IIiIp-ImIi'* 00|d'n II ..ryin iMii to ihr ilidilrtiofi antrhifiin 

Isi J‘iiy U’‘* OMnn i/n |o:i4 fiirvt’ of a ayindiritiioiiH motor 

ii|i*M;iO’d !r*»in ijnlia tion tyniorafor in Mg. |H7. 

Ill Fig* " -iioKi* oof hold rillV** Ilf aii ovrr-iaimpoumlod 

hofipiii o|f|-nfr'‘d froiii iiii ifniiirtion gimoriifciri 

Ifir ^I1-041 ijlj-rnad5141.^ h* a’4 to ii|i|iroxi{tiiifoly 

roii " Oj ' O 1 r n y . » , 

166. ino'Ir" ainni oyi infing a ing .HynrttrciiioUH 

rriiiTr-ro-r fiMin fiit ind-niiMii gnirrulfir thn ^lyHfpiii in iiiiatiildn 
itlno d l.otli imo loin ao' liido%% linipnolir Hitiioitioiy Hiltrt* in 
IliF t -ir* in hiiUu ln:o hill*':- ! hr gr!p*fllff‘d iMIli, F |irf^plirtili||l 4 l 

|fj fh*" fis 4| i \ y.nnMii ami f}ir fp*l4 r\*'iliili«fi |irfi}if»ftionnl to 

III** voli.ayi yh:ii m rui iinniitirfiiod iiidtrtioii griioriitor I ho 

|tyiir|sO#||rii|:= t«niVMOr o|i-.'f:it4nl llil’frfrolis lliii.?4| llllVl* itfl lllflg* 
iiriir lit hi t %mO'4 oi II lirfi'oiy alittrr Hit* tirfiri of till* mltiriilkoj 

ruri’o. 

hiiiri^ ihn hir itn iifiiTfitioii ii rirriiii 

mdlii h'iriiiin I orimf v?ir 3 'iiig iiit!i lip* loiiii iii Itii* iiifiiiiior ilo- 
lorfiiiiird Irh tip* iiili-iiifil r*ii|plfiiiU fif tip* iiiotor, to iiifiki* fill 
iii4t|*’tp«ii or anyis« hfoipiii^ griirriii*f#r wiiitiilil** ffir o|ii*riitiori on ii 
giairfjil alfforirriiif^ it m In hitvi* ii ftyro- 

rliroiioifr iiiin Jiinr an r^nirr m lii»* rirriiil riiii»tiiiiiiig loiiilitig 
nif frill, fills! *^rj|i|ilyiiig I hr r*a|tiirrf| lugging or ifiiigtiotirifig 
Cliff*111 Oi fhr iii4o*tiofi foiiftnior: ittiil ill lli» imm* ilio imllagti 
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of tiie systcun is rontrollcMl l^y thc^ of tho syii- 

chroiiouH roachincj that is, ifs nmnivr I'iithcT a syiu’linj- 

nous motor of suitahh* siz(‘ ruiiiuiiK li^hf c‘aii !>f‘ um'iI !if*n*fc^r as 
exciter of the indue!io!i ^euerafor, or tlie exrifiij^ rnrroiif of the* 
indiitdion gcuuTator may be fierived from sym*hroiH>yH motors or 
convertcTH in thc‘ same systc^m, or from syiiehnmoiH aiferniifiiig- 
current gencTafors o|M*raie<l in parallf*! with lli«* indue!ion gen* 
erator, in whicli laitcT <\a,sc% Innvevm*, tliesf* eurreiits enn be said 
to (a)me from tin* .synehroiious alteriiatffr as lagging riirrents. 
Ek'eirostatic; cfuidcmsfU’s, as an uiidfTgroiiiid eabli* system, may 
also be used for exfutatiem, !)ut in this c^asidjesides therondimserHa 
BynchronouB maerhine orotheu* ineaiiH is re(|nired Iciseeiirenf abilif y. 

Ttu^ indufdion machine may thus bi* c'oiisidered as rtmsumimj 
a lagging nnicfivc^ nuigiifdi/ing cnirrent a! all speeds, and cun- 
suming a powcT curnmt bc4o\v synehroiiisiii, as motor, .^iupplgimj 
a pow(T eurremt (t!mt is, ecmsiiming a itegalivi* poiver currenti 
above syncthrmusm, as gfuiendor. 

Therefore, indiniion generators are best Miilial for eireuits 
which normally earry leading riirreiifs, as syiielironotiH motor 
and HyiudironouH converter eircnilH, but lens siiilalih* for eireuits 
with lagging currents, Hince in the hitter rase nn iitidilioiifil syii- 
chronouH machine, is rtniuirial, giving all the lagging ciirrtuifs 
of the Hystem plus ffie indiiefioii gi*iif*rafor f‘Xeififig nirreiit. 

ObvimiHly^ wlnm running iiidiieftoii geinumtorH in paralle! with 
a BynchronmiH alternator no synefironi/iiig k ref|iiiredt bill tlie 
induction generator a loatl eorrespoitdiiig in the excess of 
its speed over Hynclircmism, or c'Ofiversf*!}% if ihn driviiiK power 
hehiml the induefiem geiii^ralor in Hiiistiaf, no spiaai regiilnfion 
is required, but the ifidiietioii geiierafiir rtiiis at a s|«*i»d exeef*diiig 
synchronism by the itmount riaftiired to coiiHiiiiii? I he ilriindig 
power. 

The foregoing consideration obviniisly applies to tin? pfilyptiiii 4 i* 
induction generator iw well fis In the sirigle-filtase iiidiirtifin 
generator, the latter, however, refniiring a larger exciter in ron- 
sequence of its lower power4tc?lor. 11ierefori% f*ve« in ii wngliv 
phase induction generator, prefitrably fadypliiiw! exfitntion ii 
used, that is, tlie induction miicliiiir* and its syiietiroiioiis exciter 
wound as polyphase? mfi(*liinf*s, but the loail cofiiiectial to one 
phase only of the induction machine* The riirvf*^ shown in the 
preceding apply to the machine iw polyfilnise gi.erirratcir. 

The effec?t of resiHiance in the «i*coiifliiry i» i^niiitially the 
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ill !h** nr a- in tlu* iiniutiinn innior. An 
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machine behaves as an impedance of negative resistance, that is, 
adding a power e.m.f. into the circuit proportional to the current. 

As may be seen herefrom, the induction machine when inserted 
in series in an alternating-current circuit can be used as a booster, 
that is, as an apparatus to generate and insert in the circuit an 
e.m.f. proportional to the current, and the amount of the boosting 
effect can be varied by varying the speed, that is, the slip at 
which the induction machine is revolving. Above synchronism 
the induction machine boosts, that is, raises the voltage; below 
synchronism it lowers the voltage; in either case also adding an 
out-of-phase elm.f. due to its reactance. The greater the slip, 
either positive or negative, the less is the apparent resistance, 
positive or negative, of the induction machine. 

The effect of resistance inserted in the secondary of the induc¬ 
tion booster is similar to that in the other applications of the 
induction machine; that is, it increases the slip required for a 
certain value of apparent resistance, thereby lowering the eflS.- 
ciency of the apparatus, but at the same time making it less de¬ 
pendent upon minor variations of speed; that is, requires a lesser 
constancy of slip, and thus of speed and frequency, to give a 
steady boosting ^effect. 

VI. Phase Converter 

168. It may be seen from the preceding that the induction 
machine can operate equally well as motor, below synchronism, 
and as generator, above synchronism. 

In the single-phase induction machine the motor or generator 
action occurs in one primary circuit only, but in the direction in 
quadrature to the primary circuit there is a mere magnetizing 
current either in the secondary, in the single-phase motor proper, 
or in an auxiliary field-circuit, in the monocyclic motor. 

The motor and generator action can occur, however, simul¬ 
taneously in the same machine, some of the primary circuits 
acting as motor, others as generator circuits. Thus, if one of 
the two circuits of a quarter-phase induction machine is con¬ 
nected to a single-phase system, in the second circuit an e.m.f. is 
generated in quadrature with and equal to the generated e.m.f. 
in the first circuit; and this e.m.f. can thus be utilized to produce 
currents which, with currents taken from the primary single¬ 
phase mains, give a quarter-phase system. Or, in a three-phase 
motor connected with two of its terminals to a single-phase sys- 
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From these currents the e.m.fs. are derived in a similar manner 
as in the induction motor or generator. 

Due to the internal losses in the phase converter, the e.m.fs. 
of the two circuits, the motor and generator circuits, are prac¬ 
tically in quadrature with each other and equal only at no load, 
but shift out of phase and become more unequal with increase of 
load, the unbalancing depending upon the constants of the phase 
converter. 

An interesting application of the phase converter is made 
in single-phase induction motor railroading. In this, the 
phase converter is connected in scries to the induction motor 
which drives the car. This avoids the increase of unbalanc¬ 
ing of the phases with increase of load, and makes it possi¬ 
ble by properly connected series transformers to maintain 
perfect phase and voltage balance on the driving motor. 
Usually, a quarter-phase phase converter and quarter-phase 
induction motor is used, and the motor phase of the phase 
converter is connected in series to one of the phases of the 
motor into the single-phase supply circuit, while the genera¬ 
tor phase of the phase convertor feeds the other phase of the 
driving motor. 

It is obvious that the induction machine is used as phase con¬ 
verter only to change single-phase to polyphase, since a change 
from one polyphase system to another polyphase system can be 
effected by stationary transformers. A change from single¬ 
phase to polyphase, however, requires a storage of energy, since 
the power arrives as single-phase pulsating, and leaves as steady 
polyphase flow, and the momentum of the revolving phase con¬ 
verter secondary stores and returns the energy. 

With increasing load on the generator circuit of the phase 
converter its slip increases, but less than with the same load as 
mechanical output from the machine as induction motor. 

An application of the phase converter is made in single-phase 
motors by closing the tertiary or generator circuit by a condenser 
of suitable capacity, thereby generating the exciting current of 
the motor in the tertiary circuit. 

The primary circuit is thereby relieved of the exciting current 
of the motor, the efficiency essentially increased, and the power- 
factor of the single-phase motor with condenser in tertiary cir¬ 
cuit becomes practically unity over the whole range of load. 
At the same time, since the condenser current is derived by double 
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transformation in the multitooth structure of the induction 
machine, which has a practically uniform magnetic field, irre¬ 
spective of the shape of the primary impressed e.m.f. wave, the 
application of the condenser becomes feasible irrespective of 
the wave shape of the generator. 

Usually the tertiary circuit in this case is arranged on an angle 
of 60 deg. with the primary circuit, and in starting a powerful 
torque is thereby developed, with a torque efficiency superior to 
any other single-phase motor starting - device, and when com¬ 
bined with inductive reactance in a second tertiary circuit, the 
apparent starting torque efficiency can be made even to exceed 
that of the polyphase induction motor (see page 336). 

For further discussion hereof, see A. L E. E. Transactions, 
1900, page 37. 

VH. Frequency Converter or General Alternating-current 
Transformer 

169 . The e.m.fs. generated in the secondary of the induction 
machine are of the frequency of slip, that is, synchronism minus 
speed, thus of lower frequency than the impressed e.m.f. in the 
range from standstill to double synchronism; of higher frequency 
outside of this range. 

Thus, by opening the secondary circuits of the induction 
machine and connecting them to an external or consumer's cir¬ 
cuit, the induction machine can be used to transform from one 
frequency to another, as frequency converter. 

It lowers the frequency with the secondary running at a speed 
between standstill and double synchronism, and raises the fre¬ 
quency with the secondary either driven backward or above 
double synchronism. 

Obviously, the frequency converter can at the same time 
change the e.m.f. by using a suitable number of primary and 
secondary turns, and can change the phases of the system by 
having a secondary wound for a different number of phases from 
the primary, as, for instance, convert from three phase 6000 
volts 25 cycles to quarter phase 2500 volts 62.5 cycles. 

Thus, a frequency converter can be called a general alter¬ 
nating-current transformer.^' 

For its theoretical discussion and calculation, see Theory and 
Calculation of Alternating-current Phenomena." 

The action and the equations of the general alternating-current 
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transformer are essentially those of the stationary alternating- 
current transformer, except that the ratio of secondary to primary 
generated e.m.f. is not the ratio of turns but the ratio of the 
product of turns and frequency, while the ratio of secondary 
current and primary load current (that is, total primary current 
minus primary exciting current) is the inverse ratio of turns. 

The ratio of the products of generated e.m.f. and current, that 
is, the ratio of electric power generated in the secondary to 
electric power consumed in the primary (less excitation), is thus 
not unity but is the ratio of secondary to primary frequency. 

Hence, when lowering the frequency with the secondary re¬ 
volving at a speed between standstill and synchronism, the 
secondary output is less than the primary input, and the differ¬ 
ence is transformed into mechanical work; that is, the machine 
acts at the same time as induction motor, and when used in this 
maimer is usually connected to a synchronous or induction gen- 
(irator feeding preferably into the secondary circuit (to avoid 
double transformation of its output) or to a synchronous con¬ 
verter, which transforms the mechanical power of the frequency 
converter into electrical power. 

When raising the frequency by backward rotation, the sec¬ 
ondary output is greater than the primary input (or rather the 
electric power generated in the secondary greater than the pri¬ 
mary power consumed by the generated e.m.f.), and the differ¬ 
ence is to be supplied by mechanical power by driving the fre¬ 
quency changer backward by synchronous or induction motor, 
preferably connected to the primary circuit, or by any other 
motor device. 

Above synchronism the ratio of secondary output to primary 
input becomes negative; that is, the induction machine generates 
power in the primary as well as in the secondary, the primary 
power at the impressed frequency, the secondary power at the 
frequency of slip, and thus requires mechanical driving power. 

The secondary power and frequency are less than the primary 
below double synchronism, more above double synchronism, 
and are equal at double synchronism, so that at double syn¬ 
chronism the primary and secondary may be connected in multi¬ 
ple or in series and the machine is then a double synchronous 
alternator further discussed in the Theory and Calculation of 
Electrical Apparatus.^^ 

As far as its transformer action is concerned, the frequency 
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in tandem, that is, the secondary of each motor feeding the 
primary of the next motor, the secondary of this last motor being 
short-circuited, the sum of the speeds of all motors tends toward 
synchronism, and with all motors connected together so as to 

revolve at the same speed the system operates at “ synchronous 

speed, when n = number of motors. If the two induction 
motors on the same shaft have a different number of poles, they 
synchronize at some other speed below synchronism, or if con- 
nected differentially, they synchronize at some speed above 
synchronism. 

Assuming the ratio of turns of primary and secondary as 1:1, 
with two equal induction motors in concatenation at standstill, 
the frequency and the e.m.f. impressed upon the second motor, 
neglecting the drop of e.m.f. in the internal impedance of the first 
motor, equal those of the first motor. With increasing speed, 
the frequency and the e.m.f. impressed upon the second motor 
decrease proportionally to each other, and thus the magnetic 
flux and the magnetic density in the second motor, and its ex¬ 
citing current, remain constant and equal to those of the first 
motor, neglecting internal losses; that is, when connected in con¬ 
catenation the magnetic density, current input, etc., and thus 
the torque developed by the second motor, are approximately 
equal to those of the first motor, being less because of the internal 
losses in the first motor. 

Hence, the motors in concatenation share the work in approxi¬ 
mately equal portions, and the second motor utilizes the power 
which without the use of a second motor at less than one-half 
synchronous speed would have to be wasted in the secondary 
resistance; that is, theoretically concatenation doubles the torque 
and output for a given current, or power input into the motor 
system. In reality the gain is somewhat less, due to the second 
motor not being quite equal to a non-inductive resistance for 
the secondary of the first motor, and due to the drop of voltage 
in the internal impedance of the first motor, etc. 

At one-half synchronism, that is, the limiting speed of the con¬ 
catenated couple, the current input in the first motor equals its 
exciting current plus the transformed exciting current of the 
second motor, that is, equals twice the exciting current. 

161 . Hence, comparing the concatenated couple with a single 
motor, the primary exciting admittance is doubled. The total 
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impedance, primary plus secondary, is that of both motors, 
that is, doubled also, and the characteristic constant of the con¬ 
catenated couple is thus four times that of a single motor, but 
the speed reduced to one-half. 



Fig. 192.—Comparison of concatenated motors with a single motor of 
double the number of poles. 

Comparing the concatenated couple with a single motor re¬ 
wound for twice the number of poles, that is, one-half speed 
also, such rewinding does not change the self-inductive impe- 
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seconcLary lengthens the generator part of the curve, and makes 
the second motor part of the curve more or less disappear, as 
seen in Fig. 194, which gives the speed curves of the same motor 
as Fig. 193, with resistance in circuit in the secondary of the 
second motor. 

The main advantages of concatenation are obviously the abil¬ 
ity of operating at two different speeds, the increased torque and 
power efficiency below half speed, and the generator or braking 
action l)etwecn half speed and synchronism, and such concatena¬ 
tion is therefore used to some extent in three-phase railway 
motor equipments, while for stationary motors usually a change 
of the number of poles by reconnecting the primary winding 
through a suitable switch is preferred where several speeds are 
desired, as it requires only one motor. 
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C/ondenscrs, 54. 124 

starting device of single-phase 
induction motor, 338 
Condensive reactance, 55 
Conductance, 100 

Constant, characteristic of induc¬ 
tion motor, 321, 330 
Converter, 122 

direct-current, 262 
synchronous, 223 
three-wire, 270 
Core loss of transformer, 279 
type transformer, 295 
Counter e.m.f. of impedance, 35 
of inductance, 32 
of resistance, 33 
Crank diagram, 41 
Cross currents in synchronous ma¬ 
chines, 155 

Cumulative compounding, 166, 217 
Current, electric, 9 
magnetic field, 2 
ratio of converter, 230 

Delta connection, 127 

of transformer, 297 
current, 127 
voltage, 127 

Demagnetization curve of separately 
excited or magneto ma¬ 
chine, 209 

Demagnetizing armature reaction, 
181 

Diagram, crank or vector, 40 
Dielectric field, 113 
force, 113 
hysteresis, 56 
quantities, 116 

Differential compounding, 166, 218 
Direct-current converter, 262 
generator e.m.f., 14 
Distorting armature reaction, 181 
Distortion of flux and saturation, 
183 

by armature reaction, 181 
Division of load in parallel opera¬ 
tion of synchronous ma¬ 
chines, 154 

Double-current generator, 123, 259 


Double reentrant winding, 171 
spiral winding, 171 
Drum winding, 168 
Dynamotors, 122 

Eddy currents, 52 

losses due to slots, 192 
Effective reactance, 51 
resistance, 48 
values, 15 

Effect of inductance, 28 
Efficiency, 314 

commutating machines, 198 
reactors, 302 

synchronous machines, 149 
transformer, 280 
all-day, 284 * 

Electrical quantities, 115 
symbols, 119 
Electric circuit, 2 

current, magnetic field, 2 
Electrifying force, 117 
Electrolytic apparatus, 122 
Electromotive force, 113 

consumed by impedance, 35 
by inductance, 33 
by resistance, 33 
generated, 12 

Electrostatic apparatus, 122 
see '‘dielectric’^ 

Elimination of higher harmonics, 127 
Energy, magnetic, 28 
Equipotential surfaces, 115 
Equivalent motor of concatenated 
induction motor, 358 
sine waves, 106 
Excitation of transformer, 279 
Exciting admittance of induction 
motor, 311 
current, 49 

Field characteristic, commutating 
machine, 198 
commutating, 185 
of dielectric force, 113 
of force, 112 

of gravitational force, 116 
intensity, 116 
magnetic, 1, 5 
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INDEX 


Single-phase, short circuit of alter¬ 
nator, 162 

Six-phase converter, 230 
Size of auto-transformer, 300 
of reactor, 303 

Slip of frequency, induction genera¬ 
tor, 343 

of induction booster, 350 
of induction motor, 309 
Slots, effect on magnetic flux, 190 
Speed characteristic of series motor, 
216 

shunt generator, 211 
shunt motor, 215 
curves of induction generator, 
341 

of induction motor, 317, 329 
of inverted converter, 256 
Spiral winding, double and multiple, 
171 

Split-pole converter, 252 
Stability of synchronous converter, 
258 

Star connection, 127 
Starting of current, 24 

devices of single-phase induction 
motor, 333 

of induction motor, 322 
of synchronous converter, 253 
of synchronous motor, 151 
Stopping of current, 26 
Susceptance, 100 
Symbols, 119 
Symbolic method, 77 
Synchronous commutating machine, 
123 

condenser, 123 
converter, 223 

induction generator and motor, 
349 

machines, 122, 126 
motor starting, 151 
reactance, 129, 136 
watts, 313 

Terminal voltage, 128 
Third harmonic in transformer, 298 
Three-phase transformer, 297 
Three-wire converter, 270 J , 

generator, 270 . , ^ T ^ ^ 


Time constant, 25 
Torque curves of induction motor, 
323, 332 
efficiency, 314 
of induction motor, 313 
maximum, of induction motor, 
324 

Transformer, 66, 77, 122, 277 

general alterating current, 354 
neutral, with three-wire con¬ 
verter, 275 

Transmission line, compounding, 90 
impedance, 57 
load characteristic, 85 
over-compounding, 93 
phase control, 90 
reactance, 36 

Two circuit single-phase converter, 
229 

Types of transformers, 295 

Unbalancing of polyphase synchron¬ 
ous machines, 150 
Unipolar machine, 11, 124 
Unit curren \ 2 
e.m.f.'>9 
magnet'pole, 1 

Variable ratio converter, 252 
Variation of converter voltage ratio, 
231 

Vector diagram, 41 
Ventilation of transformer, 294 
Virtual generated e.m.f., 128 
Voltage commutation, 201 

ratio of synchronous converter, 
226 

Volt ampere characteristic of re¬ 
actor, 304 

Water circulation in transformer, 295 
Wattless component, 40 
e.m.f., 39 

Wave winding, 172 
Weight of mass, 113 

Y connection, 127 

of transformers, 297 
current, 127 
--,-rr,t^oltage, 127 
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